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INTRODUCTION 


This is essentially a second edition of the MAA Studies Volume 
4 entitled Global Geometry and Analysis, which appeared in 1967 
and has been out of print for a long time. In those twenty years the 
subject has undergone great developments and remains one of the 
major areas of mathematics. 

Most of the original chapters have been revised and updated. In 
particular, Professor Harley Flanders has made some interesting 
additions to his chapter. 

Four new chapters are included. Two of them are concerned with 
Riemannian geometry, which is fundamental for differential geom- 
etry. As in non-Euclidean geometry the properties of the space 
depend very much on the sign of the (sectional) curvature. Profes- 
sor Karcher’s chapter, “Riemannian Comparison Constructions,” 
deals with Riemannian manifolds with curvature > 0, whose study 
has led to many amazing results. Professor Karcher showed his 
authority on the subject by being able to pick the important results 
which can be proved completely in his exposition. 

On the other side are the Riemannian manifolds of negative or 
nonpositive curvature, which are perhaps more important for appli- 
cations, There is a wide gulf between Riemannian manifolds of 
positive and nonpositive curvature, and the problems and methods 
are quite different. Professor Eberlein’s chapter, “Manifolds of 
Nonpositive Curvature,” gives an introduction to its fundamental 
concepts and contains many valuable examples. 


ii Introduction 


Harmonic mappings have been an active topic in recent years 
and will undoubtedly remain so for years to come. In the ordinary 
Euclidean space R? this leads to the classical subject of minimal 
surfaces, Two of the fundamental results are the Plateau problem 
(existence) and the Bernstein theorem (uniqueness). Osserman in- 
terpreted the latter result as an equidistribution assertion, viz., a 
statement on the size of the image of the Gauss map of a complete 
minimal surface, which is not a plane. After the striking result of 
F. Xavier in 1981, it was proved by H. Fujimoto in 1986 that the 
Gauss map of a complete minimal surface in R?, not a plane, can 
omit at most four points. Combined with a classical example of 
Osserman, this number is the best possible. Osserman’s chapter 
gives an exposition of this latest result. 

The Editor is convinced that the notion of a connection in a 
vector bundle will soon find its way into a class on advanced 
calculus, as it is a fundamental notion and its applications are 
wide-spread. His chapter, “Vector Bundles with a Connection,” 
hopefully will show that it is basically an elementary concept. 


S. S. Chern 


VECTOR BUNDLES WITH A 
CONNECTION 


Shiing-shen Chern! 


1. INTRODUCTION 


Riemannian geometry, which was the high-dimensional general- 
ization of Gauss’ intrinsic surface theory, gives a geometrical 
structure which is entirely local. It was later realized that many of 
its geometrical properties derive from the Levi-Civita parallelism, 
i.e., the connection in the tangent bundle. Recent developments in 
mathematics and physics have shown the importance of the notion 
of a “vector bundle with a connection” over a manifold. An 
introductory account of this notion and some of its applications 
will be given in this chapter. 


2. VECTOR BUNDLES 


We will be dealing with C~-manifolds and their C“-mappings. 
A vector bundle over a manifold M is a mapping 


7: E>M (1) 


such that the following conditions are satisfied. 


‘Work done under partial support of NSF Grant No. DMS84-03201. 
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Bl) 7~(x), x © M, is a (real or complex) vector space Y of 
dimension q. Either 7~1(x) or ¥ will be called a fiber. 

B2) E is locally a product, ie, every point xe M has a 
neighborhood U such that there is a diffeomorphism 


gy: UX Yon "(U) (2) 
satisfying the condition 


T° Py (x, Yy) =x; weEY; (3) 


(x, yy) are the local coordinates of E relative to U. 
B3) For two neighborhoods U, V, with UN V # @, the relation 


Pu(X, Yu) =%r(%, Wy), xEUNV; yy, yyrEY, (4) 


holds if and only if 


yu=8uv (x) yy, (5) 


where g,,,(x) is a nondegenerate endomorphism of Y. If yy, yy 
are expressed as one-columned matrices, then g,,,(x) is a nonsin- 
gular (q X q)-matrix. The condition B3) means that the linear 
structure on the fiber has a meaning. 


E is called a vector bundle over the base manifold M. A vector 
bundle can be viewed as a family of vector spaces parametrized by 
a manifold such that it is locally trivial and the linear structure on 
the fiber is defined. 

A section is a mapping s: M — E such that 7 os = identity. Two 
sections can be added, and a section can be multiplied by a (real or 
complex-valued) function, remaining a section. All the sections 
form a vector space which we will denote by ['(£). 

The functions g,,(x), x © UNV #49, have values in GL(q; R) 
or GL(q;C), and are called transition functions. If {U,V,W,...} 
form a covering of M, the transition functions satisfying the 
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conditions 
Suy (x) = identity 
Suv (x) 8yy(x) = identity, inUNV#o (6) 
Suv (~)8yw(x)8wu(x) = identity, mUNVAW+#9. 


It can be proved that a family of transition functions relative to the 
covering, which satisfy the conditions (6) define a vector bundle. 
We give some examples of vector bundles: 


EXAMPLE 1. E=MxX/, and 7 is the projection to the first 
factor. A section is a graph in M X Y and is exactly a vector-valued 
function on M (see the following figure). 


Y 


(x, y(x)) 
M 


EXAMPLE 2. E= TM, the tangent bundle of M. Relative to the 
local coordinates u' of M, 1<i<n (=dim M), a tangent vector 
can be written as Lyj,(d/du'). In an open set where the coordi- 
nates u' and v/ are both valid, we have 


Lug f= Lg 7 1<i, j<n, (7a) 
if and only if 
; dul 
wd apt (7b) 


Thus the transition functions are given by the Jacobian matrices. A 
section of TM — M isa vector field on M. 
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EXAMPLE 3. If M is immersed in the Euclidean space E”*? of 
dimension n + q, the normal vectors to M form its normal bundle. 


3. CONNECTIONS 


Consider the trivial bundle E=M xX Y-—M in Example 1. A 
section s € T(E) is a Y-valued function on M. If X is a vector field 
on M, the directional derivative of s along X, which we denote by 
Vy, is again a section. We wish to generalize this “differentiation” 
to any vector bundle. 

A connection is a map 


D: T(E) ~T(E@T*M), (8) 


where 7*M is the cotangent bundle of M, such that the following 
conditions are satisfied: 


D1) D(s, + 5,) = Ds, + Ds), 
D2) D( fs) =fDs + s ® df, s, 51, 5, = T(E), 


where f is a (real or complex-valued) function on M. From Ds we 
get the directional derivative by the pairing 


Vy = (X, Ds). (9) 
To describe a connection analytically we restrict to a neighbor- 
hood and take in it a frame field, ie., q sections e,, 1<i<q, 


which are everywhere linearly independent. Since the e,’s form a 
basis on each fiber, we can write 


De, = Vw] @e,, (10) 


when w/, 1 <i, j <q, are linear differential forms. The matrix of 
linear differential forms: 


w = (w/) (11) 


is called the connection matrix relative to the frame field e,. 
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The connection matrix determines the connection completely. 
For any section can be written 


s=)is‘e,, (12) 

and we have, by the Properties D1) and D2), 
Ds = Yds‘ + s/w!) @ e,. (13) 

The section s is said to be parallel, if Ds = 0. 


Our fundamental formula relates the connection matrices under 
a change of the frame field. In fact, let 


er = Viaje, (14) 
be a new frame field, where det(a/) # 0. Let 
Dej= Lol@e', wv! =(w//). (15) 


Here it will be most easy to compute with matrix equations. We 
write 


ey ej 
i well. wel 208 


Then we have the matrix equations 
De=we, De’ =e’, e’= Ae. (17) 


Differentiating the last equation and using the properties D1), D2), 
we get immediately the fundamental formula 


w'A = dA + Aw. (18) 


This relation satisfies the condition of consistency, 1e., if e” is a 
third frame field and w” is the connection matrix relative to e”, the 
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relation between w and w” follows from the relations between 
w, ow’, and w’,w”. 

A connection is also called a covariant or absolute differentiation. 
In physics it is called a gauge potential, for a reason to be given 
below. It is given relative to a frame field by a matrix of linear 
differential forms, with the transformation law (18). 


REMARK. From (18) we see that connections exist in a vector 
bundle. The main idea of the proof is as follows: Take an open 
covering {U,} of M, by coordinate neighborhoods, in each of 
which choose a frame field. Take any connection matrix in Uj. It 
suffices to define the connection in U,.,<,U, by induction on m. 
Suppose the connection be defined in V =U, <4 <m—WU,- Relative to 
the frame field in U,, the connection matrix is given in VN U,,. It 
remains to extend it over U,,, using standard extension theorems in 
Euclidean space. The complete argument needs a little care, be- 
cause the extension theorem holds only for functions defined on 
closed sets. We leave the details to the reader. 


Taking the exterior derivative of (18) and using the equation 
itself, we get 


Q'A = AQ, (19) 

where Q is a (q X q)-matrix of exterior two-forms, given by 
Q=da-—wArw. (20) 
In the last term we use the multiplication of matrices, while the 
multiplication of differential forms is exterior multiplication. The 


matrix Q is called the curvature matrix, relative to the frame field 
e,. 


i 


Exterior differentiation of (20) gives 
dQ=wANQ-QAw. (21) 


This is called the Bianchi identity. 
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EXERCISE. Let X,Y be two vector fields on M, and let 
R(X, Y)=(XA¥,Q), R'(X,Y)=(XA Y,Q’). (22) 
Then R(X, Y) and R’(X, Y) are matrices satisfying the equation 
R'(X, Y) =AR(X,Y)A7?. (23) 
For the section s in (12) let 
o =(s',..., 57), (24) 


Then oRe = o’R’e’ is independent of the choice of the frame field. 
The map ; 


K(X, Y): s=oe>oR(X,Y)e (25) 


is called the curvature transformation. 
Curvature measures the noncommutativity of covariant differ- 
entiation. Prove that, as an operator on I'(E), 


K(X, Y) =VxVy- VyVx- Vr, y1- (26) 


4, CHERN FORMS AND CHERN CLASSES 


We consider complex vector bundles. Let 


det{ 1+ Fa) =146(a) + +e4(2), (27) 


where J is the unit matrix. Then c,(Q), 1 <i<q, is an exterior 
differential form of degree 2i. By (19) they are independent of the 
choice of the frame field, ie., 


c;(2) = ¢,(2’). (28) 


It follows that c,(Q) is globally defined on M. For we can take 
an open covering {U,} of M and choose in each U, a frame field. 
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The resulting c,’s must agree in the intersection of any two mem- 
bers of the covering. We write 


c(E; D)=¢(2), (29) 


indicating that the forms now only depend on the connection D 
(and of course on the bundle E). These c,; are called the Chern 


forms. 
We introduce another set of forms in M as follows: 
b,(@) = Tr| ioe a‘), l<i<g. (30) 


When 2 is diagonal, both c,(Q) and b,(Q) are symmetrical func- 
tions of its diagonal elements. Between them Newton’s identities 
are valid: 


b — ¢yb,-y + pb, + +++ +(-1)'"e,_ 4b, + (-1)'ic, = 0, 
l<i<q. (31) 
Since both c,(Q) and 5,(Q) are invariant under the change (19), we 
can use the latter to put 2 in a normal form, and it is not hard to 
see that (31) is true in general. It follows that b, (resp. c;) is a 
polynomial in ¢,,...,c; (resp. b,,...,5;) with integral (resp. ra- 
tional) coefficients. 
THEOREM 1. The forms b; and c;,1<i<q, are closed. 
It suffices to show that 5; is closed. In fact, we have, by (21), 
arTr Q' = iT r(dQ A Q'~) 
=iTr(wAQ-QAwWAQ!)=0. 
This proves the theorem. 


The following theorem gives the effect on these forms of chang- 
ing the connection. 
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THEOREM 2. Let D and D, be two connections on the bundle E. 
Then the forms 


b,(E; D) — b,(E; D,), c,(E; D) — c,(E; D,), l<i<gq, 
are exact. 

Again it is sufficient to prove the theorem for b;. We observe that 

D,=(1-t)Dy+tD,, O<r<il, Do =D, (32) 


is also a connection. Relative to a frame field e; let w, be the 
connection matrix of D,. Its curvature matrix is given by 


Q, = dw, — w, A w,, (33) 
and, by exterior differentiation, we have the Bianchi identity 
dQ,= -Q,Aa,+0,A Q,. (34) 
Let 
N= Wj — W. (35) 
By (18) we have, under a change of the frame field, 
9'A = An. (36) 
Hence the form 
a =Tr(n A Qi?) (37) 
is globally defined on M. By using (33), we find 
da=Tr{(dy —nAw,—0,An)A Qi}. 


(Differentiate each of the factors and telescope!) The expression 
between the parentheses is equal to 


B=dyn-—NAw—wAn-2tnAn. 
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On the other hand, expansion of (33) in ¢ gives 


Q, = day — Wy A Wy + t(dn — ay AN-—1N A wy) — tN An, 


so that 
d 
a=8 
It follows that 
1d ; 
7 a (0%) =da. 


Integrating with respect to t, we get 
1 
Tr({) — Tr(9}) = id fade. (38) 
0 


This proves the statement in the theorem for b,, and the theorem is 
proved. 

The de Rham cohomology on a differentiable manifold can be 
summarized as follows. Let A’ be the space of all C® differential 
forms of degree r on M, and C’ its subspace of forms which are 
closed. The quotient space 


Cc’ 
H’(M; C)= dA} (39) 


is called the r-dimensional de Rham cohomology group of M. An 
element of H’(M;C) is called an r-dimensional de Rham 
cohomology class. If a € C’, we shall denote its de Rham class by 
{a}. 

Theorem 2 says that the de Rham cohomology class {c,(£; D)) 
is independent of the connection D. It is called the ith Chern class 
of the bundle E and will be denoted by c,(E), 1<i<q. 
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If M is a compact oriented manifold of even dimension 2m and 
i, +--+ +i,=m, then 


Jel B) +++ (B= 64, iE) (40) 


is called a Chern number of E. 

This is a remarkable story. From its very definition it is not clear 
whether there are nontrivial vector bundles, i. whether every 
vector bundle must be globally a product. The necessity of intro- 
ducing a covariant differentiation and the possibility that it is 
noncommutative lead to the curvature. The latter should be consid- 
ered as a two-form, and some elementary combinations of it, based 
essentially on the eigenvalues of a matrix and their elementary 
symmetric functions, lead to the first and most important in- 
variants of a vector bundle. 

The vector bundle E is called hermitian, if there is a C®-field of 
positive definite hermitian scalar products (,), such that 


(,O=(t,5), s,ten (x), xeM. (41) 
Let e, be a frame field and let 
‘(e,e)=8;, 1<i, j<@. (42) 
lhen the matrix 
(g,;) (43) 
'\ positive-definite hermitian. If 


s=Dis'e,, t= Vite. (44) 


then 


(s,t)= Y2,;s't/, ti=t!, (45) 
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The connection D is called admissible, if (s, t) remains constant, 
when s and ¢ are parallelly displaced, 1e., when Ds = Dt=0. In 
fact, under these conditions we find 


d(s,t) = 0 (dg,;— @,;—- w;,) s't/, 
where 
@j7= LVelfg,j, Oj = Bj. (46) 
Hence the conditions for an admissible connection are 
dg, = 0,5 + w;;. (47) 


It follows, by an extension argument (see the Remark in Section 3), 
that on a given hermitian vector bundle admissible connections 
exist. 

The frame e; is called unitary, if 


(e,,e,)=6;  (=1,if i=j, and =0 otherwise). (48) 


On an hermitian vector bundle with an admissible connection we 
can restrict ourselves to unitary frames. Then we have, by (47), 


@it w;,=0, 49) 
ay J 


ie., the connection matrix is skew-hermitian. By (20) it follows that 
the same is true of the curvature matrix. This implies that det(7 + 
(i/27)Q,;) in (27) is real, and so are the forms c,(Q), 1<i<q. 
This differential-geometric argument shows that the Chern classes 
c,(E) are real cohomology classes. It can be proved that they are 
integral cohomology classes, i.e., elements of H?'(M; Z). 

Similar notions can be introduced for real vector bundles, so that 
we have Riemannian vector bundles and their admissible connec- 
tions. By restricting to orthonormal frames which satisfy the condi- 
tions 


(e,,e;) =6;;, (50) 
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we find that both the connection matrix and the curvature matrix 
are skew-symmetric. It follows that c,(Q) = 0 if i is odd. The form 


p;(M) = (—1)'¢,(2) (51) 
of degree 4i, is called a Pontrjagin form of a real vector bundle E, 


and the class p,(£) = { p;(@)} is a cohomology class of dimension 
4i, to be called a Pontrjagin class. 


5, SUBMANIFOLDS IN EUCLIDEAN SPACE 
We consider an immersion 
x: M" > E"*4 (52) 
of a manifold M”"= M of dimension n into the Euclidean space of 
dimension n+ q. The notation x will denote both a point x € M 
and its position vector from a fixed point of E”*?, Over M we 
consider orthonormal frames xe,, such that x © M, e, are tangent 


vectors to M at x, and hence e; are normal vectors to M. 
Throughout this section we will use the following ranges of indices: 


1<A,B,C<n+q, 


l<a,B,y <n, 


n+1<i,j,k <n+q. (53) 
We can write 
dx = YVoeea 
(54) 
de, = Lost a: 


where 


Wp t+ Wp, = 0. (55) 
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Taking the exterior derivative of the first equation of (54) and 
equating to zero the coefficient of e,, we get 


Yiw, A o,; = 0. (56) 


Since x is an immersion, the w, are linearly independent and it 
follows by Cartan’s lemma that 


i = Lh app» (57) 
where 
hiap = "ipa: (58) 
The (ordinary) quadratic differential forms 


I] = V0, ,i = DV inpYap (59) 


are the second fundamental forms of M. The second fundamental 
form, also to be denoted by LIT;e,, is a quadratic differential form 
with value in the normal bundle. 

The exterior differentiation of the second equation of (54) gives 


digg = Li @ac A Weg: (60) 
From (54) we get, by projection from the normal bundle, 
De, = Le apes: (61) 


This defines a connection in the tangent bundle, as the conditions 
D1) and D2) in Section 3 are satisfied. It is a fundamental theorem 
of local Riemannian geometry that the connection D depends only 
on the induced metric on M. This is the Levi-Civita connection, as 
originally defined by him. 

Similarly, there is a connection 


Dte,= Yo (62) 


ij&j> 


the normal connection, in the normal bundle. 
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We consider the case n=2, q=1, 1e., surfaces in the ordinary 
Euclidean space E*. Suppose M be oriented, so that the unit 


normal vector e; is well-defined, and the orthonormal frame ey, e, 
in the tangent plane is defined up to the transformation 


(ee eae) (3) 
The connection matrix relative to e,, e, is 
= | a (64) 
By (18) we find that under the change of frame (63), 
Wy = Oy + dé. (65) 
The curvature matrix is 


(0, a 


and is invariant under a change of frame. 
The curvature form 2,, has a simple geometrical interpretation. 
In fact, by (20) we have 
24, = dup. (67) 
The latter is, by (60), equal to 
dW) = — 013 A O23 = ~ (Asyhyy — 1312) 0) Aw, (68) 
where the expression between the parentheses is the determinant of 
the second fundamental form IT, and is equal to the Gaussian 


curvature K of M. Thus we have 
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where dA = w, A a, is the element of area. This leads immediately 
to the following: 


GauSss-BONNET THEOREM. Let M be a compact oriented surface 
in E>. Then 


aq [Ke =x(M), (70) 


where x(M) is the Euler characteristic of M. 


To prove this theorem let Ey be the space of unit tangent vectors 
xe; of M. E, can be identified with the space of orthonormal 
frames of the tangent bundle of M, because e; determines e4 as the 
unit vector orthogonal to e} such that eje4 agrees with the orienta- 
tion of M. E, is a three-dimensional manifold. As its local coordi- 
nates we can take those of M and the angle @ in (63). In Ey we 
have the global one-form 


Wy = (de, e3) = wp + 48, (71) 

whose exterior derivative is 
dw, = —KdA. (72) 
We define a vector field on M with singularities at a finite 
number of points x,, 1<k <r; such a vector field always exists. 
Let A, be a small disk with x, as center. The vector field lifts 


M—-Ujex<,4, into a surface in Ey with the boundaries 0A,. 
Applying Stokes’ Theorem to (72) we have 


1 1 
an Suu X a >. f ne + 4. 


As the A,’s tend to the points x,, we have at the limit, 


a [ Kaa = ae (73) 


l<ke«r 
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where J, is the index of the vector field at x,. Thus we have proved 
that the integral at the left-hand side is equal to the sum of indices, 
which is therefore independent of the choice of the vector field. 

For another discussion of the Gauss-Bonnet theorem we refer 
the reader to Chapter 4, “Curves and Surfaces in Euclidean Space,” 
of this book. 

By choosing a special vector field, we show that it is equal to 
x(M). Our proof demonstrates at the same time the theorem that 
the sum of indices of a continuous vector field on M with a finite 
number of singularities is equal to x(M). 

Even the case n= 1, g = 2, i.e., curves in E?, leads to interesting 
conclusions. In this case the normal planes xe,e, form the normal 
bundle. Its normal connection D* is given by the matrix 


o-| ‘ ah (74) 


As above, when the normal frames undergo the change 


€2\_( cos@ sin@\{&2 
a oiler) (75) 

the connection form is modified according to: 
5; = W,, + dé. (76) 


(here is no curvature form, because the base manifold M is 
one-dimensional. 

However, an interesting invariant can be introduced as follows: 
let M be a closed curve, and let e, be a continuous and smooth 
normal vector field. Then 


T(e,) = ae fen (77) 


isa real number. From (76) we see that if e5 is another smooth 
normal vector field, T(e,) differs from T(e,) by an integer. Thus 
/(e,) mod 1 is an invariant of the closed curve M, to be called the 
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total twist of M. If the curvature of M never vanishes and M is C?, 
we can choose e, to be the principal normal vector and T(e,) 
becomes the total torsion. But the total twist is defined for Cl- 
curves, 

The total twist plays an important role in molecular biology. 
T. Banchoff and J. White proved that it is invariant under confor- 
mal transformations [2]. 


6. COMPLEX LINE BUNDLES 


A complex vector bundle with g=1 is called a complex line 
bundle. It plays an important role in various parts of mathematics. 

For a complex line bundle the connection and curvature matrices 
w, Q are one- and two-forms respectively, and (20) becomes 


Q=dw. (78) 
By (27) we have 


(2) = 0. (79) 


If the bundle is hermitian and the connection is admissible, we 
will restrict ourselves to unitary frames. Then both w and Q are 
skew-hermitian: 


o+o0=0, 2+2=0, (80) 


i.e., both Y—1 and /—1Q are real. We emphasize that w and Q 
in this section are forms, not matrices. 

Perhaps the most important complex line bundle is the Hopf 
bundle, defined as follows. The map 


: Cra — {0} > P,(C) (81) 


defines the complex projective space P,(C) of dimension 7 as the 
space of all lines through the origin of C,,,. If (Zo, 2),...,2,)=Z 
€C,,,— {0}, 7Z=[Z] is the point in P, with Z as the homoge- 
neous coordinate vector. 
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To study the geometry in P,(C) we introduce in C,,, the 
hermitian scalar product 


(Z,W) = Liza, (82) 
where 
Z = (zy iioyZa)s W = (Wo, +++ Wp)s (83) 
and we use in this section the range of indices: 
0<A,B,C<n. (84) 
Z, is called a unitary frame, if we have 
(Z4, Zp) = 845. (85) 


The space of all unitary frames can be identified with the unitary 
group U(n +1). We have the diagram 


{ Zo, Zyy++s Zp} € Un +1) 
Z Ee S™=(ZEC MZ, Z)=1}) (86) 
Z, 


[Zo] € PC) 


(he map a defines a circle bundle over P,(C), called the Hopf 
bundle. For n=1, P,(C) = S? and the resulting map 


a: S?—> S?, (87) 
the Hopf map, was the first map discovered from a manifold to one 


of lower dimension, which is not homotopic to a constant map 
(which collapses the manifold to a point of the image space). 
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In the space of unitary frames Z, we can write 
dZ, = Yiw4gZp, (88) 
where 
wp + wR, = 0, WR = Opa. (89) 
The w,35 are the Maurer-Cartan forms of U(n +1). They satisfy 


the following Maurer-Cartan equations obtained by exterior dif- 
ferentiation of (88): 


dayg= Lawyer wg. (90) 
Cc 


The method of moving frames uses the equations in U(n + 1) to 
study the geometry of P,(C) or S2"*}, 

S?"*1 consists of the unit vectors of the complex line bundle 
(81). By (88), 


defines an admissible connection in this bundle. It is a connection 
because the conditions D1) and D2) in Section 3 are satisfied, and 


is admissible because (89) implies that w 5 is skew-hermitian. The 
connection form is 


W = WG. (92) 
By (90) the curvature form of this connection is 
Q = dw= Vans A 5= — Legh a,  1<a<n. (93) 
To this corresponds the hermitian differential form 
Ye 0g a = (dZ,, dZy) — (dZp, Zo)( Zo, dZo). (94) 


The last expression remains invariant, when Z, undergoes the 
change Z,->AZp, |A| = 1. Hence it is a positive-definite hermitian 
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differential form in P,(C), and defines an hermitian metric in 
P(C). Its Kahler form is 


K= 5 Leg A a= — 52, (95) 


which is clearly closed. Thus this metric is K&hlerian. It is called 
the Study-Fubini metric on P,(C). 

A fundamental fact is that, because of the complex structures 
involved, the connection form w has a “potential”, that is, it can be 
“integrated.” In fact, let Z€C,,,— {0}, and let 


Z=Z/Z|,  |Z\=(Z,Z). (96) 
Then we find 


11 Hog = (DZ, Zo) = (dZy, Z)) 
= age Z) —(Z,dZ)} =(d-4)log|Z|, 


where @ and @ are differentiations in C,,, with respect to the 
holomorphic coordinates z, and the anti-holomorphic coordinates 
Z, respectively. But the last expression is an expression in C,,,) — 
{0}. To get one in P,(C) we take a fixed vector A €C,,, — {0}. 
Then the equation 


(Z, A) =0 (98) 
defines a hyperplane LZ in P,(C). The function 


|Z, Al? 


2 


is well-defined in P,(C) — L, because it remains unchanged when Z 
is multiplied by a factor. Clearly 


84 log|Z, A|? = 0. (100) 
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(This can be described by saying that the logarithm of the absolute 
value of a holomorphic function is harmonic.) We have therefore 
the relation 


2 2 
Q= 00 log (101) 


|? 


in P,(C)— L. This contains the analytic content of the following 
theorem. 


THEOREM (WIRTINGER). Let M be a compact Riemann surface 
and f: M > P,,(C) be a holomorphic mapping. The image f(M) meets 
all hyperplanes of P,(C) the same number of times, which is equal to 
the area of f(M), properly normalized. 


We normalize the element of area of P,(C) to be K/7, K being 
the Kahler form defined in (95). Then 


|Z, A| 
|Z 


= i = 
dd log iz] = Fq 4(9- 4 log (102) 


We leave it to the reader to show that the total area of P,(C) is 1. 

By hypothesis f(M) is a compact holomorphic curve. We sup- 
pose that it does not lie in a hyperplane L. Then it meets ZL in a 
finite number of points, say x, € M, 1<k <r. About each x, we 
take a disc A,. Formula (102) allows us to apply Stokes’ Theorem 
to M —UA,,. It is easy to see that the boundary term will tend, as 
A, shrinks to x,, to the number of zeros of the holomorphic 
function (Z, A), and the theorem is proved. 

Wirtinger’s Theorem could also be proved by a topological 
argument. The great advantage of our approach is that it relates the 
local and global aspects of the problem in the clearest way and 
extends to the case when M is noncompact. The ideas introduced 
in our differential-geometric treatment is at the basis of the value 
distribution theory of noncompact holomorphic curves. Needless to 
say, the noncompact case is much more delicate. For its develop- 
ment see [6], [9]. 
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The tangent bundle of a surface in E* and the normal bundle of 
a curve in E%, as discussed in Section 5, can also be considered 
complex line bundles: the fibers are oriented planes with an inner 
product and a complex structure is defined in which multiplication 
by 7 is rotation by 90°. The results at the end of Section 5 can be 
put in the notation of this section. We will leave it as an exercise. 


7. MAXWELL’S AND YANG-MILLS’ EQUATIONS 


Maxwell’s equations in the space-time (x!,x?,x3,t=x°), as 
commonly given, can be written as 


div E = 47, 
9 (103a) 
curl B — RE =4nj, 
div B = 0, 
a (103b) 
curl E+ 7B =0, 
where 
E =(E,, E>, E;) = electric field, 
B = (B,, B,, B;) = magnetic field, 
( 1 2 3) (104) 


p = charge density, 


j= (41, j2, js) = current vector. 


These can be written in a different form, which will be susceptible 
to natural and important generalizations. 
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In fact, introduce the antisymmetric matrix 


0 Ei, E &; 
(Fy) = i ee : (105) 
-E, B; 0 -B, 


and let 
J = pdx® + j,dx! + j,dx? + j,dx? 


(106) 
F= YF, pdx? A dx*. 


In the space-time we make use of the Lorentz-metric 
ds* = —(dx°)’ + (dx)’ + (dx?) + (dx3)’ (107) 


and the corresponding *-operator in the sense of Hodge. With 
these notations it is immediately verified that (103a), (103b) can be 
written respectively as 


d*F=4nJ (108a) 
dF =0, (108b) 

where d* is the codifferential defined by 
d* =*d*. (109) 


This is exactly the situation discussed in the last section, when M 
is a four-dimensional Lorentzian manifold and E is an hermitian 
line bundle over M. There is a discrepancy between our notation 
and terminology and those of the physicists, and we make the 
following table: 


mathematics physics 


connection form w gauge potential A 
curvature form Faraday F or strength 
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Equation (103b) or (108b) is the Bianchi identity. It is a conse- 
quence of the equation 


dA =F, (110) 


which rewrites (78). It is for this fact that A is called a gauge 
potential. 

It has recently been realized that in order to describe all phe- 
nomena in electricity and magnetism one should use (110) instead 
of the classical equation (108b), which is a consequence of (110) 
and has been adequate for most applications. This was the result of 
an important experiment proposed by Y. Aharanov and D. Béhm 
in 1959 and carried out by R. G. Chambers in 1960; see [10]. In 
other words, the unknown in Maxwell’s equations should be the 
connection form or the gauge potential A and not the curvature 
form or the strength F, and the equations should be 


d*F=4nJ,  dA=F. (111) 


This becomes manifest when one generalizes to the Yang-Mills 
equations; see [1]. The object here is an SU(2)-bundle over M, 
again a four-dimensional Lorentzian manifold. As the gauge group 
is nonabelian, one has to use covariant differentiation D,. The 
Yang-Mills equations are 


DiF=4nJ, D,A=F, (112) 
where 


D,A=dA-AAA. (113) 


Thus we see that the Yang-Mills equations are a straightforward 
generalization of Maxwell’s equations, being the cases when the 
fiber dimensions are q=1 and q=2 respectively. The Yang-Mills 
equations are playing a far-reaching role in the study of four- 
dimensional manifolds (work of S. Donaldson), the main reason 
being that their solutions give manifolds which have an important 
geometrical meaning. 
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DIFFERENTIAL FORMS 


Harley Flanders 


1. INTRODUCTION 


It is the purpose of this exposition to discuss the calculus of 
differential forms and several aspects of differential geometry in 
which differential forms are a natural tool. In this chapter, I shall 
emphasize a number of explicit examples, hoping to inspire stu- 
dents to pursue differential geometry in one of the many modern 
texts now available, some of which are listed in the references 
({[Aul], [Bil], [BI2], [Ch], [Gol], [Gri], [Gul], [Hel], [K11], [Kol], 
[Ko2], [Lal], [Lil], [Li2], [Lol], [M1], [Rh1], [Sp1], [Stl], [Sul], 
[Wil], [Y1]). I also list books that particularly emphasize differen- 
tial forms ({Ca6], [FI1], [Gr2], [Sc1], [S11], [Va1]). 

Much of modern differential geometry has its origin in classical 
mathematics. It is always important for the student to know the 
sources of the material he studies today. For this reason, we list 
two older sources of classical differential geometry ({BI1], [Da1)). 

Without any question, the most important geometer of the first 
half of this century was Elie Cartan. He developed differential 
forms into a powerful tool in differential geometry, and his books 
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and papers will inspire mathematical research for years to come. 
His pertinent work may be found in [Cal—CaS5]. 

Finally, we mention some sources for applications of differential 
forms outside of mathematics. There are many, and the ones listed 
here include many other references ((Ch2], [Ed1], [Wel]). 


2. DIFFERENTIAL FORMS IN E” 


In this section, we shall not worry much about technical details, 
but shall try to develop a feel for the object, a differential form, in 
E”. Let (x!,..., x”) denote Cartesian coordinates of a point in E”. 
Our first approximation is that a differential form w of degree p is 
the expression 


w= LA, wt lB rcrrs x") dx A dx? A +++ Adx' 


that occurs under the integral sign 


w, 
? 


where c? is a piece of p-dimensional surface in E”. 
The familiar line integral 
f (A, dx! + A, dx? + Ay dx?) 
ce 
and surface integral 


fl By, dx? A dx? + By dx? A dx! + By, dx! \ dx?) 
¢ 


are examples in E?. 

Why is the wedge A placed between the differentials? First, our 
integrals are always oriented integrals. We remember that in a 
surface integral there is always an outward normal to the surface; 
reverse the normal and the integral changes sign. Likewise, the 
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curve in a line integral has a sense of direction, the reversal of 
which changes the sign of the integral. 

Second, we want the rule for change of variables to be valid for 
these oriented integrals, which says, for example, 


d(x!, x?) 


dx! \ dx* = 
eree d(ul, u?) 


du A du. (2.1) 
Since the Jacobian changes sign when its rows are interchanged, we 
are forced to write, 

dx? A dx! = —dx! AQ dx?. (2.2) 
Thus, the wedge, or exterior product, of linear differential forms is a 


skew-symmetric (or alternating) product. We are also forced to 
have 


dx \ dx=0, (2.3) 
because the Jacobian vanishes when its rows are equal. For more 
motivation, see [Fl1, pp. 1-2] and [Stl, pp. 97-99]. 

In E* we have 0-forms, or functions: 

f=f(x1,...,x*) (also called scalars ), 

1-forms, or linear forms: 

A, dx! + A, dx*+A3,dx?+A,dx* (also called Pfaffians ); 
2-forms: 

By, dx! A dx? + By, dx! A dx? + +++ +Bygdx? A dx'4; 
3-forms: 
C, dx? A dx? A dx* + +--+ +Cydx! A dx? A dx}; 

and 4-forms: 


Dax! \ dx? A dx? Ndx* (also called densities). 
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Note that a 0-form involves one function, a 1-form involves 4 
functions, a 2-form involves ,C, = 6 functions, a 3-form involves 4 
functions, and a 4-form involves 1 function. 

Since we must soon discuss differentiation of differential forms, 
we simplify matters by assuming that the functions involved have 
derivatives of arbitrarily high order—that they are functions of 
class C™ (infinitely differentiable). 

In E”, we use the relations (2.2) and (2.3) to express the general 
p-form as 


wo = a Aj,...;, 4x" A +++ Adx'r, (2.4) 


l<ij<ig< +++ <i,<n 


so that there are 


Cc n! 
mr pi(n—p)! 
functions A, involved. An alternative expression is 
= 1 i, i 
w= TT LA, i, & A+++ Adx's, (2.5) 


where A, ...;, is skew-symmetric— that is, it vanishes whenever two 
indices are equal and changes sign whenever two indices are 
transposed. 

The exterior product of any two differential forms is defined as: 


(LA, vee dx A ++ Adx'>) A (OB woe jy NA Acre A dx's) 
(2.6) 
= P(A, ... By (det A + Ndx'e A dx A +++ Adx/s), 


The rules (2.2) and (2.3) are used to wipe out any terms that have a 
repetition of dx’s, to arrange the dx’s in the remaining terms in a 
suitable order, and then tg collect coefficients. (Note that E” does 
not have forms of degree greater than 7, so that if a is a p-form 
and B is a q-form in E”, and p+q>n, then automatically, 
aA B=0.) 


DIFFERENTIAL FORMS 31 


In E? we have 
(Ay dx, + Ay dx? + Aydx*) A (B, dx! + B, dx? + B, dx?) 
= (A,B, —A,B,) dx? A dx? + (A,B, — A,B;) dx? A dx! (2.7) 
+ (A,B, — A,B) dx" A dx?, 
and 
(A, dx} +A, dx? + A,dx?) 
A (Cy dx? A dx? + Cy dx? A dx' + Cy dx! A dx?) (2.8) 
= (A,C, + A,C, + A,C,) dx! A dx? A dx. 
In E‘, if for instance 
w = dx! \ dx* + dx? A dx‘, 
then 
w A w= 2 dx! A dx? A dx? A dx‘. 


In general, exterior multiplication is associative and is distribu- 
tive with respect to addition. It is anticommutative in precisely this 
sense: If a is a p-form and £ is a q-form then 


BAa=(-1)"aA B. (2.9) 


In E%, Stokes’ theorem says that if ce? is a piece of oriented 
surface whose boundary curve dc? is directed accordingly, then 


fla dx! + A, dx? + A,dx?) 


A, OA 
= |( 3-34) ee nae (2.10) 
A A aA, @A 
(Sy — S42) ated ats ( S42 — SR) at a. 


32 Harley Flanders 


Thus, with each 1-form 
w = A, dx! + A, dx? + A,dx?, 


there is associated a 2-form 


A A 
x 


so that the formula 


if 2 fe (2.12) 


¢c 


is valid for each piece of oriented surface c?. 

This carries over to all dimensions, and is one of the beauties of 
the calculus of exterior forms. It is possible to define for each 
p-form w a(p+1)-form dw, called the exterior derivative of w, in 
such a way that Stokes’ theorem holds: If c?*! is an oriented 
(p + 1)-dimensional domain of integration in E”, and if c? = de?*! 
is its p-dimensional boundary (also a domain of integration) which 
is oriented in a way coherent with the orientation of c?*1, then 


Ppl = [,..40 (2.13) 


Exterior differentiation d has a simple definition. It is additive, 
so that we need only write it down for the individual summands in 
(2.4): 


d(Adx' A --- Adx'r) 


AAP. . (2.14) 
= (x saax'| A (dx A +++ Adx'?), 
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Example in E*: 
d(A dx!  dx*+ Bdx' A dx‘) 


= (dA) A dx! A dx? + (dB) A dx! A dx4 


0A 0A dA 0A 
= (saa + ay + a + 5 rex] A dx! A dx? 
OB OB OB OB 
+ (sae + Pras + a + saidx') A dx! A dx4 
OA dA 0B 
= an A dx? A dx3 + (= = rd aK dx? A dx* 


( 


- La A dx} A ax’. 
Ox 


The exterior derivative has the following characteristic proper- 
ties: 


dA=)>. oo as! for a scalar A; 


d(aA B) =(da) AB +(-1)***%a A (dp) (2.15) 


d(da)=0 _ foranya. 


Let us note in passing another familiar case of the general 
Stokes’ theorem (2.13). We let c? be a three-dimensional domain of 
integration in E?. Then, 


f (Aa? A dx + A, dx? A dx! + A,dx! A dx?) 
dc 
(2.16) 


OA A A 
=f 1g OAs “ dx A dx? A dx?, 
¢ 


bea + 
Oxi ax* = x3 


the theorem of Gauss (or Ostrogradsky). 
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The third formula in (2.15), d(da) = 0, is known as the Poincaré 
lemma. It is very important, first because it allows us to think of d 
as a coboundary operation with topological implications, and sec- 
ond, because it is the source of what are called integrability 
conditions in differential geometry. This relation, d(da) =0, is 
nothing more than the equality of mixed second partials: 


374A 0A 
axdy  dyax’ 


From Equations (2.7), (2.8), (2.10), and (2.16), we see that the 
calculus of exterior differential forms includes the standard oper- 
ations of vector analysis: vector product, scalar product, curl 
(rotation), and divergence. 

We come now to a most striking property of differential 
forms—their behavior under mappings. We take two Euclidean 
spaces—E™ with coordinates x!,..., x”, and E” with coordinates 
y',..., y". We assume an infinitely differentiable mapping, 


¢:E"-E’, 
which we may express in coordinates by 


ay ieee) Cates) (2.17) 
If 


= Ai i (MV) IA + Ady’ 


is any p-form on E”, we may associate with it an induced p-form 
¢*w on E™ by the following substitution rules. In the expression 
for w, replace each coefficient A(y!,..., y") by the composite 
function 


PAG iC gre at APD 1a ater tuk | 
and replace each dy’ by the linear differential 


oF de tere t ay dx”. 


Then use exterior multiplication and consolidate terms. 
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Thus, from the mapping ¢: E”-— E”, we have constructed a 
mapping $* which takes each p-form w on E” toa p-form $*w on 
E”™. The operations on differential forms are preserved in precisely 
this sense: 


$*(w, + w)) = $*0 + *Pw,, * 
$*(@ An) = ($*w) A (o*n), (2.18) 
$*(dw) =d(¢*w). 
Proving these relations is an excellent test of your grasp of this 
subject so far and is recommended as an exercise. 


Suppose we are given a composition of infinitely differentiable 
mappings: 


ee 


iN |v 


E’ 
if w is a p-form on E’, then we have 
(¥°9o)*o=9*(P*e), (2.19) 
which we may write simply as 
(Yog)t=oreye. 


On checking this, we recognize that it is essentially the chain rule. 

We have now come far enough so that we may save writing by 
dropping the wedge, A. Henceforth, we understand dx dy means 
dx A dy, ete. 


3, THE POINCARE LEMMA 
The Poincaré lemma, d(da) = 0, may be stated as follows. 


LEMMA. If w is a p-form on E” for which there exists a (p — 1)- 
form a such that da =, then dw =0. 
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It is remarkable, and not at all obvious, that the converse is true. 


CONVERSE OF THE POINCARE LEMMA. If w is a p-form on E” 
such that dw =0, then there is a (p—1)-form a such that w= da. 
(Exception. p =0. Then w =f is a scalar, and df =0 simply implies 
f is constant.) 


A standard proof, motivated by the cylinder construction of 
topology, is given in [Fll, pp. 27~—29]. Here we shall give a more 
direct proof, by induction. As is often the case with induction, it 
pays to strength the conclusion so that the induction hypothesis is 
stronger. We do so by allowing parameters. We shall prove: 


Let w be a p-form in dx,..., dx" whose coefficients are smooth 
functions of x =(x',..., x") and also of t=(t, t?,...). Let d=d,, 
denote the exterior derivative with respect to the space variables x 
alone. Assume dw =0. Then w = dn, where n is a (p—1)-form in 
dx!,...,dx" whose coefficients are smooth functions of x and t. 
(Exception: p =0. Then w= f(x, t) is a scalar, and df =0 simply 
implies f = f(t) is independent of x.) 


Proof. We go by induction on n. If n=1, then only p=1 is 
possible, and any indefinite integral n of A(x, t) with respect to x 
satisfies dn = A dx. 

We digress slightly: If a g-form a happens to omit dx”, then we 
can add x” into the parameter space, so that in addition to the 
exterior differentiation operator d we also have d’, exterior differ- 
entiation with respect to x!,..., x” ~1. Their relation is readily seen 
to be 

da=d'a+ Bdx", (3.1) 


where the (gq — 1)-form 8, like a, omits dx”. 
To return to the proof, consider the special case 


w= adx". 
Then dw = 0 implies 
(d’a+ B dx”) dx” =0, 
d’adx"=0. 
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But d’a omits dx”, so we have d’a = 0. By the induction hypothe- 
sis, a = d’y. However, by (3.1), 


dy=d'y+6dx"=a+6 dx", eet 
so 
w =adx" = (dy —8dx") dx” 
= dydx"=d(ydx")=dn, 


precisely what we wanted to prove. 
In the general case, we write 


w=atodx" (3.2) 
where a omits dx”. Then dw = 0 implies 
da+dodx"=0, 
d’'a+ Bax"+dodx"=0, 
d'a+(B+do) dx" =0. 
It follows that d’a = 0, so by induction 
a= d'y =dy— 6 dx". (3.3) 
Therefore by (3.2) and (3.3), 
w= dy—8dx"+odx"=dy+ dx". 
By the Poincaré lemma, the form 
@, =w—dy=Xdx" 
satisfies dw, = 0. By the special case, w, = d7,, So finally 
@=0,+dy=dn,+dy 


=d(n, + y)=4dn. 
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4. MANIFOLDS 


If we look critically at which properties of Euclidean space E” 
we have used to set up the calculus of differential forms, we see 
that the coordinate system x!,..., x” is the only one we have used. 
However, according to the behavior of differential forms under 
mappings, (2.18) and (2.19), any other coordinate system could 
have been used as long as the two systems were related by C” 
functions. In particular, we automatically have a theory of dif- 
ferential forms on any open subset of E” simply by restricting the 
Euclidean coordinate functions to the open subset. 

But this method is far from adequate, since we want to study 
geometric spaces that cannot be considered open subsets of E” as 
such. For example, the 2-sphere S? is a two-dimensional surface in 
E> which cannot be imbedded in the plane. We need a theory of 
differential forms on such surfaces. 

It might seem adequate to extend the definition of a (nonsingu- 
lar) surface in E? to a definition of a (nonsingular) variety of 
dimension p in E”. Actually, it is adequate, but only as a result of 
a deep imbedding theorem of H. Whitney. However, there are 
many rather simple spaces which appear to have sufficient structure 
for study by analytic methods, but which we do not identify in any 
apparent fashion with subspaces of E”. Two examples will suffice. 


1. The space of all directed lines in E>. A minute’s reflection 
will convince us that this is a four-dimensional space. It appears to 
be smooth—no corners, edges, etc. but it is not obvious how to 
consider it as a subspace of E”. (The Whitney theorem just men- 
tioned shows that this space may be considered a subspace of E*, 
but does not do so explicitly. See [Stl, p. 63], [Wh1, p. 236], and 
[Wh2, pp. 111, ff].) 


2. Projective space P”. This space may be considered the set 
of all undirected lines through the origin in E"*!. Alternatively, it 
is obtained by identifying antipodal points on the sphere S”. (The 
projective plane, P?, can be imbedded in E‘ but not in E?.) 

Now we set down the formal definition of a (differentiable) 
manifold, probably the most general kind of structure on which the 
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j 
differential form calculus is possible. The idea is to have a topologi- 
cal space, each point of which has a neighborhood with coordinate 
functions making said neighborhood indistinguishable from a 
neighborhood in E”. 
We fix our object, M, a connected topological space, and we fix 
what will be its dimension, n. 


DEFINITION (4.1). A chart on M is a pair (U, f) where U is an 
open subset of M and f is a homeomorphism on U onto an open 
subset f(U) of E”. 


DEFINITION (4.2). An atlas on M is a set # of charts such 
that: (1) the sets U coming from the charts (U, f) of »& cover M; 
(2) if (U, f) and (V, g) are in the atlas, and if UN V # @, then the 
mapping ge f-!: fUUNV)> gUNV) is of class C®; and (3) # 
is maximal with respect to properties (1) and (2). 


DEFINITION (4.3). <A differentiable manifold of dimension n is a 
triple (M, n, ) where M is a connected topological space and »/ 
is an atlas of charts (U, f), f: U-> E”. 


We commonly refer to the space M itself as the differentiable 
manifold, keeping in mind the structure imposed on this space. 
(This is no worse than saying “the group G” or “the topological 
space X,” etc.) 

Let p € M and let (U, f) be a chart such that p © U. Now, f(U) 
is a subset of E” with its Cartesian coordinates x!,..., x”. Since 
f(U) is homeomorphic to U, we may think of x!,...,x”, as func- 
tions on U, in which case we get what is called a local coordinate 
system at p. 

If y',..., y” is another local coordinate system at p, we may 


yl=yi(xl,...,x"), 


and these functions will be infinitely differentiable where defined, 
according to Definition (4.2). 
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A real function ¢ on M is infinitely differentiable, or C™, if it is 
an infinitely differentiable function of the local coordinates 
x},..., x” on each such U. 

Similarly, we define a C® mapping 


¢: M>N 


from one manifold to another. 

Almost every modern text on differential geometry covers the 
basics of C® manifolds. An interesting treatment of the real 
analytic case is found in [Chl1, pp. 68, ff]. 

We now come to the definition of a differential form on a 
manifold M. To this end, let M be a manifold of dimension n with 
atlas o<, 


DEFINITION (4.4). A differential form of degree p on M is 
defined by assigning to each chart (U, f) of o a p-form 


yu, on f(U) 


so that whenever (/,U) and (g, V) are two charts with UNV # ©, 
and 


gef tt: f(UNV)>g(UNV), 
then 


(g°f 1) *&~.y = %7,u) on g(UNV). 


In other words, we take a p-form in each coordinate system and 
insist that these “pieces of a form” fit together properly. Once we 
have said it right, all of our previous work is applicable. In 
particular, 


@, + @, wAN, dw 


are defined. The Poincaré lemma, d(dw) = 0, holds (but not neces- 
sarily its converse). 
If 
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then ¢*w is a p-form on M for each p-form w on N, and 
o*(w, + @,) = o*w, + $* a, 
$*(w An) = (g*w) A($*n), (4.5) 
$*(dw) =d(¢*w). 


If 
M—ON 
mo\l 
P 
then 
(yog)*=gtoy*. (4.6) 


All of these statements are proved by (what seem to the experi- 
enced to be) routine applications of the definitions and the corre- 
sponding statements in Section 2. However, the beginner must 
work through the proofs himself to be sure that he understands the 
subject. 

Differential forms on a manifold can also be defined in a more 
sophisticated way as cross sections of suitable fiber bundles. See 
[St1, pp. 77-96] for instance. 


NOTE. Requirement (3) of Definition (4.2) seems puzzling at 
first. It is included only for the technical reason that without it we 
must define equivalence classes of atlases. For practical applications, 
an atlas is completely determined by any subset which contains enough 
charts (U, f) so that the collection of U’s covers M. To define a 
p-form, it is enough to give the «4 y for these charts of the subset, 
subject to the condition of fitting together, of course. 


5. INTEGRATION 


Let us begin with a review of line and surface integrals in E>. For 
a line integral, we are given a curve c! in E? and a 1-form w defined 
in a domain which includes the curve. The problem is to define 


ie 
el 
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The usual procedure is to break the curve into several pieces, each 
of which has a parameterization, to give the integral by an explicit 
formula for each piece, and to sum the results. 

The simplest kind of parametric curve will be given by a one-to- 
one smooth mapping 


o: t> (xi(t),...,x3(t)) (5.1) 
on 0 <t <1 into E%, such that the velocity vector 


dx} dx? 
am) 


never vanishes. We then substitute into 
w = A, dx! + A, dx? + A,dx? 


the expressions for x',..., x? in terms of ¢ given by (5.1), and we 
Set 


fo [[A@O... 8 Oo) + dt. (5.2) 


In differential form language, 


fer [ore (5.3) 


Let us look at it another way. We denote by e! the unit interval 
on the f-axis, a very special parameterized curve. Its image under @ 
is c!, and we write 


oye! = c! (5.4) 


to emphasize this relation. Then (5.3) becomes 


[on [eo (5.5) 


a suggestive formulation. 
Next, let us examine a surface integral. We are given a 2-form, 


w = P, dx? dx? + P, dx? dx! + P, dx! dx? 
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on an open set U of E? (again, omitting A). We are also given an 
oriented surface c?, and we seek 


f @. (5.6) 


The surface c? is broken up into parameterized pieces and the 
integrals for these pieces are summed. Thus, let us suppose c? is 
one of these pieces—that is, c? is given as the image of a smooth 
one-one mapping, 


: (ul, u?) > x(ul, u?) = (21), u?),..., x3(ut, u?)). (5.7) 


We assume (u!, u”) runs over an integration domain e? C E? and 
the mapping is regular in the sense that the two velocity vectors, 


ox d ex 


gar Silage (5.8) 


which correspond to motion along the parameter curves, are lin- 
early independent at each point. The standard definition is 


- a(x?,x 
[eo [ne (ul, u?),.. eee a 


But, for example, 


2 3 3 
$*(dx* dx?) = ~ + calla + oe au? | 
u u u 


du! du* du? dul 
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so that (5.9) is simply 
[w= foto. (5.10) 


Finally, if we formally recognize that c? is the image of e” under 
by writing 


oye? = c?, (5.11) 


we have 


These low dimensional examples motivate the formal theory of 
integrals of differential forms over chains. For a complete treat- 
ment of this subject, see [Wh1]. Treatments adequate for most of 
differential geometry appear in [Stl], pp. 104-111] and [FI1, pp. 
57-66]. The result of this theory is that on a manifold M there is a 
class of objects called p-chains over which one can integrate 
p-forms. Each (p+ 1)-chain, c?*1, has a boundary, ¢? = de?*}, 
which is a p-chain, and the general Stokes’ theorem, (2.13), is valid. 

It is technically convenient to allow chains that cross over onto 
themselves and bunch up. Therefore, for the preceding examples, 
the mappings ¢ of (5.1) and (5.7) do not have to be either one-one 
or regular. Because of this added freedom, it is not hard to 
establish the following. Let M and N be manifolds and let 


¢:M>N (5.12) 


be a smooth mapping. Let c? be a p-chain on M and w a p-form 
on N. Then ¢,c? is a p-chain on N, $*w is a p-form on M, and 


[ ee = I w. (5.13) 


ec? 


In the next section, we shall make some explicit computations to 
illustrate these matters. 
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6. EXAMPLES OF THE THEOREMS OF DE RHAM 


In Section 3, we stated the converse to the Poincaré lemma, 
which says that on E” a form is exact (equal to an exterior 
derivative) if and only if it is closed (its exterior derivative vanishes). 
This theorem is local and is not true as stated for any manifold. If 
M is a manifold, let F? = F?(M) denote the real vector space of all 
p-forms on M. Then 


d: F? > FP! (6.1) 


The kernel of d, in each dimension, is the space Z? of closed 
forms. We write, 


Z?={wEF? |dw=0}. (6.2) 


The image of d (from the previous dimension) is the space B? of 
exact forms. We write 


B? =d(F?~"), (6.3) 
Since d(da) = 0 for any form a, we have 
B’cZ?. (6.4) 
The quotient space 
H? = Z?/B? (6.5) 


is the pth de Rham cohomology group of M. We know that it 
vanishes for E”. The main de Rham theorem asserts that it is 
naturally isomorphic (for p> 0) to the topological cohomology 
group (with real coefficients) of M, provided M is compact. We 
shall explore some examples. 


1. First we take M =S), the circle. We may take the central 
angle @ (mod 27) as parameter. A 1-form 


w=f(8)d@ (f(@+27)=f(8)) 
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is exact if there is a periodic function g such that 


Then 
2a dg 
w= (77S = 9(27) — 2(0) =0, 
iF | 6 — 8(27) — 8(0) 
suggesting that a 1-form w on S! is exact if and only if 


w=0. (6.6) 
sl 


We have just seen that the condition is necessary. If, on the other 
hand, the integral vanishes, then we may set 


(0) = f's(e) a 


and, (the important point) this relation is well-defined for @ mod 27. 
Clearly, 


a6 ~f(9), dg=w. 


2. Our second example is not a compact manifold, but its 
properties are useful to us. It is the cylinder 


(-1,1) xS'= {(t,8)|-1<¢t<1,@mod2z7}. (6.7) 
We denote its equator by 
c= {0} x SI. (6.8) 


PROPOSITION. Let w be a closed 1-form on the cylinder. Then w 
is exact if and only if 


fo=o. (6.9) 


c 
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Proof. One direction is immediate. Suppose f is a 0-form on 
the cylinder and w = df. Then 


fer [arse 


We could prove the sufficiency by showing that the line integral 


A 
fro 
Py 


is independent of the path. Instead, we shall give a type of proof 
that will guide our later study of the projective plane. To write 
something definite, we think of S! as the unit circle in the (x, y) 
plane, so that 6 > (cos 6, sin@) is the polar angle parameterization 
of S!. We consider the mapping 


¢: (-1,1) XE! > (-1,1) xS! (6.10) 
given by 
$(t, 8) =(t,cos 6, sin@), (6.11) 


which is a covering of the cylinder by the infinite strip. Suppose we 
are given a closed 1-form w on the cylinder that satisfies the 


relation 
f wo=0. 
(a 


We note first that the integral of w taken over any circle parallel 
to the equator c! also vanishes. For example, if 0 < ty <1, then the 
2-chain 


e?=[0,¢)| xS! 
has boundary 


de? = {tp} xS'- ce. 
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Hence 


laa Pages |) ae 020. 


Having this, we consider the form $*w, a 1-form on the infinite 
strip—a space which, from the viewpoint of its differentiable 
structure alone, is indistinguishable from E?. We have 


d(¢*w) =$*(dw) = 9*(0) =0, 


so @*w is a closed 1-form on the strip. By the converse of the 
Poincaré lemma, there exists a function g on the strip such that 


o*w = dg. 

The crucial question follows: Is there a function f on the 
cylinder such that ¢*f=g? Clearly, for this to be true it is 
necessary and sufficient that g be periodic of period 27 in @. But 

O+20 


d 
t,6+ 27) —g(t,0)= E Z Ja : 
g( 7) — g( ) / ds 84 s) i eeeerres 


"w= f w=0. 
{t}x[0,0+27] {t}xs! 


Thus g has the required periodicity, so there is a function f on the 
cylinder satisfying @*f=g. Hence dg = d(¢*f) = $*(df), and 


o*w = o*(df ). 


The covering mapping ¢ is locally one-one with a smooth inverse; 
hence ¢* is one-one, so finally 


w= df. 


The reader should think about 2-forms on the cylinder. 
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3. Our next example is the 2-sphere, S?, the locus of x7 + y? + 
z*=1 in E®. We cover S? with the two coordinate neighborhoods, 


Ut={z>-43} and U-={z<}}, 
which overlap in the equatorial zone, 
Ut*NU-= {-4<z<}}. 


The set U* is diffeomorphic (that is, differentially isomorphic) to 
E’, say, by projecting it onto the equatorial plane from the point 
(0,0, —1/2); so is U~. The set U*MU is diffeomorphic to the 
cylinder, a result of the Mercator projection. 


(6.12) Proposition. Each closed 1-form on S? is exact. 


Proof. Let a bea 1-form such that da = 0. By what we know of 
E?, there exists a function g on U* such that a = dg on Ut anda 
function h on U™ such that a= dh on U~. Now 


d(g—h)=dg-—dh=a-a=0 on U*tnNU-. 


Since the zone U*MU™ is connected, we conclude that g—h is 
constant on this set—that is, g—h=conU*nNU. 
We now change the function h/ on all of U~ to the function 
,=hA+ec. Then dg=a on Ut, dh,=d(h+c)=dh=a on U, 
and g=h, on U*NU-. We define a function f on S? by setting 
f=g on U* and f=h, on U- —valid precisely because g = h, on 
the overlap—and a = df as required. 


PROPOSITION. A 2-form w on S? is exact if and only i 
Ly 


w=0. (6.13) 
Ss? 


Proof. We give S? the orientation of the outward normal and 
give its equator, 


c= {z=0}, 
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the orientation of counterclockwise rotation in the x, y-plane, with 
the understanding that x, y, z is a right-handed system. Then, 


c= 0dH*t=-90H , 


where H*= {z>0} and H-= {z <0} are the upper and lower 
hemispheres, respectively. 
In one direction, the proof is easy. If w = da, then 


The proof of the other direction is harder. We assume w is a 
2-form on S? satisfying (6.13). Because U* and U~ are diffeo- 
morphic to E?, there is a 1-form @ on U* such that w = dB on U* 
and a 1-form y on U™ such that w=dy on U~. The 1-form B — y, 
defined on the equatorial zone U*MU, is closed, because 


d(B-y)=dB-—dy=a-—w=0. 


As a result of Equation (6.9), this form, 8 — y, will be exact on the 
zone if its integral over ¢! vanishes. Now 


fo P= f= hs 
i ~ Jon ae ~ fi 
Ce rer 


by (6.13). Hence there is a function A on U*N U™ such that 
B-y=dh on U*NU-. 


We now encounter technical difficulties. If we could prolong the 
function A to a function defined on all of U~, then we would 
replace y by y+ dh and quickly end the argument. Unfortunately 
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we cannot, because h may get nasty as we approach the lower 
boundary {z= —1/2} of the equatorial zone. However, if we cut 
the zone back, it is possible to prolong 4 from what remains. 

To do so, we assume for the moment that we can find a (smooth) 
function g on U™ such that g=1 on {0 <z <1/2} and g=0 on 
{z < —1/4}. We then define h, on U™ by 


hy=gh  onUtnu-, 
h, =0 on {z< —}}. 
Finally, we define a on S? by 
a=B on H*, 
a=y+dh, on U-, 


which is a definition because on the common part HtN U™ of 
these sets we have 


yt+dh,=y+d(gh)=y+dh=B8. 
Next, 
da=dB=w on H‘, 
da=d(y-dh,)=dy=wa on H-, 
Therefore, da = w on S?. 
For the function g, we may take a function of the height z alone. 
We thus seek a function g=g(z)€@C®” which vanishs for z < 


—1/4 and equals 1 for z > 0. The following lemma, with a linear 
change of variable, suffices. 


LEMMA. There exists a C® function f(x) defined on R such that 
f(x) =0 for x <0 and f(x) =1 for x>1. 


Proof. First set g(x)=0 for x<0, g(x)=exp(—1/x) for 


x > 0. Next set A(x) = g(x)g(1— x). Then A(x) is C”, h(x) =0 
for x <0 or x 21, and h(x) > 0 for 0 <x <1. Finally set 


f(x)= [ney at) f" aC) dt. 
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4. Our next example is the projective plane P?, obtained from 
S? by identifying antipodal points. Thus S? is a 2-sheeted covering 
surface of P?; we let 7 denote the covering mapping. We also let a 
denote the mapping, 


a(x)=-—x, 


on S? that maps each point x of S? to its antipode. Then 
7° a=, that is the diagram 


Sta = 5g? 


See (6.14) 
P 


is commutative. If w is a p-form on P? and 7*w =0, then w= 0. 
This statement is true because locally 7 is a diffeomorphism 
(indeed, this is the method by which we define the manifold 
structure on P”); hence 7* is a monomorphism. Our basic tool for 
constructing forms on P? follows. 


PRoposiTION. Let 7 be a p-form on S* (p =0,1,2). Then there 
is a p-form w on P* such that 


m*o=n, (6.15) 
if and only if 
at = 4. (6.16) 
Proof. Suppose yn =7*w, Then 
a*n = a*n*w = (7° a)*w = 7*w= 7. 


Conversely, let » be a form on S? which satisfies a*n =. We 
selected a covering of S? by open sets U, so small that aU NU = 2. 
The sets 7(U) then cover P?, and for each U, 


a: U>7(U) 
is a diffeomorphism. Let Ay denote its inverse: 


Ay: 7(U) oU. 
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We define 
Op =AG(n) on (U) 

so that 
1*( wpa) = 7*\t,(n) = (Aye 7)*n = (identity)*n = 7 on U. 

We have defined a p-form on each open set 7(U) of the covering 
of P*. Do these fit together? Suppose 7(U)M7(V) # @. Then 
either U meets V or U meets aV. If U meets V, then 

n(UNV) =7(U) N2(V), 
Ay=Ay ons: a(U) Nax(V), 
@a uy = AG(n) =AV(1) = On) on 7(U)M7(¥). 
Otherwise, U meets aV, and then 
m(UNaV) =27(U) N72(V), 
Ay=aedAy on 2(U)N2(V), 
ey = AE(1) = Mary =A(n) = egy) on 7(U) On (V), 


which shows us that the forms we have defined do fit into a single 
form w on P? such that 7*w = 7. 


ProposivIon. If w is a closed 1-form on P*, then w is exact. 


Proof. The form 7*w is a closed 1-form on S?, By (6.12), there 
is a function (0-form) f on S? such that 7*w = df. We have 


d(a*f) = a* (df) = a*1*w = (7° a)*w = 7*w = df. 
Hence, 


d(a*n—7)=0 on S?. 
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It follows that a*f—f=c, a constant, on S?, that is, 

f(-x)-f(x)=c foreach x€S?. 
Apply this relation to — x: 

f(x) -f(-x) =e. 
We deduce that c= 0, so 
a*f=f, 
By (6.15), there is a function g on P? satisfying 7*g =f; hence, 
m*dg = dn*g = df= 1*w, dg=w. 


This result, together with the following proposition, shows that 
the de Rham groups of P? are trivial for p= 1 and p =2. 


PROPOSITION. Each 2-form on P? is exact. 
(Note that no integral condition is required as in (6.13), because 
the surface P? is nonorientable and consequently has no two- 


dimensional real homology.) 


Proof. Let o be a 2-form on P*. Then 7 = 7%o is a 2-form on 
S? that satisfies a*r =7. Hence, 


[r= [orf r= f r= —for, [r=0. 
s? s? a,S? -s? 3? Ss? 


[The antipodal mapping a reverses the orientation on S*.] We now 
may apply (6.13): There is a 1-form » on S? such that +r = dy. Now 


d(a*n) = a*dn = a*t = a*(7*0) = (7° a)*o = 7*0 = 7 = 7. 
Hence 


d(a*n~n)=0 on S?. 
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By (6.12), there is a function f on S? satisfying the equation 
a*n—n=df. 


We apply a* to this relation to find 


q — a*n =a*df. 

Hence 

a*df= —df. 
We now set 

mat 3df. 
Then 

dy, =dn=t=1*0, 

and 


atn = a*n + Za*df= + df— pdf=n. 
By (6.16), there is a 1-form w on P? such that 7*w = n,. Hence 
a*dw = dr*w=dy, =1*o, dw=a. 


See what you can do with P? and P”. Another interesting 
exercise is to work out the situation first for the ordinary torus, 
T? = S! x S!, and then for the n-dimensional torus. 


7. THE BROUWER FIXED-POINT THEOREM 


The following remarkable proof [Ka1] shows the power of differ- 
ential form methods. The main step in the proof is the following 
lemma, which says that the unit ball cannot be retracted to its 
boundary. 


LEMMA. Suppose U is an open neighborhood of the unit ball 
B"*! = {x © E"*!||x| <1} in E"*!. Then there does not exist a 
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smooth mapping 
¢:U-Ss" (7.1) 


such that $(x) =x for all x © 8”. 


The Brouwer theorem says that if 
f: Bt! a= B"t! 


is a mapping (continuous function), then f has a fixed point. This 
follows from the lemma by a routine approximation argument plus 
a topological device—the details are not germane here, however—if 
f is fixed-point free, then f can be approximated uniformly by a 
polynomial p. By possibly shrinking slightly, one can assume that 
p maps a small neighborhood of B”*! into B”*!, and by taking the 
approximation close enough, one can guarantee that p is also free 
of fixed points. Thus f continuous can be replaced by f smooth. 
Then define ¢ by letting $(x) be the unique point where the ray 
from f(x) through x meets S”, etc. 


Proof of the Lemma. The proof hinges largely on careful nota- 
tion! We do best by thinking of U and S” as independent spaces, 
related by an injection mapping. Thus we interpret the statement 
that S” is a submanifold of U to mean that there is a smooth 
mapping (injection) 


j:8">U. (7.2) 
The relation of S” to the subset B”*! of U is expressed by 
j(S") = 0B"*!, (7.3) 


We assume a smooth mapping ¢ of (7.1) exists and satisfies 
$(x) = x on S”. More precisely, we assume a commutative diagram 


s>—u 


~~ |° (7.4) 


Ss” 


where i is the identity mapping. 
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We set 
w =x! dx? --- dx"*}, (7.5) 
an n-form on U. Then 
dw = dx! dx? +++ dx"t! 


is the element of volume on U, so 


i] dw> 0. (7.6) 
B"tl 
We set 

a=j*w, (7.7) 


an n-form on S”. We have 


| ad iat ns Ore 


by (7.3) and Stokes’ theorem. Thus 


fia>o (7.8) 


7 


by (7.6). We can compute this integral another way. From (7.4) we 
have i=¢o j so that i* =/*o }* and 


a=i*a=j*p*a. 


Therefore 


ae i as te 
(7.9) 


g gta = iB __d( gta) = [ __o*(da). 


o(B"*1) 


But da = 0 because a has maximal degree n on the n-dimensional 
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manifold S”. Therefore (7.9) implies 


fo 


which contradicts (7.8). 


8. AN EXAMPLE OF A MOVING FRAME 
Suppose we have vectors y,...,v, in E”, each of which is a 
smooth function vy, = v,(u!,..., u”) of (u',..., u”), which varies over 
a domain in r-space. We assume that for each point in u-space, the 
vectors V,,...,¥, are linearly independent in E” and consequently 
form a linear basis of E”. If we let e,,...,e, denote the standard 
basis of E” [e, = (1,0,...,0), e, = (0,1,0,...,0), etc.] then we may 
write 

v= (al, a?,...,a?) = Zaje,. (8.1) 

The a/ = a/(u',...,u”) make up an n Xn matrix, 
A=|lajl|, (8.2) 


which is nonsingular at each point of the u-space by our assump- 
tion that v,,...,Vv, are linearly independent. 
We differentiate (8.1) as follows: 


dv, = (da},..., da?) = 3(daj)e,= =( $5 \(au'Je, (8.3) 


These equations give us the components of the differential of each 
vy, in terms of the standard basis e,,...,e,. The moving frame idea, 
as applied to this situation, is to express the differentials of the 
vectors v, in terms of the V,,...,V, themselves. We accomplish this 


by first inverting equation (8.1) (possible because A is nonsingular) 


to express the e, as linear combinations of the v,, and then 
substituting those expressions into (8.3). What results is 
dy, = Zw/y, (8.4) 


where the w/ are 1-forms. 
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Precisely, if we write 
Y e 
v=[:], e=/:], G=lle/ll, (8.5) 


then 


v=Ae, e=A-1v, dv=(dA)e=(dA)Aq'v=Qv, 
(8.6) 
@ = (dA) An}. 


As an application, we pose the following question: What is the 
differential of (det A)? We recall that we may consider the determi- 
nant of a matrix to be an alternating multilinear functional of the 
rows of the matrix, 


det A = A(y,...,V,). (8.7) 
Therefore, the rule for differentiating a product is applicable; for 
example, 


a ) 
525 (det A) = 8( SY raset] + Aly, Feb MeN] 


a 
ae Ce *). 


Multiplying by du* and summing, we have 
d(det A) = A(dv,,¥,...,V,) + A(¥, d¥),V3,..-5%,) 


(8.8) 
+--+ +A(v,...,¥,-1,4¥,)- 


Now, 
A(dv,,¥%),---,¥,) = A(Zw{v,,¥),---5%,) 
= ZwjA(v,,¥,-.+5%,) 
=, A(v,,..-5¥,) 


= w}(det A), 
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because determinants with two equal rows vanish. We come to 


d(det A) = wi (det A) + w3(det A) +--+ +w"(det A) 


(8.9) 
= (wl +03 + +++ +w”)(det A). 
In view of Equation (8.6), we may write this relation as 
d(det A) _ og 
(dew Ay trace[(d4) A~]. (8.10) 


This formula is useful in differential geometry. 


9. THE GAUSS-BONNET THEOREM FOR SURFACES 


In this section, M is a compact oriented manifold of dimension 
two which has a Riemannian structure. This last condition means 
that each tangent plane at each point of M has a Euclidean 
structure—inner products are defined—and if v and w are smooth 
vector fields over a region on M, then v°w is a smooth scalar over 
that region. (The case to keep in mind is the classical one in which 
M is a closed surface in E*, The tangent planes at the various 
points of M inherit their euclidean structures from that of the 
ambient space, E*. From topology, we know that a closed surface 
in E? divides E? into inside and outside regions. Taking the 
outward normal imposes an orientation on M by the right-hand 
rule.) 

Over a local coordinate neighborhood U on M, we may find 
vector fields e, and e, that make up a right-handed orthonormal 
frame in the tangent space of each point of U. Letting o, and o, be 
the dual basis of 1-forms,* we may write, symbolically, 


dx = 0,e, + 0,2). (9.1) 
+The duality between vector fields and 1-forms is most simply explained by the 


natural bases associated with a local coordinate system w,...,u” (in arbitrary 
dimension). Here e, = 0/du,...,e,=09/0u" is a basis of the tangent space, and 
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In the case of an imbedded surface in E’ this relation is precise. On 
an abstract surface, we use it in order to motivate our steps—in 
particular, to “see” the transformation rule for the o’s. We may 
consider (9.1) to mean that an infinitesimal displacement of the 
point x on the surface will have components o, in the e, direction 
and o, in the e, direction. 

We may compute o, and o, explicitly as follows. We start with a 
local coordinate system, u' and u?. Then 


9 O 


ae ay = g,,(u', u?) 


gives us a positive definite matrix ||g, ,||. Indeed, the Riemannian 
structure on M is usually given in advance by means of such 
matrices, one for each chart of a covering with appropriate rela- 
tions on overlapping charts. By some process of orthonormaliza- 
tion we construct the orthonormal frame e, and e,, and we have 


e, =a aL +a a0: 

1—~ 4115-7 12,2 
Ou Ou (9.2) 

0 0 


Qe, = Ay 77 t+ 4nz7 
2 al 9 yl 22 942 


Substitution of these expressions into 


0 0 
dx = 0,e, + 0,e, = dul — + du’’— 
a du! du? 
gives us 
44,0, + a0, = du! (9.3) 
420, + 220, = du’, 
du\,..., du” is a basis of the form space. The dual pairing between the two is 


Q ; 
(4.55 an 


which is easily seen to be independent of local coordinates. Details are found in 
(Stl, p. 72] and [Kol, p. 6]. 


62 Harley Flanders 


which we may solve for o, and o,. We note that the relations 
e;-e,=6,, imply that 


8,5 = 24814 j- (9.4) 


The element of area on M is the 2-form 


0,0, = fg du! du? (9.5) 
where 
_|8u 812 
{8a 82" (9.6) 


This relation follows from (9.3), which implics [det(a, ;)]o,0, = 
du! du?, and from (9.4), which implies [det(a, ar g=1. (Note that 
det(a;,) > 0, because both frames agree with the orientation.) 

We “next claim that there exists a unique 1-form mw on our 
neighborhood U, such that 


es @O> (0.7) 
do, = — 7G, 
which is true because 0,0, is a basis of 2-forms. Hence, do, = a,0,03, 
do, = a40,0,, and we are forced to the unique solution w= a,0, + 
470. = 
Suppose we have a second coordinate neighborhood U which 
overlaps U, and an orthonormal frame e,,e, for U. Then, 


dx = Oe; + 0,e, (9.8) 


on U. On the intersection UN U, we have 


(9.9) 


é, = (cosa)e, + (sina)e, 
@, = —(sina)e, + (cosa)e,, 


because e),e, and @,,é€, are both right-handed orthonormal sys- 
tems. Here a is a scalar on UN U. Because (9.1) and (9.8) are both 
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valid on UN U, we have 


0, = (cosa) 6, — (sina) 6, (9.10) 
o, = (sina), + (cos a) 6. ; 
On U, we have 
dé, = we, 
tee -wa,. Al) 


To find the relation between w and @ on UNU, we differentiate 
the relations in (9.10): 


do, = —(sina)(da)a, — (cos a)(da)6, 
+ (cos a) @G, + (sina) w6, 
= (@—da)o,; 
do, = (cos a)(da)6, — (sina)(da)6, 
+ (sina) wo, — (cosa) wo, 
= —(@-da)o,. 
It follows that 
w= a- da. (9.12) 


The important consequence is that the 2-form dw =dw@ is defined 
on all of M, independent of the moving frame. We set 


dw + Ko,0,=0, (9.13) 


defining the Gaussian or total curvature K of M. We shall prove the 
Gauss-Bonnet theorem: 


[ Kos = 2x (M) (9.14) 


where x(M) is the Euler-Poincaré characteristic of M. 
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We begin by introducing the unit tangent bundle of M, the space 
B of all unit tangent vectors v at all points of M. This space is 
three-dimensional, and there exists a natural mapping (projection) 


p:B>M (9.15) 


which sends each tangent vector v to the (base) point p(v) at which 
it is a tangent vector. If U is the preceding local coordinate 
neighborhood, and x is any point of U, the typical unit tangent 
vector at x is 


v= (cos $)e,|, + (sin¢)e,|,. (9.16) 
Since U is parameterized by u', u?, we see that 
u, u’, co) 
parameterize the set p~'(U) in B. In this way, we turn B into a 
differentiable manifold. (You should recognize B as a fiber bundle 


with M as the base space, p as projection, the fiber as the unit 
circle, and the group as the rotation group.) The differential forms, 


du, du’, do, 
or, equivalently, 
0}, >, dd, (9.17) 

form a basis for 1-forms on that part p~'(U) of B over U. 

We can, and should, be more precise. The forms 0,0, are 
defined on U, and we have 

p: p (U)>U. 
Thus, what we are really discussing are 
p*o,, p*o,, do, 


which form a basis of 1-forms on p~'(U). 
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If we consider what happens on the common part UN U of two 
coordinate neighborhoods, we have, using the notation of (9.8), 
etc., 


v= (cos $)é, + (singe, 
= (cos ¢ cosa — sing sina)e, + (cos ¢sina + sing cos a)e, 
= [cos($ + a)]e, + [sin(¢ + a)]e,. 
Hence, comparison with (8.16) yields 
g=ota. | (9.18) 


We shall now define three 1-forms on B; here we mean all of B, not 
just a neighborhood. Each of these forms, which we call 2, 2,, 
and II, respectively, we first define on each p~'(U). Then we show 
that the “pieces of a form” coincide on the intersections p~'(U)N 
p-\(U)=p UN). 
First we define =, and 2, on p~‘(U) by the equations 


p*o, = (cos $) 2, — (sing) =, 
*o, = (sing), + (cos¢)=3. (9.19) 


On U, the corresponding forms 2,, 2, are defined by the analogous 
equations, 


p*6, = (cos }) 3, — (sing) 2, (9.19’) 
p*8= (sing) 2, + (cos) | 


We consider the overlap p~'(U)N p~'(U)=p~ (UNV), where 
(9.10) and (9.18) connect the various quantities [first applying p* to 
(9.10)]. We wish to conclude that on this overlap, 2, = 2, and 
=,=,. We accomplish this most easily by expressing (9.19), 
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(9.19’), and (9.10) with p* applied in matrix notation: 


cos sin 
(pacpie) = (3; =) Se ae (9.19) 
23,5 2 = cos sing 
*0,, p*0,) = (2,2 z =| 9,19’ 
( p*5,, p*6,) ( 1 yeae os ( ) 


. Po a a cosa sina i 
(pay, pto,) = (pa, pré,)(_CS@ Sine). (9,107 


From these equations, we readily deduce 


(5,3, cos > ae COS a =) 


—sing cos > —sina cosa 


= cos® sing 
=, z,)| —sing = 


But relation (9.18) tells us precisely that the product of the two 
rotation matrices on the left-hand side equals the rotation matrix 
on the right-hand side; therefore, 

(21,22) = (21,25), ==, 2, = 2). 


Thus we have defined 1-forms 2), 2, on all of B. The remaining 
form II is defined on p~!(U) by 


p*w=Il—do. (9.20) 
On p~'(U), the analogous form is defined by 

p*o =II — dg¢. (9.20’) 
But (9.12) gives us 


p* w= p*w— p*da (9.12’) 
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On p- (UN U),' and (9.18) gives us 

do =do+ p*da. (9.18’) 
Combining these last four equations gives us II=II. We have 


therefore succeeded in defining our third 1-form, IT, on all of B. 
From (9.19) we have (all exterior products) 


2,2, = p*(0,0,) = ( p*o,)( p*o). (9.21) 
From this equation and from (9.20), 
2,2 ,II = (p*o,)( p*o,) dg, (9.22) 


because 
( p*o,)( p*o,)( p*o) = p*(0,0,0) =0. 


From this equation, we deduce that 2, 2,, and IT form a basis of 
the space of 1-forms on B. Hence, any 2-form on B is a linear 
combination of 2,2,, IIT2,, and IIZ,. We may work it out for 
d,, d=,, and dII. It suffices to work over one neighborhood of 


p-\(U). 
First we invert (9.19): 


fe = (cos 9) p*o, + (sing) p*o, 
2, = —(sin¢) p*o, + (cos ¢) p*o,. 


Next we differentiate the first of these and use (9.7), with p* 
applied: 


dd, = —do(sing) p*o, + dd(cos@) p*o, 
+ (cos >) p* w p*o, — (sing) p*w p*o, 
= do3,+ p*w>,=II3,. 
Note the slight inaccuracy in notation. We have identified the function (scalar) 


p*a on p~*(U) with the scalar a on U, just as we call the function x on the x-axis 
and the x-coordinate of the point (x, y) by the same letter. 
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Similarly we find d=, = —IT2,. Hence 


dz, = IIz, 
ae = —IT). (9.23) 
Next, from (9.20), (9.13), and (9.21), we have 
dll = p*(dw) = —K( p*o,)( p*o,) = —K2,2,, 
(9.24) 


dil + K3,3>=0. 


To illustrate the applicability of this relation, we begin with a 
special case of the Gauss-Bonnet theorem. 


THEOREM. [If there exists a smooth unit tangent vector field on 
M, then 


f Koyo, =0. (9.25) 
M 


Proof. A unit field means a smooth mapping r which assigns to 
each point x of M a tangent vector at x. In other words, 


Goes (9.26) 


p°r=i= (identity on M). 
Since 2,2, = p*(0,0,), we have 
r* (2,2) = (r*e p*)(0,0,) = (per) *o,0, = 040). 
Hence, from (9.24), 
d|r*(II)] + Ko,o,=0. 


The form r*II is a 1-form on all of M. Therefore, 


[ Koy- ~ far") = ~Soag”™ =0, 


because M is a compact surface and hence has no boundary. 
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For a surface to have a smooth vector field it is necessary and 
sufficient that its Euler characteristic vanish. This results from the 
following more general considerations. 

If M is a compact oriented surface of Euler characteristic x, then 
there exists a vector field on M with a finite number of points 
deleted. The sum of the indices of the field at these singular points 
is exactly x. It is even possible to find a field with only one 
singularity and, if x =0, with no singularities. These are standard 
facts in surface topology which we shall take for granted. 

Suppose, then, we have a smooth unit tangent vector field 
defined on 


M’ =M — {x,...,X,}; 
which means we have a commutative diagram of smooth mappings 


M’——B 


WwW 


M 


where j is the natural injection of M’ into M (submanifold). As 
before, we now have 


d(r*II) + Ko,o,>=0 on M’. 


We take a small local coordinate neighborhood U, centered at x,, 
so small that none of these U, intersect and each U,U 0U, is 
diffeomorphic to the closed unit ball. Then 


f Ko,0, = -f d(r*II) = —f r*TI 
M-U;U, M-USU, a(M—U;U) 


pa 
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Let us examine one of these summands, 


ma 


We take a moving frame e,,e, on U,, so that (9.20) applied on 
p~\(U,) gives 


Il =p*w+ do. 

Then 
rl=oa+r*dp on U,— {x,}. (9.27) 

Now 
w= {| dw=-{ Koj,o,, 9.28 
ie if f Koyo, (9.28) 

so that it remains to evaluate 
i} r*dd. 
aU 


We recall the meaning of ¢ given by (9.16). At each point x of 
U, — {xX,}, we have 


r(x) = [cos r*($)]e; + [sinr*($)]ep. 


The angle r*(@)= oer is only determined mod 27, but its differ- 
ential d[r*p] =r*d¢ is completely determined. The boundary dU, 
is like a circle; it is a simple closed curve extending once around x. 
The integral of r*do = d(r*¢) taken along it gives the variation of 
the angle r*¢ in following r(x) over one circuit of this curve—that 
is, 


ie r*d = 2n[ind, (r)]. 
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Combining (9.27), (9.28), and (9.29), we arrive at the Gauss-Bonnet 
theorem, 


f Koo, = 27 )iind ,,(r) = 27x, 
M 1 


which also proves that any two vector fields on M, each with a 
finite number of singularities, have the same index sum. 


Aul. 


Bil. 


Bil. 


Bol. 


B12. 


Cal. 


Ca2. 


Ca3. 
Ca4. 


Ca5. 
Caé6. 
Chl. 
Ch2. 


Dal. 
Ed. 


Fil. 


Gol. 
Grl. 


Gr2. 
Gul. 
Hel. 
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MINIMAL SURFACES IN R? 


Robert Osserman 


1. THE MINIMAL SURFACE EQUATION 


Let D be a domain in the x, y-plane, and let S be a surface 
defined as a graph z = f(x, y) over the domain D. S is a minimal 
surface if it satisfies the equation 


(1442) hee— Wehpfey + (1+£2)F,, =, (1.1) 


called the minimal surface equation. The reason for the terminology 
is the following. 


THEOREM 1.1. If f(x,y) satisfies the minimal surface equation in 
D and if f extends continuously to the closure of D, then the area of 
the surface S defined by f is less than the area of any other surface Ss 
defined by a function f(x, y) in D having the same values as f on the 
boundary of D. 


Proof. Inthe domain D x R of R®, consider the unit vector field 
u(x, y, z) defined by 


»-(-£.-$.7) (1.2) 
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where 


W=ltfetf. (1.3) 


Note that v is independent of z, so that 
v, = 0, (1.4) 


while a calculation shows that 


(01). + (02),=[(L+ 42) feet (LF 22) fy — 2fehofey] |W? 
(1.5) 
Since f satisfies equation (1.1), it follows from (1.4) and (1.5) that 
divv=0 inDxR. (1.6) 


The surfaces S and S have the same boundary, and therefore 
S — S may be considered as the oriented boundary of a signed 
open set A in D XR. By the divergence theorem, 


O= fdivo= fo Naa (1.7) 


where N is the unit normal corresponding to the orientation on 


S — S. But from the definition (1.2) of v, it follows that 
v=N_ onS. (1.8) 
Hence, from (1.7), 


Area of S= f v-Nda= [_v-Nd4< [14 =Areaof S, (1.9) 
Ss AY Ss 


since v and N are both unit vector fields. Furthermore, the in- 
equality is strict unless v- N = 1, which would mean that f and f 
have the same gradient at each point, so that S§ would be a 
translate of S, and having the same boundary values, would have to 
coincide with S. This proves the theorem. 
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REMARK. This proof is elementary if the surfaces S and S do 
not intersect except at their common boundary. If one wishes to 
avoid the problem of complicated domains with multiplicity, one 
can use the fact that since divv =0 in D XR, there must exist a 
vector field Y with curl Y =v. The result then follows by applying 
Stokes’ Theorem to S and S. Equivalently, we can identify v with a 
2-form w in D X R, which is closed, by (1.6), hence exact, and once 
again, we may apply Stokes’ Theorem. 


The geometric significance of the minimal surface equation comes 
from the fact that the right-hand side of equation (1.5) is indepen- 
dent of coordinates, and equals the sum of the principal curvatures 
of the surface §. That is, the mean curvature H of a surface S 
represented as a graph z = f(x, y) is given by 


(1 +42) fer 2h fy fey + (1442) fy 
Ww 


| ax()+35(39)]: 


Thus, equation (1.1) signifies the vanishing of the mean curvature, 
and the following result may be viewed as a kind of converse to 
Theorem 1.1. 


H= 
(1.10) 


THEOREM 1.2. Let S be an arbitrary surface immersed in R’, not 
necessarily given as the graph of a function. If S has least area among 
all surfaces S that differ from S on a compact set, then S has mean 
curvature identically zero. 


Proof. Since every immersed surface is locally a graph, for any 
point p of S we may choose a neighborhood S, of p and 
coordinates in R’ so that S, is represented by z= f(x, y) over a 
domain D in the x, y-plane. The area of S, is then given by 


A = f [Wards (1.11) 
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where W is expressed by (1.3). If g is a smooth function that 
vanishes on the boundary of D, then setting 


z=f(x, y) +eg(x, y) (1.12) 


defines a surface S, over D for every value of €, with area A(e) 
given by 


A(e)= f fW(e) dx dy; (1.13) 


W(e) is defined by (1.3) using the function f+eg in place of f. 
Then 


A'(0) = if [W(O) dxay 
=f f( Het Hp8,) axa) 
-S Jel ale) + al) 


- f f2gHdxdy 


(1.14) 


by (1.10). The usual argument shows that if H(p)+#0, then by 
choosing a neighborhood of p in which H is not zero, and 
choosing g to be nonnegative in that neighborhood, positive at p, 
and identically zero outside the neighborhood we obtain from 
(1.14) that A’(0) # 0. Hence, for small values of «, A(e) takes on 
values both larger and smaller than A = A(0). Thus Sy does not 
have least area among surfaces with the same boundary. This 
proves the theorem. 

One may give a direct proof of Theorem 2, without writing the 
surface locally as a graph, by expressing the surface in parametric 
form and using an arbitrary variation. For the record, we state the 
general formula: 


A'(0) = [(-2n -V+divV7) dA (1.15) 
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where S, is any compact portion of S, V is the variation vector 
field: the tangent vector to the curve along which each point of Sp 
is moved to obtain a nearby surface S,, A(t) is the area of S,, V7 is 
the projection of V into the tangent plane of S) at the correspond- 
ing point, div V7 refers to the divergence of V7 as a vector field on 
So, and h is the mean curvature vector, for a neighborhood of S 
expressed in graph form z=f/(x, y), we have h = Hv, in terms of 
(1.2) and (1.10). In fact, 4 is independent of local coordinates, and 
is a purely geometric quantity. Note that (1.15) reduces to 


A'(0) = ie 2h-VdA (1.16) 


if V is everywhere normal to S, (in which case V7 = 0) or even if V 
is normal to S, along the boundary of S,, since the divergence 
theorem on surfaces yields 


f (iv V7) dA= f Ne Zds (1.17) 


where Z is a unit normal field along the boundary 0S). In particu- 
lar, (1.16) holds whenever the comparison surfaces S, have the 
same boundary as So, since in that case V=0 on dS). 

Note that (1.14) is a special case of (1.16), where 


V = (0,0, g(x, y)) 


dA = Wdxdy. 


In view of (1.16), minimal surfaces may be thought of as surfaces 
that are stationary for area; that is, the first variation of area is zero 
for one-parameter variations keeping the boundary fixed. They 
may or may not actually minimize area among all surfaces with the 
same boundary. In order to study that question (which we do not) 
it is useful to examine the second variation of area: A”’(0). Again 
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for the record we state the result. Let S be a minimal surface, Sy a 
compact portion, S, a one-parameter family of comparison surfaces 
having the same boundary as Sp, and A(?t) the area of S,. Assume 
that the variation field V is normal at each point of Sp: 


V= gv 


where v is a unit normal field along Sy. Then 
A"(0) = f (Ivel?+2Kg*) da 
% 


where K is the Gauss curvature of Sj. A minimal surface is called 
stable if for every variation of a compact part S) of S, A”(0) > 0. 
Stability is thus an infinitesimal version of area minimization. By 
virtue of Theorem 1.1, every minimal surface that can be repre- 
sented as a graph is stable. Thus, when trying to get at the 
underlying geometric content of theorems about solutions to the 
minimal surface equation, one natural approach is to study stable 
minimal surfaces. Another is to impose a restriction on the Gauss 
map of the surface. As an example, consider the famous theorem of 
Bernstein: the only solutions f(x, y) of equation (1.1) defined on the 
whole x, y-plane are the trivial ones: f(x, y)= ax + by +c. (For a 
proof, see this volume.) One generalization is the following theorem 
(do Carmo/Peng [3]), (Fischer-Colbrie/Schoen [4]). A complete 
stable minimal surface in R? must be a plane. 

We will not prove that theorem here, but in Section 4 below, we 
give two generalizations of Bernstein’s theorem involving restric- 
tions on the Gauss map. 


2. THE ISOPERIMETRIC INEQUALITY 


Let C be a simple closed curve in the plane, bounding a domain 
D. Let the length of C be L and the area of D be A. Then the 
classical isoperimetric inequality states that 


L?>4nA (2.1) 


with equality if and only if C is a circle. 
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Next, let C be a simple closed curve in R? bounding a surface S. 
If S minimizes area among surfaces bounded by C, then it may not 
seem surprising that (2.1) should continue to hold. However, as we 
have seen in Section 1, if S is an arbitrary minimal surface 
bounded by C, then S need not have minimal area, and hence it is 
not at all clear that the isoperimetric inequality should still hold. 
But the fact is that it does. 


THEOREM 2.1. Inequality (2.1) holds for the area A of any 
minimal surface S bounded by a smooth simple closed curve C of 
length L. 


Proof. Let the curve C be represented by 
X(s) =(x(s), x2(s),x3(s)), O<s<L, (2.2) 


where s is the element of arc length on C. By a translation, we may 
assume that 


['x(s) as=0, k= 12,3. (2.3) 
0 


An elementary and classical formula for the area A of a surface 
S is 


= 7 X-Zas— f [x-naa (2.4) 


where h is the mean curvature vector of S, and Z is the “outer 
normal” along X; that is, Z is the unit vector tangent to S and 
normal to C, pointing away from S. One proof of (2.4) is obtained 
by using the first variation formula (1.15), (1.17) applied to the 
radial vector field V = X, since the comparison surface S, is given 
by X+¢V=(1+12)X and therefore has area A(t)=(1+1)A, so 
that A’(0) = 2A. For a minimal surface, (2.4) takes the form 


24 = [ X-Zds. (2.5) 
Cc 
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We now introduce a vector field along C: 


L 
W=X-7Z (2.6) 
and observe that 
geet Tf we ds 


2? eas ih Lee, 
_ ds— 5 [X-Zds+ 75 fiz ds 
(2.7) 
3 
25 fixe as Aha 


20? 4 L* 
= Tr fix ds— And + 5- 


using (2.5) and the fact that |Z|?=1 on C. 
We now use an elementary inequality known as “ Wirtinger’s 
inequality” (see [9], and this volume): 


” 2a 
f f(t) ar< f f'(t) dt (2.8) 
0 0 
for any smooth 27-periodic function satisfying 
2a 
f f(t) a= 
0 
By virtue of (2.3), we may apply (2.8) to each of the functions 


Y(t) -x,(354), O<t<2z, 


and we find 
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Summing over k, we obtain 


2 D3 
= 


Aq?” 


| re L? fu 
a 
fxr as An? Jo 


ax 
ds 


Inserting this into (2.7) gives the desired inequality. 

This proof is due to Chakerian [2]. (It holds, without change, 
for minimal surfaces in R”.) A special case of Theorem 2.1, where 
S is assumed to be simply-connected, was originally proved by 
Carleman [1] in 1921. It led to a whole series of further results, 
including the isoperimetric inequality of André Weil [18]: in- 
equality (1) holds for the area A of any simply-connected surface S of 
Gauss curvature K < 0, bounded by a simple closed curve C of length L. 

The question arose: what happens if the boundary of S has more 
than one component? Partial results led to the following. 


CONJECTURE. Inequality (2.1) holds for the area A of any minimal 
surface S whose boundary is the union of a finite number of simple 
closed curves, where L is the total length of the boundary curves. 


The truth of this conjecture is not yet known, except in special 
cases. For example, it was shown for doubly-connected surfaces 
[16] and later for arbitrary surfaces with no more than two boundary 
components [8]. It also holds for surfaces S that are not only 
minimal, but area-minimizing. The reason is that each separate 
boundary component is known to bound an immersed minimal 
surface to which we may apply Theorem 2.1. Then adding all the 
inequalities we obtain one for the sum of the area of the individual 
surfaces, and by assumption, it is at least as great as the area of our 
original surface. 


3. THE WEIERSTRASS REPRESENTATION 


One of the most useful tools for the global study of minimal 
surfaces is the “Weierstrass representation.” It allows many geo- 
metric questions on minimal surfaces to be examined using com- 
plex functions. One formulation is the following. 
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THEOREM 3.1. Let D be a simply-connected domain in the com- 
plex plane, let g(§) be any meromorphic function in D and f(§) any 
holomorphic function in D, with the condition that the zeros of f 
coincide with the poles of g, and if g has a pole of order n at a point, 
then f has a zero of order 2n at that point. Choose any point §, in D 
and set 


x=@{ [5 F(1—8%) as} 


y=@{ {571 +3?) | (3.1) 


-a{ {feat} 


where the integrals are along an arbitrary path in D joining the fixed 
point §, to a variable point. Then equations (3.1) define a conformal 
immersion of D onto a minimal surface S in R°. Conversely, any 
simply-connected minimal surface immersed in R? can be represented 
in the form (3.1), where f and g satisfy the prescribed conditions, and 
D may be chosen to be either the unit disk or the entire plane. 


For a proof of this theorem, see [15], p. 64. 


We note the following expressions for fundamental geometric 
quantities in terms of the representation functions f, g: 


the element of arc length on S: ds=X\|df|, A= sifl( +|g|*) 


(3.2) 


2 
Gauss curvature: K=— [ais'/isi + igi?)’| (3.3) 


2#{g} 2F{g} |g?—-1 
lgi@+1’ [g?+1’ Ig? +1) 


(3.4) 


the unit normal: N= | 


From (3.4) we see that the unit normal depends only on g and not 
on f, and that g is in turn determined by N; in fact, (3.4) tells us 
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that if the unit normal at a point is considered to be a point p on 
the unit sphere, then g is obtained by stereographic projection of p 
from the North pole. In particular, the poles of g correspond 
simply to points on S whose unit normal points vertically upward: 
N = (0,0, 1). 

To observe the representation theorem in action, consider 
Bernstein’s theorem, mentioned in Section 1. Let F(x, y) be a 
solution of the minimal surface equation in the whole x, y-plane. 
Then the surface z = F(x, y) is a simply-connected minimal surface 
S, and we wish to show that S is a plane. We may use the 
representation (3.1) for S, and since S is a plane if and only if the 
normal WN is constant, we wish to show (according to (3.4)) that g 
is constant. We may orient S by choosing either the upward or 
downward normal at each point. We choose the latter—the nega- 
tive of (1.2)—so that the third component, —1/W, is strictly 
negative. It follows from (3.4) that |g|< 1. 

Now recall that there were two possibilities for the domain D: 
either the unit disk or the whole plane. In the latter case, g would 
be a bounded holomorphic function in the whole plane, hence 
constant. Thus S would be a plane. It only remains to show that 
the other alternative—D a unit disk—cannot arise. We shall do 
that in the next section. We note here that a key element in the 
proof is Liouville’s theorem for the function g. Analyzing the 
proof, Nirenberg was led to conjecture that a more general and 
more geometric result might hold. In fact Nirenberg made two 
conjectures, depending on whether Liouville’s theorem or the much 
stronger Picard theorem was used. 


NIRENBERG’S First CONJECTURE. A complete simply-connected 
minimal surface whose Gauss map omits a neighborhood of some 
point must be a plane. 


NIRENBERG’S SECOND CONJECTURE. A complete simply-con- 
nected minimal surface whose Gauss map omits three points must be a 
plane. 


In both cases, if we could exclude the case where D is the unit 
disk, we would be done, since if D is the entire plane, then the 
function g would be constant, by Picard’s theorem in Conjecture 2, 
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and by Liouville’s theorem in Conjecture 1 (after, if necessary, a 
rotation of R? so that the omitted neighborhood on the unit sphere 
contains the North pole). We shall show in the next section how to 
tule out the case that D is a disk when g is bounded, thus 
completing the proof of Nirenberg’s First Conjecture. On the other 
hand, it turns out that D can be a disk when g omits three points, 
and thus Nirenberg’s second conjecture is false. The construction 
of specific counterexamples provides a good illustration of the use 
of the Weierstrass representation theorem. 

Choose any finite set of points on the unit sphere. We wish to 
construct a minimal surface whose Gauss map omits precisely that 
set of points. By a preliminary rotation, we may assume that one of 
the points is the North pole. Denote the image of the others under 
stereographic projection by a,,...,a,. Let D be the domain con- 
sisting of the whole {-plane with the points a,,...,a,, deleted. It 
then follows that inserting g({) = and any holomorphic function 
f(£) that does not vanish in D (say f({)=1) into the equations 
(3.1) will produce a minimal surface S immersed in R? whose 
Gauss map covers the entire unit sphere except for points corre- 
sponding to aj,..., @,, 00 under stereographic projection. Note that 
since D is not simply connected, the integrals may depend on the 
choice of path, so that the representation really defines a map from 
the universal covering surface D of D into R’, but the image is still 
the sphere with the given finite set of points removed. 

The only question that remains is whether or not there exists a 
choice of the function f({) for which the resulting surface will be 
complete. To achieve that, the obvious choice is to have a pole of f 
at each of the a,. Thus, we set 


f(S)=1 / TI (6-4). (3.5) 


According to (3.2), if C is any curve in D, then the length of the 
corresponding curve on the surface is given by 


1 
[aul +18 yesi=3 frais. G8) 
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Recall that S is complete if the length of every divergent curve on 
S is infinite, where a divergent curve is a map y(t) of the half-line 
t>0 into S such that for every compact set E on S there exists 
to > O such that for ¢ > to, y(t) lies outside of E. Suppose then that 
C is a curve in D corresponding to a divergent curve T on S. We 
must show that the length of I’, given by (3.6), is infinite. 

Consider first the case that C lies in a bounded domain of the 
§-plane. Then the integrand in (3.6) is bounded below by a positive 
constant. It follows that if C has infinite length, then the integral in 
(3.6) diverges, so that the length of T is also infinite. If, on the 
other hand, C has finite length, then it must converge to a point £5 
in the plane. Since I is divergent, { cannot be a point of D. Hence 
§) must be one of the points a,..., a, But if C tends to one of the 
a,, then the integral in (3.6) clearly diverges, and I again has 
infinite length. 

The only remaining case is where C does not lie in any bounded 
domain. There are again two possibilities: either C tends to infin- 
ity, or else there is a subsequence of points on C remaining 
bounded while another subsequence tends to infinity. In the latter 
case, the curve C must cross some fixed annulus an infinite number 
of times, and since the integrand of (3.6) is again bounded below 
on that annulus, the integrand must diverge, and I’ would have 
infinite length. In the former case, where C tends to infinity, we see 
that the integral in (3.6) diverges if and only if n < 3. We have thus 
proved the following result. 


THEOREM 3.2. Let S be the surface obtained by inserting in the 
Weierstrass formulas (3.1) the function f(§) of (3.5) and g(f)=§, 
where the domain D is the §-plane with the points oy,...,a,, deleted. 
Then S is complete if and only if n < 3. 


Since, as we have noted, the Gauss map of the surface covers the 
whole unit sphere except for the n+ 1 points corresponding to 
Qy,..., 4, 00, we have: 


COROLLARY. Given any set of four or fewer points on the unit 
sphere, there exists a complete minimal surface whose Gauss map 
omits precisely that set of points. 
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This corollary is due to Voss [17]. Note that if we want the 
omitted set to consist of a single point, then we may choose 


f(§) = 1. 


4. THE GAUSS MAP OF COMPLETE MINIMAL SURFACES 


THEOREM 4.1. If S is a complete minimal surface, not a plane, 
then the image of S under the Gauss map is everywhere dense on the 
unit sphere. 


This theorem is just a restatement of Nirenberg’s First Conjec- 
ture. It is no loss of generality to assume the surface to be simply 
connected, since otherwise we can pass to the universal covering 
surface, whose image under the Gauss map is the same. As we 
observed in the previous section, the proof reduces to showing that 
the domain D cannot be the unit disk. 

Suppose then that D is the unit disk, and that the image of S 
under the Gauss map omits a full neighborhood of some point. We 
shall show that S cannot be complete. After a preliminary rotation, 
so that the omitted neighborhood contains the North pole, we have 
from (3.4) that the function g in the Weierstrass representation is 
bounded: say |g|< M. Then from (3.2), the length L of a curve I 
on S corresponding to a curve C in D, satisfies 


2 
L= f is +ish)idsi< S fisitas. (4.1) 
The curve I is divergent on S if and only if C is divergent in the 
unit disk D; that is, C tends to the boundary, |{| = 1. To show that 
S is not complete, we must prove that there exists such a curve C 
for which the value of L in (4.1) is finite. Making use of the fact 
that f has no zeros, since g has no poles, we see that the theorem 
follows from (4.1) and the following function-theoretic fact. 


LemMa 4.2. Let f be an analytic function in the unit disk that is 
never zero. Then there is a path C to the boundary such that 


[1F6) |Ia81< 00. (4.2) 
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Proof. Denote by D the unit disk in the [-plane, and define the 
function F(¢{) in D by 


F(S) = [4 (5) a, 


where we may assume that the integral starts at {=0, so that 
F(0)=0. Note that F’(f)=f/(£) #0, so that F({) has a well- 
defined holomorphic inverse function G(w) near w = 0, with G(0) 
= (0. Let R be the radius of convergence of the power series for 
G(w) at the origin. R is finite since otherwise G would be an entire 
function with |G(w)| <1, and hence G would be constant, which it 
is not. Thus there is a point wo with |wo| = R such that G cannot be 
extended from |w|< R into any neighborhood of wo. Let C’ be the 
line segment from 0 to wo, and let C be the image of C’ under G. 
Then 


[IAW llaBi= fIPC)|Iasi= f ldwl=R< oo (4.3) 


so that (4.2) is satisfied. We need only show that C is divergent in 
D. Suppose not. Then there would be a sequence of points ¢, on C 
such that F({,) tends to wo, but all the &, lie in a compact subset 
of D. There would then be a subsequence of the £, converging to £ 
in D, and by continuity, F({)) = wo. But since F’(f) = f (£9) # 0, 
F({) defines a conformal diffeomorphism of a neighborhood of { 
onto a neighborhood of wo, whose inverse is defined in a neighbor- 
hood of wy and agrees with G at a sequence of points tending to 
Wo, hence it provides an extension of G to a neighborhood of wy. 
But this contradicts the defining property of wo, and hence shows 
that C must be divergent. Thus the lemma is proved. 


A closer examination of the proof shows that not only does it 
prove Nirenberg’s first conjecture, but it leads easily to a sharper, 
more quantitative form of the result. Namely, if the Gauss map of 
a minimal surface S omits a fixed neighborhood on the unit sphere, 
then not only can S not be complete, but for any point I on S, we 
can give a concrete upper bound on the distance from p to the 
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boundary. To see that, we may assume that S is simply connected 
and represent S in the unit disk D, where we may assume that the 
point p corresponds to the origin. (If S is not simply connected, 
we may work with the universal covering surface S of S; any point 
p covering p has the same distance to the boundary of S as p does 
in S.) Let C be the curve obtained in Lemma 4.2, and I’ the image 
of C on S. Then combining (4.1), and (4.3), the length L of [T 
satisfies 


L<a + M?), (4.4) 


We may further estimate R by Schwarz’ Lemma, since G maps 
|w|<R into |f| <1: 


IPOl<z 
or 
1 = - = 
Reap FOl=1F0. (4.5) 


Now the distance d from p to the boundary of S is by definition 
the infimum of the lengths of all divergent paths on S starting at p. 
Hence, combining (4.4) and (4.5), 


< AO 


d<L<— (14M?) (4.6) 


where 


le(w)|<M in D. (4.7) 


To get a purely geometric bound on d, we recall the expression 
(3.3) for the Gauss curvature of S: 


K(p)=—[aer@I/FOIA+l2@F)]. 48) 
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Combining this with (4.6) yields 


2|g’(0) | 


[K(p)|d< (1+ M?). (4.9) 
(1 +/3(0)|’) 


In view of (4.7) we may apply Schwarz’ Lemma to the function g 
to obtain 


2 2 
e@< Or 


which inserted into (4.9) yields 


2  (1+M?)(M?-|g(0)|’) 


—-——— 5 (4.10) 
IK(p)| (1 +/g(0)|) 


= 


Note that in this estimate for the distance d of p to the boundary, 
the quantities on the right all have direct geometric interpretations: 
The constant M, an upper bound for g, is easily expressed in terms 
of the size of the neighborhood omitted by the normals; 9(0) 
corresponds to the direction of the normal at p, and K(p) is the 
Gauss curvature of S at p. Using |g(0)|>0 gives a simpler 
estimate independent of the normal at p: 


2M(1+M?) 


K(p)| oo 


Inequalities (4.10) and (4.11) do not give direct information on d 
at points where the Gauss curvature K( p) vanishes. However, by 
(4.8), such points are isolated if the surface is not a plane, and we 
may always choose a point gq where K(q) #0, apply (4.10) or 
(4.11) at g, and then add the distance from p to q to get the 
desired bound. In any case, it is often preferable to look at these 
inequalities in the other direction as providing an upper bound for 
the Gauss curvature at any point p of a domain on a surface whose 
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Gauss map omits some neighborhood on the sphere 
c 
IK()I< = (4.12) 


where c depends only on the size of the neighborhood omitted and 
d is the distance from p to the boundary of the domain. If the 
surface is complete, then for any point p, d may be made arbi- 
trarily large, and K(p) must be zero. But if K=0 on a minimal 
surface S, then S must lie on a plane, and Nirenberg’s first 
conjecture follows as a limiting case of (4.12). 

Finally, if the domain is representable in the form z =/f(x, y), 
then we have M <1 in (4.11), and hence 


IK(p) |< + (4.13) 


Again, Bernstein’s theorem is an immediate consequence of (4.13). 

The first inequality on the Gauss curvature, giving a quantitative 
version of Bernstein’s Theorem, was obtained by Erhard Heinz [7]. 
Theorem 4.1 was proved in 1959 [12]. A sharper version, proved by 
Ahlfors and Osserman [13] in 1961, shows that the Gauss map 
must not only be everywhere dense, but that the omitted set must 
have logarithmic capacity zero. The proof follows the same general 
lines as the one given above. There was then a gap of twenty years 
before further progress was made. Using an entirely different 
method, Xavier [19] proved in 1981 that the Gauss map can omit at 
most six points. Finally, returning to an elaboration of the original 
method of proof, Fujimoto [5] obtained in 1987 the optimal result. 


THEOREM 4.3. Let S be a complete minimal surface in R°, not a 
plane. Then the Gauss map of S can omit at most four points. 


Proof. Let S be a minimal surface whose Gauss map omits five 
points on the unit sphere. By a rotation, one of the points may be 
chosen to be the North pole. By passing to the universal covering 
surface, we may assume that S is simply connected. We may then 
use the representation (3.1) for S, where g will omit certain values 
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04, Q, %3, a, and a,= oo. Thus the domain D cannot be the 
whole plane. We may therefore assume that D is the unit disk 
\§| < 1, and that g is holomorphic in D. The function f is then also 
holomorphic in D and never vanishes. 

The proof of the theorem falls into two parts. The first is purely 
function-theoretic. It consists in obtaining a constraint on g from 
the fact that it omits four points. The second involves defining an 
auxiliary map F({) used to get an estimate of the distance to the 
boundary of S. We start with Part I. 

Denote by A the complex plane with the points aj, a5, 3, a4 
deleted. Recall that the universal covering surface of A is confor- 
mally equivalent to the unit disk, and that the standard Poincaré 
metric on the disk pulls back to a conformal metric do = A(z) |dz| 
on A with constant Gauss curvature equal to — 1. 


LemMA 4.4. Let ¢€,e’ be any two numbers satisfying 
0<e<1l, 0<e’ <€/4. (4.14) 
Then the function 


G-«€)/2 
(1+ Iz?) 
—_  —— < B< a on A. 4.15 
A(z)ITj lz — @)|'7* (4.15) 

Proof. The asymptotic behavior of \(z) at each of the boundary 
points of A is well known. (See, for example [11] p. 250.) At each 
a, J=1,...,4, 

Cc; 


ene Eee nes 
A(z) ~ [z—a,logjz—a]’ c, #0, 


and at a, = 00, 
£0 
A(z) = ]z[log|z| ; Co ¥ 0. 
It follows that the left-hand side of (4.15) is a positive continuous 


function on A which by virtue of the constraints (4.14) on e,e’, 
tends to zero at a,,...,a,;. Hence it has a positive maximum. 
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Lemma 4.5. Let h(w) be analytic in |w|< R and omit the points 
Qy,...,04. Let €,e’ satisfy (4.14). Then 


(1+|A(w)P)” xe prey 


< B—- (4.16) 
7 
where B is the bound in (4.15). 


Proof. By the Schwarz-Pick lemma, non-Euclidean lengths are 
reduced under the map h. That means 


2R 


A(z) IIs rie 
or 
Maw) |< Ea (4.17) 
But by Lemma 4.4, 
2 (3-€)/2 
1+ |h(w 
Vi) ee 7c 


M(h(w) ET A(w)—a,| 


Combining (4.17) and (4.18) yields (4.16). 

This completes the first part of the proof. Note that the constant 
B in (4.15) and (4.16) depends only on the values a,,..., a, and the 
choice of € and e’. 

We now apply (4.16) to the problem at hand. We want to adapt 
the argument in the proof of Theorem 4.1, using Lemma 4.2. 
Specifically, we want to define a map of D: 


w=F(S)= fu(syag, — ¥(g) #0 (4.19) 


where /({) is a suitably defined function, and the integral is taken 
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from ¢=0 to a variable point. For any such map, if G(w) is the 
inverse of F({) defined in a neighborhood of the origin, with 
G(0) = 0, then as in Lemma 4.2, there is a largest disk |w| < R in 
which G is defined, and a point wo satisfying |w)|= R such that G 
cannot be extended to a neighborhood of wy. Let C’ be the line 
segment from 0 to wo, let C be the image of C’ under G, and let I 
be the corresponding curve on S. Then the length L of I is given 
by 


ca ee ee a 
=z ffi +e) \ati= f fea an |4e. 
Also 
a 1 L 
= Gwar pe (4.20) 


If we choose yp to be of the form 


y=fo (4.21) 


then the term involving f in the integrand cancels out, and we have 


1+|h(w)/ 
L= fF ear xrc el ad (4.22) 
where 
h=geG. (4.23) 


So h is analytic in |w| < R and omits the values a,,...,a,. We may 
therefore apply Lemma 4.5 and conclude that inequality (4.16) 
holds. What we want is to choose (or equivalently, ~) to make L 
finite. In view of (4.22), it would suffice if 


1+lA@w)F oc 


Ip Gl < (Re wPy” 0<p<l. (4.24) 
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By virtue of (4.16), we can achieve that if 


re lacwyP | (atlaGey °7ewyl | 


7 ra (4.25) 
Ld TT}.1]h(w) — | 
So 
a) choose p =2/(3 —e€); then 0<¢€<1>2/3<p<1; 
b) make 
Ti(h(w) —a,)"°~? 
ogc Oe) (4.26) 


h'(w)’ 


The problem is that G is defined in terms of , so that we cannot 
use this equation as a definition of ~. However, we can express 
everything as a function of ¢: 


dw, _ FS) a(S)- 4)" 
a =p=fp= ea rT ae 
)’|(%) 
(4) “=H T1(s)- 9)" 0)" 
or finally 


dw f()'7"-?T(2(s) - PA alee a 
= 


¥(f) = rid (tyra . (4.27) 


Case 1. g’({)#0in D. Then we can use (4.27) to define ~ and 
(4.19) to define F. Then working backwards through (4.26) and 
(4.25) we find that (4.24) holds, and hence by (4.22), the length L 
of T is finite. It follows that either I tends to a point P of S or 
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else I’ is divergent. But the former is not possible, since it would 
imply that the image C of I would tend to a point {, in D, and 
then, as in the proof of Lemma 4.2, G would be extendable over 
Wo, contradicting the definition of wo. Thus I’ must be a divergent 
curve on S of finite length, and S cannot be complete. 


CaseE 2. g’(£) vanishes on a nonempty set E in D. In this case, 
since S is not a plane, the set E is either finite or else consists of a 
countable set of points tending to the boundary. Let D be the 
universal covering surface of D\ E. We may again define 1(¢) by 
(4.27), but only in D\ E, The definition (4.19) of F({) may lead to 
a multivalued function in D\ E, but it can be lifted to a single-val- 
ued function F in D. Since D is again conformally the unit disk, 
the same argument as before produces a largest disk |w|<R in 
which the inverse G of F is defined and a boundary point w, over 
which G cannot be extended. Let G be the map of |w|<R into 
D\E obtained by composing G with the projection of D onto 
D\ E. lf C’ and C are defined as before, then the same arguments 
show that the image I of C on S has finite length. The theorem is 
proved if we can show that I is a divergent curve. But suppose it 
were not. Then C is not divergent in D. That would mean that for 
some sequence of points w, on C’ with w, > wo, the corresponding 
points £, on C converge to an interior point {j of D. If {% is in 
D\ E, then the same argument as in Case 1 leads to a contradic- 
tion. If, on the other hand, £, is a point of E, then g’({,) =0 and 
g'(£) ~ a(§ —§))” for some m > 1. Then 


g(r —P) _ b(t _ b) m( p/(l ~P) 
where 


-2 | ere 
Pw 3-e? Ep ie 


Now if C tends to {) as w tends to wo, then 


z : las} 
R= f idwim [I (S)lldsl> ef es 
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which is a contradiction. Finally, if C does not tend to 5, then it 
has some other accumulation point on D\E, leading to a con- 
tradiction as before. We conclude that C must diverge in D, hence 
T is a divergent path of finite length on S, and S cannot be 
complete. This proves the theorem. 


ELABORATIONS AND EXTENSIONS 


1. Just as in the case of Nirenberg’s conjecture, there is a 
quantitative, finite version of Fujimoto’s theorem, obtainable by a 
refinement of the above argument. 


THEOREM 4.4. Let S be a minimal surface in R? whose Gauss 
map omits five or more points. Let p be any point of S, K the Gauss 
curvature of S at p, and d the distance from p to the boundary of S. 
Then 


|K|d* <c, 


where c is an absolute constant depending not on the particular 
surface S, but only on the omitted values and the choice of «€,e' 
satisfying (4.14). 


For details of the proof, see Fujimoto [5]. 


2. Recall that in Theorem 3.2 we have shown how to construct 
complete minimal surfaces whose Gauss map omits any four points 
on the unit sphere. A closer examination reveals that every other 
point of the sphere is covered infinitely often. That turns out not to 
be an artifact of the construction, but a general property. In fact, 
one may give two different but related strengthenings of Fujimoto’s 
Theorem. 


THEOREM 4.5. Let S be a complete minimal surface in R°, not a 
plane. If the Gauss map of S omits four points, then it must cover all 
other points of the sphere infinitely often. 
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THEOREM 4.6. Let S be a complete minimal surface in R°. If 
there are five points on the sphere covered only finitely often, then S 
has finite total curvature. 


Note that for complete minimal surfaces of finite total curvature 
the Gauss map can be described quite explicitly, since either the 
surface is a plane and its Gauss map is constant, or else the image 
under the Gauss map is a finite-sheeted branched covering surface 
over the sphere with a finite number of points removed; every point 
of the sphere is covered a fixed finite number of times, except for a 
finite set covered less often, and at most three omitted altogether 
[13]. 

The proof of Theorems 4.5 and 4.6 combines the ideas of 
Fujimoto’s proof of Theorem 4.3 with earlier results on surfaces of 
finite and infinite total curvature [14]. For details, see the paper of 
Mo and Osserman [10]. 


3. In subsequent work [6], Fujimoto has given defect relations, 
providing extensions of his theorem in precise analogy to 
Nevanlinna’s extensions of Picard’s Theorem. 


4. Two further papers based on Xavier’s method were written 
before Fujimoto’s paper [5] appeared. They are 

R. S. Earp and H. Rosenberg, “On the values of the Gauss map 
of complete minimal surfaces in R?,” Comment. Math. Helv. 63 
(1988), 579-86. 

F. J. Lopez and A. Ros, “On the values of the Gauss map of 
minimal surfaces”, preprint. 

The first of these papers proves a somewhat weaker form of 
Theorems 4.5 and 4.6 above. The second one adapts ideas of 
Fischer-Colbrie and Schoen [4] to improve Xavier’s result, showing 
that the Gauss map cannot omit more than five values, unless the 
surface is a plane. 
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CURVES AND SURFACES 
IN EUCLIDEAN SPACE 


S. S. Chern 


1. INTRODUCTION 


This article contains a treatment of some of the most elementary 
theorems in differential geometry in the large. They are the seeds 
for further developments and the subject should have a promising 
future. We shall consider the simplest cases, where the geometrical 
ideas are most clear. 


1. THEOREM OF TURNING TANGENTS 


Let £ be the euclidean plane, which is oriented so that there is 

a prescribed sense of rotation. We define a smooth curve by ex- 

pressing its position vector X = (2, 22) as a function of its arc 

length s. We suppose the function X(s)—that is, the functions 

21(s), t2(s)—to be twice continuously differentiable and the vector 

X’(s) to be nowhere 0. The latter allows the definition of the unit 
99 
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tangent vector e:(s), which is the unit vector in the direction of 
X'(s) and, since £ is oriented, the unit normal vector e(s), so 
that the rotation from e, to é2 is positive. The vectors X(s), e:(s), 
é,(s) are related by the so-called Frenet formulas 


(1) x = @, a = kes, on = — ke. 

The function k(s) is called the curvature. It is defined together with 
its sign and changes its sign if the orientation of the curve or of 
the plane is reversed. 

The curve C is called closed, if X(s) is periodic of period L, 
L being the length of C. It is called simple if X(s:) ¥ X(s:), when 
0<s, — s < ZL. It is said to be convex if it lies in one side of 
every tangent line. 

Let C be an oriented closed curve of length L, with the position 
vector X(s) as a function of the arc length s. Let O be a fixed point 
in the plane, which we take as the origin of our coordinate system. 
Denote by I the unit circle about O. We define the tangential 
mapping 7:C — I as the one which maps a point P of C to the 
endpoint of the unit vector through O parallel to the tangent 
vector to C at P. Obviously 7 is a continuous mapping. It is 
intuitively clear that when a point goes around C once its image 
point goes around I a number of times. This number will be called 
the rotation index of C. The theorem of turning tangents asserts 
that if C is simple, the rotation index is +1. We begin by giving 
a rigorous definition of the rotation index. 

We choose a fixed vector through O, say Oz, and denote by r(s) 
the angle which Ox makes with the vector e:(s). We assume that 
0 S 7(s) < 2z, so that 7(s) is uniquely determined. This function 
7(s) is, however, not continuous, for in every neighborhood of 8) 
at which r(s) = 0 there may be values of r(s) differing from 27 
by an arbitrarily small quantity. There exists nevertheless a con- 
tinuous function 7(s) closely related to r(s), as given by the follow- 
ing lemma. 

Lemma: There exists a continuous function 7(s) such that 
#(s) = r(s), mod 2m. 


Proof: To prove the lemma, we observe that the mapping 7’ 
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being continuous, is uniformly continuous. Therefore, there exists 
a number 6 > 0, such that, for |s: — so] < 6, T(s:) and T(s2) lie 
in the same open half-plane. From our conditions on 7(s), it follows 
that, if #(s1) is known, 7(s2) is completely determined. We divide the 
interval 0 S s S L by the points s. (= 0) < 8; < +++ < 8m (= Z) 
such that |s; — 8,4) < 6,7 = 1, ---, m. To define 7(s), we assign 
to #(S) the value r(s). Then it is determined in the subinterval 
8 & 8 S %, in particular at #1, which determines it in the second 
subinterval, etc. The function #(s) so defined clearly satisfies the 
conditions of the lemma. 


The difference 7(Z) — 7(0) is an integral multiple of 27, say, 
= y2nr. We assert that the integer y is independent of the choice 
of the function 7(s). In fact, let 7’(s) be a function satisfying the 
same conditions. Then we have ‘ 


#'(s) — #(s) = n(s)-2n, 
where n(s) is an integer. Since n(s) is continuous in s, it must be 
a constant. It follows that 


#'(Z) — #'(0) = +(LZ) — 70), 
which proves the independence of y from the choice of #(s). We 


define y to be the rotation index of C. The theorem of turning 
tangents follows. 


TuHeoreM: The rotation index of a simple closed curve is +1. 


Proof: To prove this theorem, we consider the mapping 2 which 
carries an ordered pair of points of C, X(s1), X(#),0SaSe30, 
into the endpoint of the unit vector through O parallel to the 
secant joining X(s) to X(s:). These ordered pairs of points can 
be represented as a triangle A in the (s, s:)-plane defined by 
0 S 5 Ss S L. The mapping = of A into F is continuous. We 
also observe that its restriction to the side s; = s is the tangential 
Mapping 7. 

To a point p € A, let r(p) be the angle which Oz makes with 
OX(p), such that 0 < r(p) < 2m. Again this function need not be 
continuous. We shall, however, prove that there exists a con- 
tinuous function 7(p), p € A, such that 7(p) = r(p) mod 27. 

In fact, let m be an interior point of A. We cover A by the radii 
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through m. By the arguments used in the proof of the preceding 
lemma, we can define a function 7(p), p € A, such that 7(p) = r(p), 
mod 27, and such that it is continuous along every radius through 
m. It remains to prove that it is continuous in A. For this purpose, 
let po be a point of A. Since 2 is continuous, it follows from the 
compactness of the segment mp, that there exists a number 
7 = 4(po) > 0, such that, for qo €& mpo, and for any point of 
q€A for which the distance d(q, qo) <7, the points =(q) and 
(qo) are never antipodal. The latter condition is equivalent to 
the relation 


(2) #(q) — #(@) #0, modz. 

Now let « > 0, ¢ < 1/2, be given. We choose a neighborhood U of 
po, such that U is contained in the y-neighborhood of po, and such 
that, for p € U, the angle between OZ (pc) and O2(p) is less than e. 


This is possible, because the mapping = is continuous. The last 
condition can be expressed in the form 
(3) 7(p) nt #(po) =é + 2k(p)r, le’| <6, 
where k(p) is an integer. Let go be any point on the segment mpo. 
Draw the segment qq parallel to pop, with g on mp. The func- 
tion #(q) — (qo) is continuous in q along mp and is zero when 
q coincides with m. Since d(q, qo) is less than 7, it follows from 
Equation (2) that [+(q) — #(qo)| < m. In particular, for qo = po, 
l7(p) — #(po)| < wr. Combining this result with Equation (3), we 
get k(p) = 0, which proves that 7(p) is continuous in A. Since 
#(p) = 7r(p), mod 27, it is easy to see that 7(p) is differentiable. 
Now let A(0, 0), BO, ZL), and D(L, L) be the vertices of A. The 
rotation index y of C is defined by the line integral 


9” — ~ 
ony = AD d#. 


Since 7(p) is defined in A, we have 
d7 = finde + ap oF 


To evaluate the line integrals on the right-hand side, we make use 
of a suitable coordinate system. We can suppose X (0) to be the 
“lowest”? point of C—that is, the point when the vertical coordi- 


AD 
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nate is a minimum, and we choose X (0) to be the origin O. The 
tangent vector to C at X(0) is horizontal, and we call it Oz. The 
curve C’ then lies in the upper half-plane bounded by Oz, and 


the line integral Ne d# is equal to the angle rotated by OP as P 
traverses once along C’. Since OP never points downward, this 
angle is er, with e = +1. Similarly, the integral ie d7 is the 


angle rotated by PO as P goes once along C. Its value is also 
equal to er. Hence, the sum of the two integrals is e2r and the 
rotation index of C is +1, which completes our proof. 

We can also define the rotation index by an integral formula. 
In fact, using the function 7(s) in our lemma, we can express the 
components of the unit tangent and normal vectors as follows: 


€, = (cos 7(s), sin 7(s)), é = (—sin 7(s), cos 7(s)). 
It follows that 
d7(s) = de-e, = k ds. 


From this equation, we derive the following formula for the rota- 
tion index: 


(4) ony = I k ds. 


This formula holds for closed curves which are not necessarily 
simple. 

The accompanying figure gives an 
example of a closed curve with rota- 
tion index zero. 

Many interesting theorems in differ- 
ential geometry are valid for a more 
general class of curves, the so-called 


Fie. 1 sectionally smooth curves. Such a curve 

is the union of a finite number of 

smooth arcs AoA,, AiAo, ---, Am-14m, where the tangents of 
the two arcs through a common vertex A;,i = 1, ---,m — 1, 


may be different. The curve is called closed, if Ay = Am. The 
simplest example of a closed sectionally smooth curve is a recti- 
linear polygon. 
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The notion of rotation index and the theorem of turning tangents 
can be extended to closed sectionally smooth curves; we sum- 
marize, without proof, the result as follows. Let s;,7 = 1, ---, m, 
be the arc length measured from Ay to A;, so that s, = L is the 
length of the curve. The curve supposedly being oriented, the 
tangential mapping is defined at all points different from A;. At 
a vertex A, there are two unit vectors, tangent respectively to 
A,1A,; and A;Ais1. (We define Ams: = Ai.) The corresponding 
points on F we denote by T(A,)~ and T(A,)+. Let ¢; be the angle 
from T(A,)- to T(A,)t, with 0 < 9; < 1, briefly the exterior angle 
from the tangent to A;_,A; to the tangent to A;Ai4. For each are 
A,_1A,, a continuous function 7(s) can be defined which is one of 
the determinations of the angle from Oz to the tangent at X(s). 
The number y defined by the equation 


6) any = B f{r(s.) — r(6-4)} + Ber 


is an integer, which will be called the rotation index of the curve. 
The theorem of turning tangents is again valid. 


TuHeorem. If a sectionally smooth curve is simple, the rotation 
index is equal to +1. 


As an application of the theorem of turning tangents, we wish to 
give the following characterization of a simple closed convex curve. 


Remark: A simple closed curve is convex, if and only if it can be 
so oriented that its curvature is greater than, or equal to, 0. 


Let us first remark that the theo- 
rem is not true without the assump- 
tion that the curve is simple. In fact, 
the accompanying figure gives a non- 
convex curve with k > 0. 

Proof: To prove the theorem, we 
let 7(s) be the function constructed, 
so that we have k = dz/ds. The con- 
dition k 2 0 is equivalent to the as- 
sertion that 7(s) is a monotone non- 

Fig. 2 decreasing function. Because C’ is 
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simple, we can suppose that 7(s), 0 Ss S LZ, inereases from 0 
to 27. It follows that if the tangents at X(s,) and X(s:),0 Su < 
s < Z, are parallel in the same sense, the are of C from X(s;) to 
X (8) is a straight line segment and these tangents must coincide. 

Suppose 7(s), 0 S$ s S L, is monotone nondecreasing and C is 
not convex. There is a point A = X(s) on C such that there are 
points of C at both sides of the tangent ¢ to C at A. Choose a 
positive side of ¢ and consider the oriented perpendicular distance 
from a point X(s) of C tot. This is a continuous function in s and 
attains a maximum and a minimum at the points M and N of C, 
respectively. Clearly M and N are not on ¢ and the tangents to C 
at M and N are parallel to ¢. Among these two tangents and ¢ 
itself, there are two tangents parallel in the same sense, which, 
according to the preceding remark, is impossible. 

Next we let C be convex. To prove that #(s) is monotone, we 
suppose #(s:) = 7(S2), 81 < 8. Then the tangents at X(s:) and 
X (82) are parallel in the same sense. But there exists a tangent 
parallel to them in the opposite sense. From the convexity of C 
it follows that two of them coincide. 

We are thus led to the consideration of a line ¢ tangent to C 
at two distinct points, A and B. We claim that the segment AB 
must be a part of C. In fact, suppose this is not the case and let D 
be a point of AB not on C. Draw through D a perpendicular u 
to ¢ in the half-plane which contains C. Then wu intersects C in at 
least two points. Among these points of intersection, let F be the 
farthest from ¢ and G the nearest, so that F ~ G. Then G is an 
interior point of the triangle ABF. The tangent to C at G must 
have points of C in both sides, which contradicts the convexity 
of C. 

It follows that, under the hypothesis of the last paragraph, the 
segment AB is a part of C and that the tangents at A and B are 
parallel in the same sense. This proves that the segment joining 
X(s1) to X(s2) belongs to C. The latter implies that #(s) remains 
constant in the interval s, S s S s:. Hence, the function #(s) is 
monotone, and our theorem is proved. 
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The first half of the theorem can also be stated as follows. 


Remark: A closed curve with k(s) 2 0 and rotation index equal 
to 1 is convex. 


The theorem of turning tangents was essentially known to 
Riemann. The above proof was given by H. Hopf, Compositio 
Mathematica 2 (1935), pp. 50-62. For further reading, see: 


1. H. Whitney, “On regular closed curves in the plane,” Compositio 
Mathematica 4 (1937), pp. 276-84. 


2. S. Smale, ‘Regular curves on a Riemannian manifold,” Trans- 
actions of the American Mathematical Society 87 (1958), pp. 
492-511. 


3. S. Smale, ‘‘A classification of immersions of the two-sphere,”’ 
Transactions of the American Mathematical Society 90 (1959), 
pp. 281-90. 


2. THE FOUR-VERTEX THEOREM 


An interesting theorem on closed plane curves is the so-called 
“four-vertex theorem.’ By a vertex of an oriented closed plane 
curve we mean a point at which the curvature has a relative ex- 
tremum. Since the curve forms a compact point set, it has at least 
two vertices, corresponding respectively to the absolute minimum 
and maximum of the curvature. Our theorem says that there are 
at least four. 


TuHrorEeM: A simple closed convex curve has at least four vertices. 


This theorem was first presented by Mukhopadhyaya (1909); 
the proof we shall give was the work of G. Herglotz. It is also true 
for nonecnvex curves, but the proof is more difficult. The theorem 
cannot be improved, because an ellipse with unequal axes has 
exactly four vertices, which are its points of intersection with the 
axes, 


Proc{: We suppose that the curve C has only two vertices, M and 
N, and we shall show that this leads to a contradiction. The line 
MN does not meet C in any other point, for if it does, the tangent 
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line to C at the middle point must contain the other two points. 
By the last section, this condition is possible only when the segment 
MN isa part of C. It would follow that the curvature vanishes at 
M and N, which is not possible, since they are the points where the 
curvature takes the absolute maximum and minimum respectively. 

We denote by 0 and s the parameters of M and N respectively 

and take MN to be the a-axis. Then we can suppose 
a2(s) < 0, 0<8s<%, 
x2(s) > 0, xo<s<L, 
where L is the length of C. Let (2:(s), 2(s)) be the position veetor 
of a point of C with the parameter s. Then the unit tangent and 
normal vectors have the components 
a = (x1, 23), = (—23, £1), 
where primes denote differentiations with respect to s. From the 
Frenet formulas we get 
(6) ay’ = ~—ke, 23! = ka}. 
It follows that 
ae oe jb 
[fxs ds = —a'|¢ = 0. 
The integral in the left-hand side can be written as a sum: 
L ’ = 80 ’ L , 
fp kekds = [" kasds + f” hers ds. 

To each summand we apply the second mean value theorem, 
which is stated as follows. Let f(x), g(x), a & x & b, be two func- 
tions in z such that f(z) and g’ (x) are continuous and g(x) is mono- 
tone. Then there exists §, a < — < b, satisfying the equation, 


b t b 
[P f@)g@) dx = g(a) [*7@) dx + 9) fF (@) ae. 
Since k(s) is monotone in each of the intervals 0 S$ s S 8», 
8% Ss SL, we get 


[f° kat ds = 0) EF xf ds + k(s) es xh ds 


= 22(f1)(K(0) — k(o)), 0<& < % 
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[f het ds = k(s) [f sid + k(L) [i xas 


= %o(E2)(K(8) — k(0)), & <& <L. 
Since the sum of the left-hand members is zero, these equations 
give 
(x2(f1) — ra(E2))(K(0) — k(s0)) = 0, 


which is a contradiction, because 
ta(&) — t2(&) <0,  &O) — k(m) > 0. 

It follows that there is at least one more vertex on C. Since the 
relative extrema occur in pairs, there are at least four vertices 
and the theorem is proved. 

At a vertex we have k’ = 0. Hence, we can also say that on a 
simple closed convex curve there are at least four points at which 
k’ = 0. 

The four-vertex theorem is also true for simple closed nonconvex 
plane curves; see: 

1. 8. B. Jackson, ‘“‘Vertices for plane curves,” Bulletin of the Ameri- 
can Mathematical Society 50 (1944), pp. 564-578. 


2. L. Vietoris, ‘“‘Ein einfacher Beweis des Vierscheitelsatzes der 
ebenen Kurven,” Archiv der Mathematik 3 (1952), pp. 304-306. 
For further reading, see: 


1. P. Scherk, ‘The four-vertex theorem,” Proceedings of the First 
Canadian Mathematical Congress. Montreal: 1945, pp. 97-102. 


3. ISOPERIMETRIC INEQUALITY 
FOR PLANE CURVES 
The theorem can be stated as follows. 


Turorem: Among all simple closed curves having a given length 
the circle bounds the largest area. In other words, if L is the length 
of a simple closed curve C, and A is the area it bounds, then 


(7) DL? — 4rA 2 0. 
Moreover, the equality sign holds only when C is a circle. 
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Many proofs have been given of this theorem, differing in degree 
of elegance and in the range of curves under consideration—that 
is, whether differentiability or con- 
Cc vexity is supposed. We shall give 
two proofs, the work of E. Schmidt 
(1939) and A. Hurwitz (1902), re- 

spectively. 
Schmidt’s Proof: We enclose C be- 
tween two parallel lines, g and g’, such 


P Q 
that C lies between g and g’ and is 
tangent to them at the points P and Q, 
respectively. We let s = 0, s» being the 
2 _ parameters of P and Q, and construct 
P ? acircle C tangent tog and g’ at P and 
OQ, respectively. Denote its radius by 
r and take its center to be the origin 
of a coordinate system. Let X(s) = 
g ‘  (ax(s), 22(8)) be the position vector 
Fie. 3 of C, so that (a(0), 72(0)) = (@(Z), 
x2(L)). As the position vector of C we 
take (%1(s), x2(s)), such that 
%,(s) = x1 (8), 
(8) B,(s) = —Vr? — xi(s), OS 8 SH 
+Vr — 2i(8 —zi(s), sSsSL. 
Denote by A the area bounded by C. Now the area bounded by a 
closed curve can be expressed by the line integral 


L L L 
A= A m2, ds = ~f 220, ds = +f, (a2 — 20x) ds. 
Applying this to our two curves C and C, we get 
L 
A= f x29 ds 


A=rr= — Ft, ds = — [" Bact ds. 


Adding these two equations, we have 
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A tart = [% (0h ~ Bei) des [" V Gath — Bai) do 
) s ['VG@+ De? +a) ds 
= f Vx + Bids = Lr. 


Since the geometric mean of two positive numbers is less than or 
equal to their arithmetic mean, it follows that 


VA Vat < 4(A + 27°) S 4Lr, 


which gives, after squaring and cancellation of r?, the inequality 
in Equation (7). 

Suppose now that the equality sign in Equation (7) holds; then 
A and zr? have the same geometric and arithmetic mean, so that 
A = rr and L = 2rr. The direction of the lines g and g’ being 
arbitrary, this means that C has the same “width” in all direc- 
tions. Moreover, we must have the equality sign everywhere in 
Equation (9). It follows, in particular, that 


(ara — Feet)? = (ai + F2) (a? + 22), 
which gives 
a —%  Vai+z 


— = 7 = 


t 1 Vai? + a? 


= +f. 
From the first equality in Equation (9), the factor of propor- 
tionality is seen to be r, that is, 
M=170,, %= —r2x, 
which remains true when we interchange 2; and 22, so that 
Xe = rz}. 
Therefore, we have 
ai + 23 = 2’, 


which means that C is a circle. 
Hurwitz’s proof makes use of the theory of Fourier series. We 
shall first prove the lemma of Wirtinger. 
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Lemma: Let f(£) be a continuous periodic function of period 2r, 
possessing a continuous derivative f'(t). If fey S@® dt = 0, then 


(10) garda [so at. 
Moreover, the equality sign holds if and only if 
(11) ff) = acost + bsint. 


Proof: To prove the lemma, we let the Fourier series expansion 
of f(é) be 


fO~2 + z. (a, cos nt + b, sin nt). 


Since f’(t) is continuous, its Fourier series can be obtained by 
differentiation term by term, and we have 


taOo~ Zz. (nb, cos nt — na, sin nt). 
nz 
Since 
Qn 
0 f () dt = Qo, 


it follows from our hypothesis that a) = 0. By Parseval’s formula, 
we get 


P7Orat = EB Gi +9, 
PsP dt = Z nah + 8). 
Hence, 
2x F 2x bad 2 2 
L sta — [ford = 5 @-Ne@+d%, 
n=] 


which is greater than, or equal to, 0. It is equal to zero, only if 
a, = b, = 0 for all n > 1. Therefore, f(t) = a cost + by sin ft, 
which proves the lemma. 


Hurwitz’s Proof: In order to prove the inequality in Equation 
(7), we assume, for simplicity, that L = 27, and that 


ie ai(s) ds = 0. 
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The latter means that the center of gravity lies on the z-axis, a 
condition which can always be achieved by a proper choice of the 
coordinate system. The length and the area are given by the 
integrals, 


2r = tr (ai? + 237) ds, and A= i 2103 ds. 
From these two equations we get 
2(r ~ A) = Rr (ai? — 27) ds + i (a, ~— 23)? ds. 


The first integral is greater than, or equal to, 0 by our lemma and 
the second integral is clearly greater than, or equal to, 0. Hence, 
A S 1, which is our isoperimetric inequality. 

The equality sign holds only when 

%=acoss+bsins, 2 = 21, 
which gives 
% =acoss+bdsins, % =asins ~— bcoss +e. 

Thus, C is a circle. 

For further reading, see: 


1. E. Schmidt, ‘“Beweis der isoperimetrischen Eigenschaft der 
Kugel im hyperbolischen und sphiérischen Raum jeder Dimen- 
sionenzahl,’’ Math. Zeit. 49 (1943), pp. 1-109. 


4. TOTAL CURVATURE OF A SPACE CURVE 


The total curvature of a closed space curve C of length L is 
defined by the integral 


(12) = [ee] ds, 


where k(s) is the curvature. For a space curve, only |k(s)| is 
defined. 

Suppose C’ is oriented. Through the origin O of our space we 
draw vectors of length 1 parallel to the tangent vectors of C. 
Their end-points describe a closed curve F on tne unit sphere, to 
be called the tangent indicatriz of C. A point of I is singular (that 
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is, with either no tangent or a tangent of higher contact) if it is the 
image of a point of zero curvature of C. Clearly the total curvature 
of C is equal to the length of I. 

Fenchel’s theorem concerns the total curvature. 


THEorEM: The total curvature of a closed space curve C is greater 
than, or equal to, 2x. It is equal to 2x if and only if C is a plane 
convex curve. 


The following proof of this theorem was found independently by 
B. Segre (Bolletino della Unione Matematica Italiana 13 (1934), 
279-283), and by H. Rutishauser and H. Samelson (Comptes Ren- 
dus Hebdomadaires des Séances de l’ Académie des Sciences 227 
(1948), 755-757). See also W. Fenchel, Bulletin of the American 
Mathematical Society 57 (1951), 44-54. The proof depends on the 
following lemma: 


Luma: Let I be a closed rectifiable curve on the unit sphere, with 
length L < 2x. There exists a point m on the sphere such that the 
spherical distance mz S L/4 for all points x of T. If T is of length 
2x but is not the union of two great semicircular arcs, there exists a 
point m such that mz < w/2 for all x of I. 


We use the notation ab to denote the spherical distance of two 
points, a and b. If ab < 1, their midpoint m is the point defined 
by the conditions am = bm = iab. Let x be a point such that 
ma < 4m. Then 2mz < az + bz. In fact, let 2’ be the symmetry 
of x relative to m. Then, 


za = xb, 22 =2zm+mz = 2mz. 


If we use the triangle inequality, it follows that 


(13) Qmz = zz < va+ax = az + be, 
as to be proved. 


Lemma Proof: To prove the first part of the lemma, we take two 
points, a and b, on Fr which divide the curve into two equal ares. 
Then ab < 7, and we denote the midpoint by m. Let z be a point 
of T such that 2mz <r. Such points exist—for example, the 
point a. Then we have 
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azsaz, bz < bz, 


where az and 6z are respectively the arc lengths along f. From 
Equation (13), it follows that 


oma < aa + ba = a = &. 
Hence, the function f(z) = mz, z ET, iseither = r/2orS L/4< 
a/2. Since LF is connected and f(z) is a continuous function in I, 
the range of the function f(z) is connected in the interval (0, 7). 
Therefore, we have f(x) = mz S L/4. 

Consider next the case that I is of length 27. If I contains a 
pair of antipodal points, then, being of length 27, it must be the 
union of two great semicircular arcs. Suppose that there is a pair 
of points, a and b, which bisect I such that 

az+br<r 
for all EF. Again, let m denote the midpoint of a and b. If 
f(z) = mz S }4r, we have, from Equation (13), 


Qmz s ax + bz <n, 


which means that f(x) omits the value 7/2. Since its range is con- 
nected and since f(a) < 7/2, we have f(x) < 7/2 for all z ET. 
Thus the lemma is true in this case. 

It remains to consider the case that I contains no pair of antip- 
odal points, and that for any pair of points a and b which bisect I, 
there is a point « CT with 


ax +bz=r. 


Anelementary geometrical argument, which we leave to the reader, 
will show that this is impossible. Thus, the lemma is proved. 


Theorem Proof: To prove Fenchel’s theorem, we take a fixed 
unit vector A and put 
g(s) = AX@), 


where the right-hand side denotes the scalar product of the vectors 
A and X(s). The function g(s) is continuous on C and hence must 
have a maximum and a minimum. Since g’(s) exists, we have, 
at such an extremum 3, 
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g' (&) = AX'(%) = 0. 

Thus A, as a point on the unit sphere, has a distance 7/2 from at 
least two points of the tangent indicatrix. Since A is arbitrary, 
the tangent indicatrix is met by every great circle. It follows from 
the lemma that its length is greater than, or equal to, 27. 

Suppose next that the tangent indicatrix I is of length 27. By 
our lemma, it must be the union of two great semicircular arcs. 
It follows that C itself is the union of two plane arcs. Since C has 
a tangent everywhere, it must be a plane curve. Suppose C be so 
oriented that its rotation index 


1 L 
= |, kds = 0. 


Then we have 
Os f {kl — i} ds = 27 ~— [kas 


so that the rotation index is either 0 or 1. To a given vector in the 
plane there is parallel to it a tangent ¢ of C such that C lies to the 
left of t. Then ¢ is parallel to the vector in the same sense, and at 


its point of contact we have k 2 0, implying that Te ‘ kds = 2r. 
Since I, |k| ds = 2z, there is no point with k < 0, and f kds = 2r. 


From the remark at the end of Section 1, we conclude that C is 
convex. 


As a corollary we have the following theorem. 


Corottary: If |k(s)| S 1/R for a dosed space curve C, C has a 
length L 2 2rR. 


We have 
L= [dex [Rik ds = RB [kl ds = mR. 


Fenchel’s theorem holds also for sectionally smooth curves. As 
the total curvature of such a curve we define 


(14) w= fi Iklds + Bas 


where the a, are the angles at the vertices. In other words, in this 
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case the tangent indicatrix consists of a number of arcs each cor- 
responding to a smooth arc of C; we join successive vertices by the 
shortest great circular arc on the unit sphere. The length of the 
curve so obtained is the total curvature of C. It can be proved that 
for a closed sectionally smooth curve we have also » 2 2r. 

We wish to give another proof of Fenchel’s theorem and a re- 
lated theorem of Fary-Milnor on the total curvature of a knot.t 
The basis is Crofton’s theorem on the measure of great circles 
which cut an arc on the unit sphere. Every oriented great circle 
determines uniquely a “pole,” the endpoint of the unit vector 
normal to the plane of the circle. By the measure of a set of great 
circles on the unit sphere is meant the area of the domain of their 
poles, Then Crofton’s theorem is stated as follows. 


TuHroreM: Let I be a smooth arc on the unit sphere Xo. The 
measure of the oriented great circles of Xp which meet T’, each counted 
a number of times equal to the number of its common points with I, 
ts equal to four times the length of T. 


Proof: We suppose I is defined by a unit vector e:(s) expressed 
as a function of its arc length s. Locally (that is, in a certain 
neighborhood of s), let é2(s) and e;(s) be unit vectors depending 
smoothly on s, such that the scalar products 


(15) ere; = 63, 1Si,753 
and 
(16) det (e1, €2, 3) = +1. 
Then we have 
d 
= = Axl2 + as€s, 
d 
(17) A = —Ge, + aes, 
an = —3€, — A1€o. 


tI. Fary (Bulletin de la Société Mathématique de France, 77 (1949), pp. 
128-138), and J. Milnor (Annals of Mathematics, 52 (1950), pp. 248-257). 
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The skew-symmetry of the matrix of the coefficients in the above 
system of equations follows from differentiation of Equations (15). 
Since s is the arc length of I’, we have 


(18) aj + a3 = 1, 
and we put 
(19) Q, = cos 7(s), a3 = sin r(s). 


If an oriented great circle meets © at the point e;(s), its pole is of 
the form Y = cos 6 é2(s) + sin 6-e3(s), and vice versa. Thus (s, 6) 
serve as local coordinates in the domain of these poles; we wish 
to find an expression for the element of area of this domain. 

For this purpose, we write 


dY = (—sin 6 e2 + cos 6 3) (dé + a, ds) — e,(a2 cos 6 + a3 sin 6) ds. 


Since —sin 6 €, + cos 6 €; and & are two unit vectors orthogonal 
to Y, the element of area of Y is 


(20) |dA| = |a: cos 6 + a3 sin 6| dé ds = |cos (r — 6)| do ds, 


where the absolute value at the left-hand side means that the area 
is calculated in the measure-theoretic sense, with no regard to 
orientation. To the point Y let Y+ be the oriented great circle 
with Y as its pole, and let n(Y“+) be the (arithmetic) number of 
points common to Y+ and lr. Then the measure y» in our theorem 
is given by 


Te [nwa - ras fr" lcos (r — 6)| d, 


where ) is the length of f. As @ ranges from 0 to 27, the variation 
of |cos (r — 6)|, for a fixed s, is 4. Hence, we get » = 4A, which 
proves Crofton’s theorem. 


By applying the theorem to each subarc and adding, we see that 
the theorem remains true when I is a sectionally smooth curve on 
the unit sphere. Actually, the theorem is true for any rectifiable 
arc on the sphere, but the proof is much longer. 

For a closed space curve the tangent indicatrix of which fulfills 
the conditions of Crofton’s theorem, Fenchel’s theorem is an easy 
consequence. In fact, the proof of Fenchel’s theorem shows us that 
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the tangent indicatrix of a closed space curve meets every great 
circle in at least two points—that is, n(Y+) 2 2. It follows that 
its length is 


we / [kl ds = 4 f n(vyIa4| > Qn, 


because the total area of the unit sphere is 47. 

Crofton’s theorem also leads to the following theorem of Fary 
and Milnor, which gives a necessary condition on the total curva- 
ture of a knot. 


THEOREM: The total curvature of a knot is greater than, or equal 
to, 4r. 


Since n(Y+) is the number of relative maxima or minima of the 
“height function,” Y-X(s), it is even. Suppose that the total 
curvature of a closed space curve C' is < 4x. There exists Y € Xp, 
such that n(Y+) = 2. By a rotation, suppose Y is the point 
(0, 0, 1). Then the function z3(s) has only one maximum and one 
minimum. These points divide C into two arcs, such that 2; in- 
creases on the one and decreases on the other. Every horizontal 
plane between the two extremal horizontal planes meets C in 
exactly two points. If we join them by a segment, all these seg- 
ments will form a surface which is homeomorphic to a circular disk, 
which proves that C is not knotted. 

For further reading, see: 


1. S. S. Chern and R. K. Lashof, ‘On the total curvature of im- 
mersed manifolds,” I, American Journal of Mathematics 79 
(1957), pp. 302-18, and II, Michigan Mathematical Journal 5 
(1958), pp. 5-12. 

2. N. H. Kuiper, ‘‘Convex immersions of closed surfaces in E5,” 
Comm. Math. Helv. 35 (1961), pp. 85-92. 


On integral geometry compare the article of Santalo in this vol- 
ume, 


5. DEFORMATION OF A SPACE CURVE 


It is well-known that a one-one correspondence between two 
curves under which the arc lengths, the curvatures (when not equal 
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to 0), and the torsions are respectively equal, can only be estab- 
lished by a proper motion. It is natural to study the correspond- 
ences under which only s and k are equal. We shall call such a 
correspondence a deformation of the space curve (in German, 
Verwindung). The most notable result in this direction is a theo- 
rem of A. Schur, which formulates the geometrical fact that if an 
arc is “stretched,” the distance between its endpoints becomes 
longer. Using the name curvature to mean here always its absolute 
value, we state Schur’s theorem as follows. 

THEOREM: Let C be a plane arc with the curvature k(s) which 
forms a convex curve with its chord, AB. Let C* be an arc of the same 
length referred to the same parameter s such that its curvature k*(s) S 
k(s). If d* and d denote the lengths of the chords joining their end- 
points, then d < d*. Moreover, the equality sign holds when and only 
when C and C* are congruent. 

Proof: Let T and I'* be the tangent indicatrices of C and C* 
respectively, P: and P, two points on r, and P} and P3 their cor- 

——m~ —_ 
responding points on ['*. We denote by PiP2 and PiP3 their arc 
lengths and by PiP; and P?P3 their spherical distances. Then we 
have 


The inequality on the curvature implies 


—_ eke 

(21) PiP3 S P,Po. 

Since C is convex, I lies on a great circle, and we have 
—— evar-__ 
PiP2 = P;P2, 


provided that P:P2, S 7. Now let Q be a point on C at which the 
tangent is parallel to the chord. Denote by Po its image point on I. 
Then the condition P,)P S 7 is satisfied by any point P on TI, 
and if P§ denotes the point on I'* corresponding to Po, we have 
(22) P3P* < PoP, 

from which it follows that 


(23) cos P§P* = cos PoP, 
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since the cosine function is a monotone decreasing function of its 
argument when the latter lies between 0 and z. 

Because C’ is convex, d is equal to the projection of C on its 
chord: 


(24) d= [f° cos PoP ds. 
On the other hand, we have 
(25) d* = [” cos PeP* ds, 


for the integral on the right-hand side is equal to the projection of 
C*, and hence of the chord joining its endpoints, on the tangent 
at the point Q* corresponding to Q. Combining Equations (23), 
(24), and (25), we get d* = d. 

Suppose that d = d*. Then the inequalities in Equations (22), 
(23), and (25) become equalities, and the chord joining the end- 
points A* and B* of C* must be parallel to the tangent at Q*. 
In particular, we have 


P3P* = PoP, 


which implies that the arcs A*Q* and B*Q* are plane arcs. On 
the other hand, we have, by using Equation (21), 


PEP* < PsP* < PP = PP, 
or 
ee —_— 
P3P* = PoP. 
Hence, the arcs A*Q* and B*Q* have the same curvature as AQ 
and BQ at corresponding points and are therefore respectively 
congruent. 

It remains to prove that the arcs A*Q* and B*Q* lie in the same 
plane. Suppose the contrary. They must be tangent at Q* to the 
line of intersection of the two distinct planes on which they lie. 
Since this line is parallel to A*B*, the only possibility is that it 
contains A* and B*; however, then the tangent to C at Q must also 


contain the endpoints A and B, which is a contradiction. Hence, 
C* is a plane arc and is congruent to C. 
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Schur’s theorem hasmany applications. For example, it gives 
a solution of the following minimum problem: Determine the 
shortest closed curve with a curvature k(s) S 1/R, R being a con- 
stant. The answer is, of course, a circle. 


REMARK: The shortest closed curve with curvature k(s) S 1/R, R 
being a constant, is a circle of radius R. 


By the corollary to Fenchel’s theorem, such a curve has length 
2rR. Comparing it with a circle of radius R, we conclude from 
Schur’s theorem (with d* = d = 0) that it must itself be a circle. 

As a second application of Schur’s theorem, we shall derive a 
theorem of Schwarz. It is concerned with the lengths of arcs join- 
ing two given points having a curvature bounded from the above 
by a fixed constant. The statement of Schwarz’s theorem is as 
follows: 


TuHEorEM: Let C be an arc joining two given points A and B, with 
curvature k(s) S$ 1/R, such that R = 3d, where d = AB. Let S be 
a circle of radius R through A and B. Then the length of C is either 
less than, or equal to, the shorter arc AB or greater than, or equal to, 
the longer arc AB on S. 


Proof: We remark that the assumption R = 3d is necessary for 
the circle S to exist. To prove the theorem, we can assume that the 
length L of C is less than 27R; otherwise, there is nothing to prove. 
We then compare C' with an arc of the same length on S having a 
chord of length d’. The conditions of Schur’s theorem are satisfied 
and we get d’ < d, d being the distance between A and B. Hence, 
L is either greater than, or equal to, the longer arc of S with the 
chord AB, or less than, or equal to, the shorter arc of S with the 
chord AB. 

In particular, we can consider arcs joining A and B with curva- 
ture of 1/R, R = d/2. The lengths of such arcs have no upper 
bound, as shown by the example of a helix. They have d as a lower 
bound, but can be as close to d as possible. Therefore, we have an 
example of a minimum problem which has no solution. 

Finally, we remark that Schur’s theorem can be generalized to 
sectionally smooth curves. We give here a statement of this 
generalization without proof. 
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Remark: Let C and C* be two sectionally smooth curves of the 
same length, such that C forms a simple convex plane curve with its 
chord. Referred to the arc length s from one endpoint as parameter, 
let k(s) be the curvature of C at a regular point and a(s) the angle 
between the oriented tangents at a vertex; denote corresponding quan- 
tities for C* by the same notations with asterisks. Let d and d* be the 
distances between the endpoints of C and C*, respectively. Then, if 


k*(s) S$ k(s) and a*(s) S a(s), 
we have d¥ = d. The equality sign holds tf and only tf 
-k*¥(s) = k(s) and a*(s) = a(s). 


The last set of conditions does not necessarily imply that C and 
C* are congruent. In fact, there are simple rectilinear polygons in 
space which have equal sides and equal angles, but are not con- 
gruent. 


6. THE GAUSS-BONNET FORMULA 


We consider the intrinsic Riemannian geometry on a surface M. 
To simplify calculations and without loss of generality, we suppose 
the metric to be given in the isothermal parameters u and v: 


(26) ds? = ¢?™»)(du? + dv*), 
The element of area is then 
(27) dA = e® du dv 


and the area of a domain D is given by the integral 


(28) ree /f e® du dv. 
D 


Also, the Gaussian curvature of the surface is 
(29) =o 2 Oruu + Nov). 


It is well-known that the Riemannian metric defines the paral- 
lelism of Levi-Civita. To express it analytically, we write 


(30) w=u and w=pn 


and 
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(31) ds? = > g;; du‘ dul, 


In this last formula and throughout this paragraph, our small 
Latin indices will range from 1 to 2 and a summation sign will 
mean summation over all repeated indices. From g,; we introduce 
the g*4, according to the equation 


(32) D959" = oF 
and the Christoffel symbols 


cg = 2 (298 4. Gsm a) 
(33) Toe = 5 (2 + out ~ Bui 


Th = Dg? Tie 


To a vector with the components £‘, the Levi-Civita parallelism 
defines the “covariant differential’ 


(34) De = dt + TV dut &4. 


All these equations are well-known in classical Riemannian 
geometry following the introduction of tensor analysis. The fol- 
lowing is a new concept. Suppose the surface M is oriented. Con- 
sider the space B of all unit tangent vectors of M. This space B 
is a three-dimensional space, because the set of all unit tangent 
vectors with the same origin is one-dimensional. (It is called a 
fiber space, meaning that all the unit tangent vectors with origins 
in a neighborhood form a space which is topologically a product 
space.) To a unit tangent vector ¢ = (¢1, ), let 7 = (m’, »’) be the 
uniquely determined unit tangent vector, orthogonal to &, such 
that & and 7 form a positive orientation. We introduce the linear 
differential form 
(35) e= 2 giiDt*ni. 

181,73 $2 
Then ¢ is well-defined in B and is usually called the connection 
form. 

Because the vector £ is a unit vector, we can write its compo- 
nents as follows: 


(36) £=e>cos@ and # = e sing 
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Then 
(37) n= —e>sin6@ and 7? = e> cosé. 
Routine calculation gives 

Th = Th = —The = Au, 


f= Tea e ny 
whence the important relation 

(39) ¢ = d8—d,dut rAudv. 
Its exterior derivative is therefore 

(40) dg = —K dA. 


Equation (40) is perhaps the most important formula in two- 
dimensional local Riemannian geometry. 

The connection form ¢ is a differential form in B. We get from 
y a differential form in a subset of M, when there is defined on it 
a field of unit tangent vectors. For example, let C be a smooth 
curve on M with the arc length s and let &(s) be a smooth unit 
vector field along C. Then y = o ds, and c is called the variation 
of ¢ along C. The vectors ~ are said to be parallel along C, if 
o = 0. If & is everywhere tangent to C, o is called the geodesic 
curvature of C. C is a geodesic of M, if along C the unit tangent 
vectors are parallel, that is, if its geodesic curvature is 0. 

Consider a domain D of M, such that there is a unit vector field 
defined over D, with an isolated singularity at an interior point 
po € D. Let y. be a circle of geodesic radius ¢ about po. Then, 
from Equation (39), the limit 


(41) slim [ ¢ 
Qa e90 

is an integer, to be called the indez of the vector field at po. 

Examples of vector fields with isolated singularities are shown 
in Figure 4. These singularities are, respectively, (a) a source or 
maximum, (b) a sink or minimum, (c) a center, (d) a simple saddle 
point, (e) a monkey saddle, and (f) a dipole. The indices are, re- 
spectively, 1, 1, 1, —1, —2, and 2. 

The Gauss-Bonnet formula is the following theorem. 
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(a) (b) 


(c) (d) 


SZ 
(e) wAAN (f) 


Fie. 4 


TueEorEM: Let D be a compact oriented domain in M bounded by a 
sectionally smooth curve C. Then 


(42) [pkods+ [Kad +3 (w — as) = 2nx, 


where k, 1s the geodesic curvature of C, x — a; are the exterior angles 
at the vertices of C, and x is the Euler characteristic of D. 


Proof: Consider first the case that D belongs to a coordinate 
domain (u,v) and is bounded by a simple polygon C of n sides, 
C;, 1 Sin, with the angles a; at the vertices. Suppose D is 
positively oriented. To the points of the arcs C; we associate the 
unit tangent vectors to C;. Thus, to each vertex is associated two 
vectors at an angle 7 — a;. By the theorem of turning tangents 
(see Section 1), the total variation of 6 as the C,’s are traversed 
once is 2r — S (x — a;). It follows that 


[ykods = 2 —& (we — an) + f, —e du + dad 
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By Stokes theorem, the last integral is equal to — | fl K dA. 
D 


Thus, the formula is proved in this special case. 

In the general case, suppose D is subdivided into a union of 
polygons D,, \ = 1, ---, f, such that (1) each Dy, lies in one co- 
ordinate neighborhood and (2) two D, have either no point, or one 
vertex, or a whole side, in common. Moreover, let the D, be 
coherently oriented with D, so that every interior side has dif- 
ferent senses induced by the two polygons of which it is a side. 
Let v and e be the numbers of interior vertices and interior sides 
in this subdivision of D—i.e., vertices and sides which are not on 
the boundary, C. The above formula can then be applied to each 
D,. Adding all these relations, we have, because the integrals of 
geodesic curvature along the interior sides cancel, 


fobede+ [f Kaa = 2nf — 3 (w — on) — 2B (w — a) 


where a; are the angles at the vertices of D, while the first sum in 
the right-hand side is extended over all interior vertices of the 
subdivision. Since each interior side is on exactly two D) and since 
the sum of interior angles about a vertex is 27, this sum is equal to 


—27e + Qrv. 
We call the integer 
(48) x(D) =v—e+f 


the Euler characteristic of D. Substituting, we get Equation (42). 
Equation (42) has the consequence that the integer x is inde- 
pendent of the subdivision. 

In particular, if C has no vertex, we have 


(44) [ike ds + [[ Kaa = Qnx. 
D 


Moreover, if D is the whole surface M, we get 


(45) [ K dA = 2nx. 
8 


It follows that if K = 0, the Euler characteristic of M is 0, 
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and M is homeomorphic to a torus. If K > 0, then x > 0, and S 
is homeomorphic to a sphere. 


The Euler characteristic plays an important role in the study of 
vector fields on a surface. 


Remark: On a closed orientable surface M, the sum of the indices 
of a vector field with a finite number of singularities, is equal to the 
Euler characteristic, x(M) of M. 

Proof: Let p;, 1 S 7 S n, be the singularities of the vector field. 
Let y:(e) be a circle of radius « about p;, and let A;(e) be the 
disk bounded by ¥;(e). Integrating K of A over the domain 
M — U A,(© and using Equation (40), we get 


KdA= [ ¢, 
M-U Ase) * vile) 
where 7;(e) is oriented so that it is the boundary of A,(e). The 
theorem follows by letting « — 0. 

We wish to give two further applications of the Gauss-Bonnet 
formula. The first is a theorem of Jacobi. Let X(s) be the coordi- 
nate vector of a closed space curve, with the arc length s. Let 
T(s), N(s), and B(s) be the unit tangent, principal normal, and 
binormal vectors, respectively. In particular, the curve on the unit 
sphere with the coordinate vector N(s) is the principal normal 
indicatriz. It has a tangent, wherever 
(46) + w <0, 
where k (when not equal to 0) and w are, respectively, the curva- 
ture and torsion of X(s). Jacobi’s theorem follows. 

THEOREM: If the principal normal indicatriz of a closed space 
curve has a tangent everywhere, it divides the unit sphere in two 
domains of the same area. 

Proof: To prove the theorem, we define 7 by the equations 
(47) k = VI? + w* cos 7, w= VE + w'sins. 


Then we have 


d(—cos rT + sin 7B) = (sin rT + cos 7B) dr — Vk? + w? N ds. 
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Hence, if o is the arc length of N(s), dr/de is the geodesic curvature 
of N(s) on the unit sphere. Let D be one of the domains bounded 
by N(s), and A its area. By the Gauss-Bonnet formula, we have, 


since K = 1, 
Bi dr+ ff aa = Qn. 


It follows that A = 27, and the theorem is proved. 


Our second application is Hadamard’s theorem on convex sur- 
faces. 


THEOREM: If the Gaussian curvature of a closed orientable surface 
in euclidean space is everywhere positive, the surface is convex (that is, 
it lies at one side of every tangent plane). 


We discussed a similar theorem for curves in Section 1. For sur- 
faces, it is not necessary to suppose that it has no self-intersection. 


Proof: It follows from the Gauss-Bonnet formula that the Euler 
characteristic x(M) of the surface M is positive, so that x(M@) = 2 


and 
[J Kaa = 4. 


Suppose M is oriented. We consider the Gauss mapping 
(48) g:M — 2 


(where 2p is the unit sphere about a fixed point 0), which assigns 
to every point p € M the end of the unit vector through 0 parallel 
to the unit normal vector to M at p. The condition K > 0 implies 
that g has everywhere a nonzero functional determinant and is 
locally one-to-one. It follows that g(/) is an open subset of 2p. 
Since M is compact, g(/) is a compact subset of 2, and hence is 
also closed. Therefore, g maps onto 2p. 

Suppose that g is not one-to-one, that is, there exist points p 
and q of M, p ¥ q, such that g(p) = g(q). There is then a neigh- 


borhood U of g, such that g(M — U) = 2. Since | / KdA is 
M-—U 


the area of g(M — U), counted with multiplicities, we will have 
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J f KdA = 4r. 
—U 


i KdA>0, 


But 


so that 


ff xaa = [f Kaa + ff Kaa > 4r, 


which is a contradiction, and Hadamard’s theorem is proved. 


Hadamard’s theorem is true under the weaker hypothesis K = 0, 
but the proof is more difficult; see the article by Chern-Lashof 
mentioned in Section 4. 

For further reading, see: 

1. S. S. Chern, “On the curvatura integra in a Riemannian mani- 

fold,” Annals of Mathematics, 46 (1945), pp. 674-84. 

2. H. Flanders, ‘“Development of an extended exterior differential 
calculus,” Transactions of the American Mathematical Society, 

75 (1953), pp. 311-26. 


See also Section 8 of Flanders’s article in this volume. 


7. UNIQUENESS THEOREMS OF COHN-VOSSEN 
AND MINKOWSKI 


The “rigidity” theorem of Cohn-Vossen can be stated as follows. 


THEOREM: An isometry between two closed convex surfaces is 
established either by a motion or by a motion and a reflection. 


In other words, such an isometry is always trivial, and the theorem 
is obviously not true locally. The following proof is the work of 
G. Herglotz. 


Proof: We shall first discuss some notations on surface theory 
in euclidean space. Let the surface S be defined by expressing its 
position vector X as a function of two parameters, u and v. These 
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functions are supposed to be continuously differentiable up to the 
second order. Suppose that X. and X, are everywhere linearly 
independent, and let ¢ be the unit normal vector, so that S is 
oriented. As usual, let 


T = dX-dX = Edw + 2F dudv+ Gdv 
TI = —dX-dt = Ldv? + 2M dudv+ N dv 


be the first and second fundamental forms of the surface. Let H 
and K denote respectively the mean and Gaussian curvatures. 

It is sufficient to prove that under the isometry, the second 
fundamental forms are equal. Assume the local coordinates are 
such that corresponding points have the same local coordinates. 
Then HE, F, and G are equal for both surfaces, and the same is 
true of the Christoffel symbols. Let the second surface be S*, 
and denote the quantities pertaining to S* by the same symbols 
with asterisks. We introduce 


(49) 


L M N 
(50) =p =H Hey 
where D = VEG — F*. Then the Gaussian curvature is 
(51) K = vy — pw? = d** — p®, 


and is the same for both surfaces. The mean curvatures are 
(52) H = 3 (GA — 2Fu + Ev) and 
1 
H*= aD (Gv* — 2Fu* + Ev*). 
We introduce further 


(53) J = dv* — Qup* + vvr*, 
The proof depends on the following identity: 


= < * ne * a oO * = * 
(54) DJé ry (v*¥Xu — w*X,) = (u*Xu — A*X,). 


We first notice that the Codazzi equations can be written in terms 
of A*, »*, and v* in the form 
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Mo wa + T3.A* = 20 nu* + Ti* 0, 
pe — vi — ThA* + 20 u* — Thv* = 0. 
We next write the equations of Gauss: 
Xuu — THX. — THX, — Dt = 0, 
(56) Xu — TeXy — TeX, — Dut = 0, 
Xoo — TeXu — TeX, — Dvt = 0. 
Multiplying these equations by X,, —Xu, v*, —2u*, and d*, re- 


spectively, and adding, we establish Equation (54). 
We now write 


(57) p= Xs, y= XXu, Y= XX», 
where the right-hand sides are the scalar products of the vectors 
in question, so that p(u, v) is the oriented distance frora the origin 
to the tangent plane at X(u, v). Equation (54) gives, after taking 
scalar product with X, 
(58) DJp = —v*E + 2yp*F — 0*G 

+ (v¥y — uw yr)u — Gutyr — A*y2) 0. 
Let C be a closed curve on S. It divides S into two domains, D, 
and D2, both having C as boundary. Moreover, if D; and D, are 
coherently oriented, C appears as a boundary in opposite senses. 
To each of these domains, say D,, we apply Green’s theorem, and 
get 


(59) [J JpdA = I (—v*E + Qu*F — v*G) du dv 


(55) 


+ if (+y*y — A*y2) du + (v*y1 — w*ye) dv. 


Adding this equation to a similar one for Dz, the line integrals 
cancel, and we have 


i] JpdA = if] (—v*E + 2u*F — d*G) dudo. 
By Equation (52), 
(60) J JpdA = —2 i] H* dA. 


132 S. S. Chern 


In particular, this formula is valid when S and S* are identical, 
and we have 


(61) [f 2p aa = -2 ff waa. 
Subtracting these two equations, we get 
(62) in pad =2 ff Head —2 ff Had. 


To complete the proof, we need the following elementary lemma. 


*_— dr yt 
ie: 


—vp 


Lemma: Let 
(63) ax? + 2bry + cy? and a’x? + 2b’zy + cy? 
be two positive definite quadratic forms, with 


(64) ac — b? = a'c’ — b”, 
Then 

i / 
(65) a’—a b= Ol 2g, 


bo —b ec —c|> 
and the equality sign holds only when the two forms are identical. 


As proof, we observe that the statement of the lemma remains 
unchanged under a linear transformation of the variables. Apply- 
ing such a linear transformation when necessary, we can assume 
b’ = b. Then the left-hand side of Equation (65) becomes 


(a’ —a)(c’ —c) = -5 (a’ — a)? $0, 


as to be proved. Moreover, the quantity equals 0 only when we 
also have a’ = a andc’ =c. 

We now choose the origin to be inside S, so that p > 0. Then 
the integrand in the left-hand side of Equation (62) is nonpositive, 


and it follows that 
Jf aa < ff # aa. 


Since the relation between S and S* is symmetrical, we must also 
have 


CURVES AND SURFACES IN EUCLIDEAN SPACE 133 


[f aa s [f wea. 
[J #aa = ff maa. 


It follows that the integral at the left-hand side of Equation (62) 
is 0, and hence, that 


Hence, 


A* =), pt =p, is) 
completing the proof of Cohn-Vossen’s theorem. 

By Hadamard’s theorem, we see that the Gauss map g:S — Zo 
(see Section 6) is one-to-one for a closed surface with, K > 0. A 
point on S can therefore be regarded as a function of its normal 
vector ¢, and the same is true with any scalar function on S. Min- 


kowski’s theorem expresses the unique determination of S when 
K(é) is known. 


TuHEoREM: Let S be a closed convex surface with Gaussian curva- 
ture K > 0. The function K(&) determines S up to a translation. 


Proof: We shall give a proof of this theorem modeled after the 
above—that is, by an integral formula [see 8. 8. Chern, American 
Journal of Mathematics 79 (1957), pp. 949-50]. Let w and v be 
isothermal parameters on the unit sphere 2, so that we have 
(66) fi = & =A>0 (say), tuto = 0. 


Through the mapping g~ we regard u and » also as parameters 
on S. Since &, and é, are orthogonal to ~ and are linearly inde- 
pendent, every vector orthogonal to ~ can be expressed as their 
linear combination. This fact, taken with the relation Xué, = X.fu, 
allows us to write 

—Xu = akn + bés, 

—-X, ~— béu + Cho. 
Forming scalar products of these equations with ¢, and ¢,, we have 
(68) Aa=L, Ab = M, Ac=N. 


(67) 
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Moreover, taking the vector product of the two relations in Equa- 
tion (67), we find 


Xu X X= (ac — BW) (Eu X &). 


But 
(69) Xu 4 X, = Dé, bu Xx go = Ai, 
so that, combining with Equation (68), we have 
2, 
D = A(ac — #) = AB, 
which gives 
(70) A=KD, a—-¥= z 


Since A du dv and D du dv are, respectively, the volume elements 
of 2) and S, the first relation in Equation (70) expresses the well- 
known fact that K is the ratio of these volume elements. 

Suppose S* is another convex surface with the same function, 
K(). We set up a homeomorphism between S and S*, so that 
they have the same normal vector at corrresponding points. Then 
the parameters u and v can be used for both S and S*, and cor- 
responding points have the same parameter values. We denote 
by asterisks the vectors and functions for the surface S*. Since 
K = K*, we have from Equation (70), ac ~ b? = a*c* — b* and 
D = D*, 

Let 
(71) p=X-= and pt = X*-¢ 


be the distances from the origin to the tangent planes of the two 
surfaces. Our basic relation is the identity 


(X, Pa Xu)p = (X, x*, Xo)u 
= A{2(ac — b*)p* + (—ac* — a*c + 2bb*)p} 
—a* b—bd* 
= A{2(00 - wp" — +P he 0 cele 


which follows immediately from Equations (67), (69), (70), and 
(71). From it, we find, by Green’s theorem, the integral formula 
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(72), {2(0e — vor — p) +|8 Fe 


By translations if necessary, we can suppose the origin to be 
inside both surfaces, S and S*, so that p > 0 and p* > 0. Since 


Ge aie b* 
a eae b* c* 


are positive definite matrices, it follows from our algebraic lemma 
that 


a-—a* b—bd* 
b—b* c-—c 


Hence, 
(73) i (ac — b*)(p* — p) A dudv 2 0. 


But the same relation is true when S and S* are interchanged. 
Hence, the integral at the left-hand side of Equation (73) must be 
identically 0. It follows from Equation (72) that 

f a—a* b— a 
mlb — b* c— 
possible only when a = a*,b = i and c = c*. The latter implies 
that 


«|p 4 du dv = 0, 


Xx=X, and Xi= X,, 
which means that S and S* differ by a translation. 
For further reading, see: 


1. 8. 8S. Chern, “Integral formulas for hypersurfaces in euclidean 
space and their applications to uniqueness theorems,” Journal 
of Mathematics and Mechanics, 8 (1959), pp. 947-55. 


2. T. Otsuki, “Integral formulas for hypersurfaces in a Riemannian 
manifold and their applications,” Téhoku Mathematical Journal, 
17 (1965), pp. 335-48. 


3. K. Voss, “Differentialgeometrie geschlossener Flichen im eukli- 
dischen Raum,” Jahresberichte deutscher Math. Verein., 63 
(1960-1961), pp. 117-36. 


136 S. S. Chern 


8. BERNSTEIN’S THEOREM 
ON MINIMAL SURFACES 


A minimal surface is a surface which locally solves the Plateau 
problem—that is, it is the surface of smallest area bounded by a 
given closed space curve. Analytically, it is defined by the condi- 
tion that the mean curvature is identically 0. We suppose the 
surface to be given by 


(74) 2= f(@, y); 


where the function f(z, y) is twice continuously differentiable. 
Then a minimal surface is characterized by the partial differential 
equation, 


(75) (1 + @)r — 2pgs + (1 + p*)t = 0, 
where 

_ of = of 2s o"f mea 
(76) p= az ay Ba? 8 > Bray’ ‘= ay? 


Equation (75), called the minimal surface equation, is a nonlinear 
“elliptic” differential equation. 
Bernstein’s theorem is the following ‘uniqueness theorem.” 


THEOREM: If a minimal surface is defined by Equation (74) for all 
values of x and y, it is a plane. In other words, the only solution of 
Equation (75) valid in the whole (zx, y)~plane is a linear function. 


Proof: We shall derive this theorem as a corollary of the follow- 
ing theorem of Joérgens [Math Annalen 127 (1954), pp. 180-34]. 


THEOREM: Suppose the function z = f(z, y) is a solution of the 
equation 


(77) rt—s=1, r>0, 
for all values of x and y. Then f(z, y) is a quadratic polynomial in 
zand y. 


For fixed (2, yo) and (1, yi), consider the function 
h(t) = f@o + t(ti — 2), yo + ty — yo)). 
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We have 
h'(t) = (11 — to)p + (Hw — Yo 
hi’ (t) = (a1 — 20)*r + 21 — 2) (yi — yo)8s + (yi — Yo)?s 2 O, 


where the arguments in the functions 9, g, r, 8, t are 2 + t(%1 — 20) 
and yo + t(y: — yo). From the last inequality, it follows that 


h’(1) 2 h’(0) 

or 
(78) (21 — 2) (pi — Po) + (Yr — yo) (Qi — %) = O. 
where 
(79) Di = p(t, yi) and gq =Q(ay,y), 1= 0,1. 

Consider the transformation of Lewy: ‘ 
(890) €=t@y)=z+pG,y), r=12,y) =y+a@,y). 
Setting 
(81) & = E@, ys), ms = a(t Ys); i= 0,1, 
we have, by Equation (78), 
(82) (& — &)* + (m — 10)? 2 (21 — 2o)*? + (YW — yo)?. 
Hence, the mapping 
(83) (z, y) > & 9) 


is distance-increasing. 
Moreover, we have 


(84) é& =1+7, &=s 

Ne = 8, hy = 1+4, 
so that 
(85) alr, y) 2+r+t22, 


and the mapping in Equation (88) is locally one-to-one. It follows 
easily that Equation (83) is a diffeomorphism of the (z, y)-plane 
onto the (é, 7)-plane. 

We can therefore regard the function f(z, y), which is a solution 
of Equation (77), as a function in ¢ and 7. Let 


138 S. 8. Chern 


(86) F é,n) =z — ty — (p — 7g), 
(87) c=E+m. 
It can be verified by a computation that F(é,7) satisfies the 


Cauchy-Riemann equations, so that F(¢) = F(é,7) is a holo- 
morphic function in ¢. Moreover, we have 


Hise tart ee 
(88) EO) Fad 
From the last relation, we get 
— IF (e)|2 
1-|P' OR = 5755 > 0. 


Thus F’(¢) is bounded in the whole ¢-plane. By Liouville’s theo- 
rem, we have 


F'(¢) = const. 
On the other hand, by Equation (88) we have 
\1 — F’[? i(F’ — F’) [1 + F’|? 
Crore SO Tare OFF 
It follows that r, s, and ¢ are all constants, and Jérgens’s theorem is 


proved. 
Bernstein’s theorem is an easy consequence of Jérgens’s theo- 
rem. In fact, let 


(90) W= (tpt gy. 


Then the minimal surface equation is equivalent to each of the 
following equations: 


(91) 


It follows that there exists a C?-function, ¢(z, y), such that 


1 
(92) Grr = W me + p), Pry = Pt ou = WwW (1+ @). 
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These partial derivatives satisfy the equation 


PzzPyy — Gey =1, ¢2> 0. 


By Jérgens’s theorem, ¢22, ¢2, and g, are constants. Hence, p 
and g are constants, and f(z, y) is a linear function. [This proof 
of Bernstein’s theorem is that of J. C. C. Nitsche, Annals of 
Mathematics, 66 (1957), pp. 543-44.] 


Minimal surfaces have an extensive literature. See the follow- 
ing expository article: 


1. J. C. C. Nitsche, “On new results in the theory of minimal 
surfaces,” Bulletin of the American Mathematical Society, 71 
(1965), pp. 195-270. 


ON CONJUGATE AND CUT LOCI 


Shoshicht Kobayasht 


Let us fix a point p of a complete Riemannian manifold M and 
a geodesic g starting at p. Then the cut point of p along g is the 
first point g on g such that, for any point ron g beyond gq, there is 
a shorter geodesic from p to r than g. On the other hand, a point 
q is a conjugate point of p along g if there is a 1-parameter family 
of geodesics from p to q neighboring g. (A precise definition is 
given in Section 2.) For a point r on g which lies beyond a 
conjugate point g of p, g is no longer a minimizing geodesic. 

At the time when this chapter was written for the first edition of 
this volume, there were few books treating conjugate and cut loci. 
The purpose of this chapter was to fill this gap by giving a 
self-contained account of basic properties of cut and conjugate loci. 
Although several books dealing with global properties of geodesics 
have appeared in the past twenty years, we hope that this chapter 
will continue to serve as a quick introduction to the subject. 

The earliest paper on cut points was written by Poincaré (17). 
Although the subject was taken up again in the mid 1930’s by 
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Myers (15, 16), and by J. H. C. Whitehead (28), the recent interest 
in cut points results from Klingenberg’s papers (8, 9) on Riemann- 
ian manifolds with positive curvature. Material for the present 
chapter was taken largely from Schoenberg (21), Synge (23), 
Preismann (18), Rauch (19), lecture notes by Ambrose and Singer 
at MIT (see (29)), and Volume 2 of Kobayashi-Nomizu (44). 

For better understanding, rigorous proofs are occasionally pre- 
ceded by sketchy but intuitive proofs. When rigorous proofs re- 
quire large machineries or extensive knowledge, less satisfactory 
but more elementary proofs are given instead. In the last section we 
offer suggestions for further reading. 


1. CUT LOCI 


If we take two points, p and gq, of a (connected) Riemannian 
manifold M and join them by a (continuous) piecewise differ- 
entiable curve, then we can measure the arc length of this curve 
using the Riemannian metric (often called the element of arc in 
older books). We consider all possible piecewise differentiable 
curves joining p and gq and define the distance d(p, g) between p 
and g as the infinimum of their arc lengths. Then the distance 
function d satisfies the usual three axioms of a metric space, and 
we can talk about Cauchy sequences of points of M and also 
the completeness of M. 

Hereafter, we shall assume that 1 is a complete Riemannian 
manifold. Since a compact metric space is complete, a compact 
Riemannian manifold is always complete. There are a few basic 
facts about geodesics of a complete Riemannian manifold which 
we must use in this article. If we say ‘‘a geodesic g(¢),”” we under- 
stand that it is parametrized by arc length and ¢ is a parameter. 
A geodesic g(t), which is originally defined only for some interval 
a StS}, is said to be infinitely extendable if it can be extended 
to a geodesic g(t) defined for the whole interval, —«o <{<, 
If we take as an example the (z-y)-plane with the usual metric 
and delete the origin, we then obtain an incomplete Riemannian 
manifold and the positive z-axis is not infinitely extendable. 
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The first basic fact we need is that, on a complete Riemannian 
manifold, every geodesic is infinitely extendable. This fact is 
intuitively clear and not difficult to prove. Although its converse 
is also true, its proof is much harder and we do not need it here. 
The second basic fact we need is that, on a complete Riemannian 
manifold, any two points can be joined by a minimizing geodesic. 
[A geodesic from p to q is said to be minimizing if its arc length 
gives the distance d(p, q).] Two proofs of this fact are known, 
neither of which is very easy. The first is the work of Hilbert (6). 
[See also Hopf and Rinow (7) and Cartan (4).] The second proof 
is that of de Rham (20). [See also Kobayashi and Nomizu (18).] 
The first systematic study of completeness of a Riemannian 
manifold was made by Hopf and Rinow (7). [See also de Rham 
(20) and Kobayashi and Nomizu (13), which follows closely de 
Rham.] The statements of these facts are clear and we advise 
the reader to proceed assuming their validity. 

We shall now explain exponential maps. At each point p of a 
complete Riemannian manifold M, we define a mapping of the 
tangent space 7’,(J/) at p onto M in the following manner. If X 
is a tangent vector at p, we draw a geodesic g(t) starting at p 
in the direction of X; we parametrize the geodesic in such a way 
that g(0) = p. If X has length a, then we map X into the point 
g(a) of the geodesic. We denote this mapping by exp, or simply 
ex 

- exp,:T,(M) > M 
and call it the exponential map at p. Thus, exp, maps a line in 
the tangent space T,(/) through its origin onto the geodesic of 
M through p in the direction of the line. Since every point q of 
M can be joined by a geodesic to p, exp, maps T',(Af) onto M. 

To the reader who might wonder where the name “exponential 
map” originates, we point out that exp, may be considered as a 
sort of generalization of the usual exponential function in the 
following way. In the theory of Lie groups, the exponential map 
of a Lie group G is a mapping of the tangent space 7'.(G) of G 
at the identity element e into G which sends a line through the 
origin of 7T.(@) onto the 1-parameter subgroup in the direction 
of the line. Since the tangent space 7.(G) may be considered as 


ON CONJUGATE AND CUT LOCI 143 


the Lie algebra of G, the exponential map sends the I ie algebra 
of G into G. The ordinary exponential function is nothing but the 
exponential map of the multiplicative group of positive real 
numbers the Lie algebra of which is just the real line. If G is a 
compact Lie group, we can construct a Riemannian metric on G 
so that the 1-parameter subgroups are the geodesics through the 
identity element e and the exponential map as a Lie group is the 
exponential map at e as a Riemannian manifold. In passing, 
we might point out here that since every element of a compact G 
can be joined to e by a geodesic according to the aforemen- 
tioned theorem of Hilbert, every element of a compact G lies on 
a 1-parameter subgroup of G. 

We fix a point p of M. We shall now define the cut locus C(p) 
of p. Take a geodesic g(t), 0S t < ~, starting at p. Then the 
first point on this geodesic where the geodesic ceases to minimize 
its are length is called the cut point of p along the geodesic g(t). 
To be more precise, we let A be the set of positive real numbers s 
such that the geodesic g(t), 0 Sts, is minimizing—that is, 
s = d(p,g(s)). It is easy to see that either A = (0,~) or A = 
(0, r], where r is some positive number. If A =(0,r], then g(r) 
is the cut point of p along the geodesic g(t). If A =(0, 00), then 
we say that p has no cut point along the geodesic g(t). Thus, if 
q is a point on g(t) which comes after the cut point p’ = g(r)— 
that is, g = g(s) with s > r—then we can find a geodesic from 
p to q which is shorter than g(t). On the other hand, if ¢ is a point 
which comes before the cut point p’, then not only do we not find 
a shorter geodesic from p to g but we cannot have another geodesic 
from p to q of the same length. In other words, if g comes be- 
fore p’, then g(¢) is the unique minimizing geodesic joining p and 
q, for if there is another minimizing geodesic g’ from p to q, then, 
by moving from p to q along g’ and continuing from gq to p’ along 
g, we obtain a nongeodesic curve c from p to p’ with an arc length 
equal to the distance d(p, p’). We choose a point p: on g’ before 
q and also a point p. on g after g. Taking both p; and p sufficiently 
close to g, we replace the portion of c from p; to p2 by the minimiz- 
ing geodesic joining p, and p. and obtain a curve from p to p’ 
with an arc length less than the distance d(p, p’), which is ab- 
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surd. The set of cut points of p is called the cut locus of p and is 
denoted by C(p). Corresponding to the cut point p’ of p along 
g(t), we consider the point X € T,(/M), that is, the tangent vector 
X given by 


g(t) = exp, ((X) and p’ = exp, (X), 


and call it the cut point of p in T,(M) corresponding to the cut 
point p’. 

If M is a compact Riemannian manifold, then its diameter is 
finite and no geodesic of length greater than the diameter is 
minimizing. If M is compact, on each geodesic starting from a 
point p we find the cut point of p. Correspondingly, in the tangent 
space T',(M) we find a cut point in every direction starting from p. 
It is quite reasonable to expect that the cut locus in T,(M) (not 
in M) is homeomorphic to a hypersphere in T,,(M/), provided that 
M is compact. To prove that this is actually the case, we have 
to show some kind of connectedness of the cut locus of p in T,(M), 
which we shall accomplish in the following theorem. 


TuroreM 1.1: Let S be the unit sphere in the tangent space T,(M) 
with center at the origin. We define a function f on S by assigning 
to each unit vector X € S the distance from p to the cut point in the 
direction of X. Then f 1s a continuous function. 


This theorem holds even for a noncompact manifold. However, 
if M is not compact, for some direction X € S the cut point may 
not exist. Then we set f(X) = «©. Thus, we consider f as a map- 
ping of S into [0, ©], where [0, ~] is the 1-point-compactification 
of [0, ©). To prove the theorem, we need properties of conjugate 
points as well as those of cut points; therefore, we postpone its 
proof to Section 4. We shall derive here some consequences from 
the theorem. 

Assume that M is compact. As we have already stated, the 
cut locus of p in T,(M), denoted by C*(p), is homeomorphic to 
the unit sphere S in 7,(M). Let E* be the domain in T,(M) 
bounded by the cut locus C*(p). If we denote by HE the image 
of H* by exp,, then exp, gives a homeomorphism of E* onto E 
and we have, obviously, M = EU C(p). Thus, / is a disjoint 
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union of an open cell (that is, #) and a closed subset [that is, 
C(p)], which is a continuous image of an (n — 1)-sphere [that is, 
C*(p)], where n = dim M. In particular, the cut locus C(p) is 
connected. 

The importance of cut loci lies in the fact that they inherit a 
number of topological properties of the manifold M. For example, 
let us consider the homotopy groups 7:(M) and z.(C(p)). We 
shall show that the natural mapping (that is, the imbedding) of 
C(p) into M induces an isomorphism of 2,(C(p)) onto m,(M) for 
k S n — 2 and a homomorphism of mnp_1(C(p)) onto mn1(M). Let 
S* be the k-sphere and consider the element of 7,(M/) given by a 
smooth map h:S*->M. If k<n—1, then the image h(S*) 
cannot cover all of M, and we may assume without loss of gen- 
erality that h(S*) misses the point p. Since we can shrink M — {p} 
into C(p) by pushing it along the geodesic rays emanating from p 
toward C(p), we can deform h to a continuous map h’: S* — C(p), 
showing that 7:.(C(p)) is mapped onto m(M) for kSn-— 1. 
Let f:S* + C(p) and assume that f can be extended to g: B+! + M, 
where B*+! is the solid ball with the boundary S*. Ifk +1< n—1, 
then the image g(B*t!) cannot cover M and we may assume that it 
misses the point p. We can deform gq to g’: B+! — C(p) as before, 
so that g’ is an extension of f, showing that 2.(C(p)) — 7.(M) is 
an isomorphism for k S$ n — 2. We havea very natural element in 
mn-1(C(p)), which belongs to the kernel ,1(C(p)) — mn—i(M). 
Since the cut locus C*(p) in the tangent space 7,(M/) is homeo- 
morphic with the (n — 1)-sphere S*—, exp,:C*(p) — C(p) gives 
an element of z,-:(C(p)) that obviously belongs to the kernel. 

Before we proceed, we should perhaps find out what cut loci 
look like for some simple Riemannian manifolds. 

Examples 

1. If M is an n-dimensional unit sphere, then the geodesics 
are the so-called great circles. If p is the north pole, then the 
cut locus C(p) reduces to the south pole. The cut locus C*(p) in 
the tangent space 7',(.4) is the sphere of radius x with a center 
at the origin. 


2. Identifying each point of the unit sphere S* with its antipodal 
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point, we obtain an n-dimensional real projective space, which 
we shall denote by M. The Riemannian metric of S” induces a 
Riemannian metric on M in a natural manner so that the projec- 
tion of S" onto M is a local isometry. If p is the point of M which 
corresponds to the north and south poles of S*, then the image 
of the equator of S* by the projection S* —>» M is the cut locus 
C(p). In other words, C(p) is the so-called hyperplane at the 
infinity which is an (n — 1)-dimensional real projective space. 
The cut locus C*(p) in the tangent space 7',(M) is the sphere of 
radius 7/2 with center at the origin and is a double covering 
space of C(p) under exp,. 


3. In the euclidean plane R? with coordinate system (2, y), 
consider the closed unit square 0 S x, y S 1. By identifying (2, 0) 
with (z, 1) and also (0, y) with (1, y), we obtain a flat torus, which 
we denote here by M. We are considering, of course, the Rieman- 
nian metric on M induced in a natural way from the euclidean 
metric of R?. Let p be the point with coordinates (4, $). Then the 
cut locus C*(p) in T,,(M/) can be identified with the boundary of 
the unit square under the natural identification of T,(M) with R?. 
The cut locus C(p) consists of two intersecting circles which 
generate the first homology group of the torus. 


4. In the (2, y)-plane, consider a curve y = f(z), aS 238 b, 
such that f(a) = f(b) = 0, f(z) > 0, for a < x < b, and such that 
it is tangent to the lines z = a and z = b. If we place this curve 
in the (2, y, z)-space and revolve it about the z-axis, then we 
obtain a smooth closed surface M which is topologically a sphere. 
Let p be the point with coordinates (a, 0, 0). Since p is invariant 
under the revolution, which is a 1-parameter group of isometries, 
so must be the cut locus C(p). On the other hand, M — C(p) 
must be connected. These two restrictions on C(p) imply im- 
mediately that C(p) reduces to a single point—that is, the point 
with coordinates (b, 0,0). This fact applies in particular to the 
ellipsoid (2/a)? + (y/b)? + (2/c)? = 1, with b = c. (On the gen- 
eral ellipsoid, the cut locus of any of the six poles is known to be 
an arc on the longer of two principal ellipses through the given 
pole and containing the opposite pole as midpoint. Also, on the 
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general ellipsoid, the cut locus of an umbilical point is the diamet- 
rically opposite umbilical point.) 

The reader unfamiliar with complex or quaternionic projective 
spaces is advised to skip Example 5. 


5. Let Mf be a complex (resp. quaternionic) projective space of 
real dimension 27 (resp. 4n). If we normalize the metric so that 
the maximal sectional curvature is 1 (and hence the minimum 
sectional curvature is 1), then the cut locus C*(p) in the tangent 
space 7',(Jf) is the sphere of radius 7 with a center at the origin 
of T,(M). The cut locus C(p) is the hyperplane at infinity— 
that is, the complex (resp. quaternionic) projective space of real 
dimension 2(n — 1) (resp. 4(n — 1)) consisting of points at in- 
finity with respect to p. The exponential map exp,:C*(p) — C(p) 
defines a fiber bundle with fiber S! (resp. S*) and is nothing but 
the so-called Hopf-fibering. 


The cut locus C(p) is not a submanifold in general even if M 
is a homogeneous Riemannian manifold. (A Riemannian manifold 
is said to be homogeneous if the group of isometries acts trausi- 
tively.) In Example 5, C(p) is a nice submanifold because the 
group of isometries of M leaving p fixed is transitive on the direc- 
tions at p—that is, transitive on the unit sphere in the tangent 
space 7',(M) with a center at the origin. Even for a homogeneous 
Riemannian manifold it is usually difficult to determine the cut locus 
C(p) of a point of p. The cut locus C(p) is, in general, not 
triangulable, see Section 5. 


2. CONJUGATE LOCI 


We shall begin with a geometric definition of conjugate point. 
As in Section 1, we denote by M/ a complete Riemannian manifold. 
Given a geodesic g = g(t), a S t S b, consider a variation (or more 
precisely, a geodesic variation) of g—that is, a 1-parameter family 
of geodesics g, = g,(f), aStSb and —e<s<e, such that 
g = go For each fixed s, g,(f) describes a geodesic when ¢ moves 
from a to l. Each variation gives rise to an infinitesimal variation, 
that is, a certain vector field defined along g. More explicitly, 
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for each fixed ¢, consider the vector tangent to the curve g,(t), 
—e<8s<e,ats = 0; it isa vector at the point g(t) of g. Roughly 
speaking, the endpoints g(a) and g(b) of the geodesic g 
are said to be conjugate to each other if there is a variation g. 
of g passing through these endpoints—that is, g,(a) = g(a) and 
gs(b) = g(b) for —e < 8 < ¢«. But we do not actually require that 
gs passes through these endpoints; it will be enough if the varia- 
tion g, passes these endpoints to infinitesimal order 1. We may 
now state the definition of conjugate points more precisely: The 
points g(a) and g(b) of g are said to be conjugate if there is a varia- 
tion g, which induces an infinitesimal variation vanishing at 
t=aandt=b. 

There is another equally geometric way of defining a conjugate 
point. Let p be a point of M and exp,: T,(M/) — M the exponential 
map defined in Section 1. A point X of T,(M)—that is, a tangent 
vector at p—is called a conjugate point of p in T,(M) if exp, is 
degenerate at X—that is, the Jacobian matrix of exp, is singular 
at X. Its image, p’ = exp, (X) by exp,, is called a conjugate 
point of p along the geodesic g(t) = exp, (LX). 

It is easy to see that if p’ is conjugate to p along g in the second 
sense, it is also so in the first sense. Since exp, is degenerate at X, 
we can find a curve X, through X in 7,,(4/), such that exp, an- 
nihilates the vector tangent to the curve X, at X = Xo. We may 
also assume that for each s, the length of X, is equal to that of X. 
Then g.(t) = exp, (¢X,/||X||) gives us a variation g, of g with the 
desired property. The converse is a little harder to prove. Let p 
be the point g(0) of a geodesic g and p’ = g(b) a conjugate point 
of p along g in the first sense. Let g, be a variation of g such that 
the induced infinitesimal variation vanishes at p and p’. If we 
have exactly ¢.(0) = p, then we have no difficulty in showing that 
p’ is conjugate to p along g in the second sense. Considering the 
1-parameter family of rays in 7',(/) corresponding to the 1-param- 
eter family of geodesics g, through p, and taking the points with 
distance b from the origin on the rays, we obtain a curve X, in 
T,(M) the tangent vector of which is annihilated by exp, at Xo. 
This condition shows that Xo is conjugate to p in T,(M), and, 
consequently, p’ is conjugate to p in the second sense. It remains 
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to prove that we can find a variation g, such that not only the 
induced infinitesimal variation vanishes at p and p’ but also 
g.(0) = p. To achieve this proof, we give the third definition of 
conjugate point, which is less geometric but more analytic. 

If Y is a vector field defined along geodesic g, then we denote 
by Y’ its covariant derivative along g and by Y” the second co- 
variant derivative along g. For each geodesic g we have a nat- 
urally associated vector field along g—that is, the field of tangent 
vectors to g, which we shall denote by G. Since g is parametrized 
by its arc length, G is a unit vector field. By definition of a geo- 
desic, we have G’ = 0. A vector field Y along g is called a Jaco 
field if it satisfies the following second-order, ordinary, linear, 
differential equation (called the Jacobi equation), 


Y” + R(Y, GG = 0, 


where R(Y,G) denotes the curvature transformation determined 
by Y and G. (For any ordered pair of vectors at a point of M, 
the curvature determines a linear transformation of the tangent 
space at that point.) We say that points p and p’ on a geodesic g 
are conjugate to each other if there is a nonzero Jacobi field Y 
along g which vanishes at p and p’. The equivalence of this defi- 
nition with the first follows from the fact that a vector field Y 
defined along a geodesic g is a Jacobi field if and only if it is an 
infinitesimal variation of g. 

We prove this fact as follows. Let g, be a variation of g and set 
S(s, 2) = g.(t). We denote by D/dt and D/és the covariant differ- 
entiations with respect to ¢ and s, respectively. Since g, is a 
geodesic for each s, we have 


Hence, 
DDo _DDéef ye 
= Qs at at at os att R(% as) at 


_DDéaf n (42 af 
~ @t at ds ot as at 


showing that an infinitesimal variation is a Jacobi field. (The 
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conscientious reader will find the preceding calculation somewhat 
ambiguous; since f is not a one-to-one mapping into M, neither 
of/dt nor df/ds is well defined as a vector field on the image of f. 
Returning to the definition of covariant differentiation and curva- 
ture, we can explain the ambiguities. (The use of differential 
forms and the so-called structure equations of Cartan is a more 
satisfactory proof, but the use of such machineries is inappropriate 
in this article and we have to be satisfied with the preceding proof.) 

Conversely, let Y be a Jacobi field along g. We choose two 
parameter values a and b close to each other so that g(a) and g(b) 
are in a convex neighborhood (any two points of which can be 
joined by a unique minimizing geodesic). We choose a curve 
ge(a), —e <8 < ¢, through the point g(a) which is tangent to Y 
at g(a). Similarly, we let g,(b), —e< s < « be a curve through 
g(b) tangent to Y at g(b). We can also arrange it so that the dis- 
tance d(g.(a), g.(b)) is equal to d(g(a), g(b)) for each s. Letting 
ge = g(t) be the unique minimizing geodesic joining g,(a) and 
g.(b), we find that the infinitesimal variation induced by the 
variation g, of g coincides with Y. The construction shows that 
if Y vanishes at g(a), we can find a variation g, with the additional 
property g.(a) = g(a). We have thus shown simultaneously the 
equivalence of the first and second definitions. 

Perhaps the most important method of obtaining Jacobi fields 
is by infinitesimal isometries. Let ¢, be a 1-parameter group of 
isometries of 14. Given a geodesic g, we obtain a variation g, by 
gs = ¢s(g). The induced infinitesimal variation is nothing but the 
infinitesimal transformation (restricted to g) which generates ¢,. 
If p and p’ are points on g which are left fixed by ¢,, then p and p’ 
are conjugate to each other, provided that the Jacobi field along g 
induced by g, is nontrivial. 

Let M* be a Riemannian covering manifold of M; it is a covering 
space of M with the naturally induced Riemannian structure. 
Let g* be a geodesic in M* and g its image on M under the natural 
projection of A7* onto M. Then two points on g* are conjugate 
along g* if and only if their images on g are conjugate along g. 
This relation is evident when we consider Jacobi equations. 

We shall now consider a few simple examples, 
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Examples 


1. If M is an n-dimensional unit sphere and p is the north 
pole, then both p itself and the south pole p’ are conjugate to p 
along any geodesic—that is, great circle—through p. We see 
easily that no other points are conjugate to p. 


2. Let M be the real projective space of dimension n as in 
Example 2, Section 1, and let p be a point of M. Then p itself is 
conjugate to p along any geodesic through p and no other points 
are conjugate to p, because a sphere is a Riemannian covering 
manifold of M. 


3. Let M be a flat torus as in Example 3, Section 1. Since the 
universal covering manifold of M is a euclidean space and there 
are no conjugate points in a euclidean space, there are no conju- 
gate points on M. 


4. Let M be a surface of revolution as in Example 4, Section 1. 
Since the revolution about the z-axis, which is a 1-parameter 
group of isometries of M, induces an infinitesimal variation van- 
ishing at p = (a, 0, 0) and at g = (6, 0, 0) (and at no other points), 
p and q are conjugate to each other. Because the cut locus C(p) 
of p consists of g only, and because along any geodesic starting 
at p the first conjugate point of p generally never comes before 
the cut point of p (as we shall see in Section 4), the locus of first 
conjugate points of p consists of g only. This condition applies 
in particular to the ellipsoid (#/a)? + (y/b)? + (2/c)? = 1 with 

= c. [On the general ellipsoid, the situation is more complicated. 
See the picture in Struik (22), p. 148, and see also Braunmiihl (3). | 


5. If M is a complex or quaternionic projective space as in 
Example 5 of Section 1, the first conjugate locus of a point p 
coincides with the cut locus C(p) of p. 


In spite of some of the preceding examples, the cases where 
the cut locus C(p) coincides with the first conjugate locus of p 
are exceptional rather than general. See Section 5 for further 
discussion. 
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3. CURVATURE AND CONJUGATE POINTS 


By looking at the Jacobi equation, we can see it is natural to 
expect a close relationship between the curvature and the dis- 
tribution of conjugate points. The Jacobi equation is a tensorial 
analogue of a differential equation of the type 


y’ + K(z)y =0, 
which has been studied by Sturm. For another differential equa- 
tion 
y"” + Liz)y =0 
of the same type such that 
K(2) S$ Li), 
the comparison theorem of Sturm says that if u(x) is a solution 
of the first equation having m zeros in the interval a S xz S b, 
and if v(x) is a solution of the second equation with 
u(a) = o(a) and w'(a) = v'(a), 

then v(x) has at least m zeros in the same interval. If K(x) is a 
positive constant function K, then a solution of the first equation 
is of the form u(x) = Ci sin VKz + C2 cos VKz and, hence, the 
distance between any two consecutive zeros of a solution v(x) of 
the second equation is, at most, 7/ VK. On the other hand, if 
L(x) is a positive constant function L, then the distance between 
two consecutive zeros of a solution u(x) of the first equation is at 
least 1/ VI. Analogously, we have the following theorem. 

THEOREM 3.1 (BonnET): Let g be a geodesic in M and K(P) the 
sectional curvature of a plane section P tangent to g. If 


0<LSK(P)SH 
for all such plane sections P, then the distance d along g of any two 
consecutive conjugate points satisfies the following inequalities: 


us 


< < 
Va=?* 


an 
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The theorem follows from the comparison theorem of Sturm. 
The reader will find the proof for surfaces in a number of standard 
textbooks on elementary differential geometry of surfaces. The 
proof for higher dimensional manifolds may be reduced to that 
for surfaces by Synge’s lemma which states: If V is a (2-dimen- 
sional) surface imbedded in M and g is a geodesic of M lying in V, 
then the Gaussian curvature of V at a point of g is less than, or 
equal to, the sectional curvature of M for the tangent plane to V 
at that point; the equality holds when and only when the field 
of tangent planes to V is parallel along g in M. This lemma of 
Synge is an immediate consequence of the equations of Gauss 
and Coddazi for V imbedded in M, but we shall prove the com- 
parison theorem of Rauch which implies immediately Bonnet’s 
theorem. 


THEOREM 3.2 (RaucH’s CoMPARISON THEOREM): Let M and N 
be Riemannian manifolds of the same dimension n. Let g = g(t) be a 
geodesic of M and X a Jacobi field along g. Leth = h(t) be a geodesic 
of N and Y a Jacobi field along h. Assume that: (1) X is perpendic- 
ular to g and vanishes at g(0), Y is perpendicular to h and vanishes 
at h(O); (2) X’ and Y’ have the same length at t = 0; (3) neither 
g nor h has conjugate points in the interval (0,6); (4) for each t 
in the interval (0, b), 


Ku(P) 2 Ky(Q), 


where Ky(P) (resp. Ky(Q)) is the sectional curvature by an arbitrary 
tangent plane P (resp. Q) at g(t) tangent to g (resp. at h(t) tangent 
to h). Under these four assumptions, Y at h(b) is longer than, or 
equal to, X at g(b). 

Before we proceed with the proof, we remark that Theorem 3.1 
follows from Theorem 3.2 if we take M to be the sphere of radius H 
and N to be M of Theorem 3.1, and if we then take N to be the 
sphere of radius L. 


Proof: Let u(t) and v(t) be the square of the lengths of X at 
g(t) and Y at A(t), respectively. We wish to show u(b) S v(b). 
It is sufficient to prove 
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~ u(t), 
1) a ot)” 
u(t) 
(3.2) (22) s 0, 


that is, u(t)/v(t) is decreasing. Since u’ = 2(X, X’), v’ = (Y, ¥’), 
ull = 2(X"', X’) + 2(X, X”), and v” = 2(¥’, Y’) + 2(Y, Y”), we 
apply |’Hospital’s rule twice to u(t)/v(t) and obtain (3.1). 

Proving (3.2) is equivalent to proving u’(t)/u(t) S v'(é)/v(d). 
We fix a parameter value s, 0 < s < b. By the third assumption, 
u(s) *0 and v(s) #0. We may thus set U = X/u(s)? and 
V = Y/v(s)2. Since X and Y are Jacobi fields, so are U and V. 
We have, therefore, 


u'(s) = , =. 78 ”" 
uae 7 (Us UN's) = ff! U, UY" at 


= 2 (U", U) — Ku(P)(U, U)] at, 


where Ky(P) denotes the sectional curvature of the planes P 
spanned by U and the vectors tangent to the geodesic g. Similarly, 


(8) 9 [* ry py — 

Mey 7 2p UV, V) — Kw(Q)(V, Vat 

Let U be a vector field defined along g such that 
U,T)\)=(V,V)O, (0,0) = (V', Vv). 

(We may establish the existence of such a U by choosing an iso- 

morphism of the normal space to g at g(0) onto the normal space 

to h at h(O), extending it to an isomorphism of the normal space 


to g at g(t) onto the normal space to h at h(t), and then considering 
the vector field along g corresponding to V.) We shall show that 


ul(s) : ; o'(s) 
wa 22h [(0’, 0") — Ku(P)(0, 0) dt s TS - 


The second inequality follows from the fourth assumption and 
from the preceding integral expression for v’(s)/v(s). To prove the 
first inequality, we need the following lemma. 


Lemma 1: If X and Y are Jacobi fields along a geodesic g, then 
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(X, Y’) — (X’, Y) = const. 
If, moreover, X and Y vanish at a point simultaneously, then 
(X, Y’) — (X’, Y) = 0. 
A simple direct calculation shows that the derivative of 
(X, Y’) — (X’, Y) vanishes identically. The second statement of 
the lemma follows trivially from the first. 


Using Lemma 1, we shall prove the following lemma which will 
obviously imply the first inequality. 


Lemma 2: Let g = g(t),O St Ss, be a geodesic without conju- 
gate point of g(0) in the interval OS t Ss. Let U be a Jacobi 
field along g perpendicular to g, and U a vector field along g per- 
pendicular to g. If U(O) = UO) = 0, and if U(s) = U(s), then 


ff, 0) - Ku(P)(U, UY) at 
< [0,0 — Ku(P)O, 0)) a, 


where Ku(P) and Ku(P) denote the sectional curvatures of the planes 
P spanned by U and the vectors tangent to g, and of the planes P 
spanned by U and the vectors tangent to g. The equality holds only 
when U = U. 


Consider the vector space of Jacobi fields Z perpendicular to g 
and vanishing at g(0). Being a solution of a second order differ- 
ential equation, Z is uniquely determined by its initial conditions 
Z(0) and Z’(0). Since Z(0) = 0 and Z’(0) must be perpendicular 
to g, the vector space of these Z’s is of dimension n — 1. Let 
Zi, +++, Za-1 be a basis for this vector space. Because there exists 
no conjugate point of g(0) in the interval (0, s), Zi, --+, Zn—1 are 
linearly independent at each point g(t),0 < ¢ S s. We may write, 
therefore, 


U =a4, Sie On—1Zn—-1; 
U = fitr + may + fr—Zn-1, 


where ai, «--, @a-1 are constants and fi, ---, fn. are functions. We 
have 
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(O', 0) = (ZHLZi, THZ.) + 2S HiZs, Z fBi) 
+ (2FZi, UFZ), 
—(R(U, G)G, 0) = —2 f(R(Z:, ZG, 0) = 2 f.(Z’, V) 
= (2FZi, TfLZi), 
where G denotes the vector field tangent to g, and we also have 
(LFZi DS/Zi)’ = (LHZi, DIZ) + (VHZi, DU /Zd 
+ (DH TH/'iZ) + (DHS TZ). 


Combining these three equalities and using Lemma 1, we obtain 


[0 — Ku®)O, Oy at = [Pw Hz, B HZ) at 
+ (Bibi, BILD» 


In the preceding calculation, we replace U by U, P by P, and f; 
by a,, and observe that a; = 0. Then we obtain 


fl, 0) — KuPy(U, Uy) tt = fe aZi, Bad) 


Lemma 2 follows from the two preceding equalities and from the 
observation a; = f(s). 


4. RELATIONS BETWEEN CUT POINTS 
AND CONJUGATE POINTS 


The first general statement we can make about relations between 
cut points and conjugate points is that along any geodesic g 
starting at a point, say p, the cut point of p comes no later than 
the first conjugate point of p. In other words, we prove the fol- 
lowing theorem. 


THEOREM 4,1: A geodesic g starting at a point p does not mini- 
mize distance to p beyond the first conjugate point of p. 


Proof: Let g(c) be the first conjugate point of p and let c < b. 
We wish to show that the distance d(g(0), g(b)) is less than the 
arc length b of g from t = 0 to t = b, which is intuitively obvious. 
Suppose we have a variation g, = g.(¢) of the geodesic g such that 
g.(0) = g(0) and g,(c) = g(c). We shall show that there is a 
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shorter way to go from p = g(0) to g(b) than along g. We fix a 
small e and first consider a broken path from p = g,(0) to g.(c) = 
g(c) via g., and then from g(c) to g(b) via g, which has length 
c+ (6 —c) = b, Smoothing out the corner of this path at g(c), 
we obtain a shorter path from p to g(b). However, in general we 
have only an infinitesimal variation or a Jacobi field vanishing 
at g(0) and g(c) but not necessarily a variation with the fixed 
points g(0) and g(c). Therefore, the rigorous proof is more delicate. 
We first prove the following lemma. 


Lemma 1: Let g, b, and c be defined as previously. Then there 
exists a vector field X along g such that: (1) X ts perpendicular 


to g; (2) X vanishes at t = 0 and at t = b; (3) i ” (xt, X") — 
(R(X, G)G, X)] dt < 0, where G denotes the vector field tangent to g. 


Proof: Let Y be a nonzero Jacobi field along g vanishing at 
t=0 and t=c. Take a small positive number d such that 
g(c — d) has no conjugate points along g between g(c — d) and 
g(c + d) and such that there is a Jacobi field Z along g with 
Z(c — d) = Y(c — d) and Z(c + d) = 0. (It is sufficient to take 
a positive number d such that g(c — d) and g(c + d) are in a con- 
vex neighborhood U of g(c) such that each point of U has a normal 
coordinate neighborhood containing U.) We define a vector field 
X along g = g(t),0 S?t Sb, as follows: 


X=Y forO0StSc-—d, 
X=2Z fore-dsStsc+d, 
X=0 forc+dsisb. 


To simplify the calculation, we introduce the following notation: 
If W is a vector field along f, we set 


IW) = f° (ov, W) — (ROW, @)G, W)] a. 
Integrating 
0 = (Y" + R(Y, GG, Y) = (¥", Y) + (R(Y, @)G, Y) 
= (¥', YY — (¥", Y’) + (R(Y, @)G, Y) 
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from t = 0 tot = c, we obtain 
Is(Y) = 0. 
Thus, 
I3(X) = 1(X) — I6(¥) = 16 *(Y) + [4G(Z) 
—I§-*(Y) — Ié-4(Y) 
= Iit(Z) — It_a(¥). 
Let Y be the vector field along g fromt=c—dtot=c+d 
defined by 
Y=Y fore—dStSe, 
Y=0 foresStScet+d. 
Applying Lemma 2 of the preceding section to Y and Z, we have 
Tit4(Z) < Teti(Y) = Ie-a(Y). 
Hence, 
I(X) <0. 


Finally, we have to show that X is perpendicular to g—that is, 
Y and Z are perpendicular to g. It is sufficient to prove that, in 
general, a Jacobi field V along g which is perpendicular to g at 
two points is perpendicular to g everywhere. Consider the func- 
tion (V, G) of t, which vanishes for two distinct values of t. Dif- 
ferentiating twice, we have 


(V, G)” = (v", G) = (R(V, G)G, G) = 0. 


Hence, (V,@) is identically zero, which completes the proof of 
Lemma 1. 


In the intuitive but incomplete proof of Theorem 4.1 given 
previously, we constructed a path from p = g(0) to g(b) which is 
shorter than the geodesic segment g(t), 0 St Sb. The vector 
field X in Lemma 1 may be considered an infinitesimal analogue 
of that path. 

Let X be the vector field along g given in Lemma 1. Let g, = 
g-(t) be a 1-parameter family of curves from p = g(0) to g(bd), 
such that (1) go =g, and (2) g, induces X—that is, for each 
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fixed t, X(t) is the vector tangent to the curve described by g,(t), 
—e<s<e. We remark that fors ~ 0 g, need not be a geodesic. 
For each fixed s, let L(s) be the length of the curve g, = g,(t), 
0stsb. (For s €0, g, is not necessarily parametrized by arc 
length and L(s) may be different from b.) For completion of the 
proof of Theorem 4.1, it is sufficient to show that the function L 
of s attains a local maximum at s = 0. 


Lemma 2: L'(0) = 0 and L’O) = 13(X) <0. 

Proof: The proof may be given by calculation in a manner 
similar to that in Section 2. (Here, again, a more satisfactory 
proof can be given with the use of differential forms and Cartan’s 
structure equations.) As previously, we set f(s, ¢) = g.(t) and 
denote by D/dt and D/dés the covariant differentiations with 
regard to ¢ and s respectively. Then 


To differentiate L(s) with respect to s at s = 0, we first differen- 
tiate the integrand with respect to s. We have 


of of\'? D of of\ fof of ues 
2 (% 4) a (2% A) (% x 
At s=0, [(@f/dt), (af/dt)] = 1, because g = go is a geodesic. 


We can also substitute (D/dt) (0f/ds) for (D/ds) (af/dt). Hence, 
integrating by parts, we obtain 


v0) = (22M) 
- (29) oe eae 0! 
= (X(b), G(b)) — (X(0), G(0)) — A (X, @’) dt. 


Since X(b) = 0 and X(Q) = 0, and because g is a geodesic—that 
is, G’ = 0—we have L’(0) = 0. Referring to the preceding cal- 
culation and also to the calculation in Section 2, the reader should 
easily be able to obtain the equality L’’(0) = 13(X). By Lemma 1, 
I3(X) < 0, and the proof of Theorem 4.1 is complete. 
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Another theorem on cut points and conjugate points follows. 


THEOREM 4,2: If g(b) is the cut point of a point p = g(0) along 
a geodesicg = g(t),0 St < ~, then one of the following (or possibly 
both) holds: (1) g(b) is the first conjugate point of g(0) along g; 
(2) there exist at least two minimizing geodesics from g(0) to (0). 


Proof: Let a, a2, -:- be a monotone decreasing sequence of real 
numbers converging to b. For each k, let exp tX,,0 St S bi, bea 
minimizing geodesic from g(0) to g(ax), where X;, is a unit tangent 
vector at g(0) and b, is the distance d(g(0), g(ax)). Write g(é) = 
exp {X, where X is the unit vector tangent to g at g(0). Since 
g(b) is the cut point of g(0) along g and a, > b, we have 


X +X, and a,> by. 
Since b. = d(g(0), g(az)), we have 
b = lim by. 


Hence, the set of vectors b.X; is contained in a compact subset 
of the tangent space 7',.0)(M). By taking a subsequence if neces- 
sary, we may assume that bX1, b.X2, --- converges to a vector 
of length b—say bY—where Y is a unit vector. Then expitY, 
0 sts), is a minimizing geodesic from g(0) to g(b), because 


exp bY = lim exp b,X; = lim g(ax) = g(b). 


If X # Y, then we have two minimizing geodesics, exptX and 
exp?Y from g(0) to g(b). If X = Y, then g(b) is conjugate to 
g() along g. In fact, assume the contrary. Then exp: 7,.0)(M) 
— M is a diffeomorphism of a neighborhood U of bX in T,@(M) 
onto a neighborhood of g(b) in M. If k is large enough so that 
both a,X and b,X; are in U, then exp a,X = g(az) = exp b,X:, 
and, hence, a,X = b,X;,, which is a contradiction. By Theorem 
4.1, g(b) must be the first conjugate point of g(0) along g. which 
completes the proof. 


From Theorem 4.2 it follows rather easily that if g(b) is the 
cut point of g(0) along g, then g(0) is the cut point of g(b) along 
g (in the reverse direction), 

We are now in position to prove Theorem 1.1 as we promised 
in Section 1. With the notations used in Theorem 1.1, we wish 
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to prove that the function f defined on the sphere S is continuous. 
Actually we shall prove a slightly stronger statement. At each 
point p of M we consider the unit sphere S, in the tangent space 
T,(M) and let S(M) be the unit sphere bundle—that is, S(M) = 
U Sp. 


THEOREM 4.3: Let f:S(M) — [0, ©] be the function defined as 
follows: For each unit vector X € S(M) at p, f(X) is the distance 
from p to its cut point along the geodesic issued in the direction of X. 
Then f ts continuous. 


Proof: Theorem 1.1 asserts that the restriction of f to each S, 
is continuous. To prove the theorem, we assume that f is not 
continuous at X € S, and let Xi, X2, ++ be a sequence of points 
of S(M) converging to X, such that f(X) * lim f(X;). By taking 
a subsequence if necessary, we may assume that lim f(X;) exists 
in (0, ©), 

We first consider the case f(X) > lim f(X;). We set 


a, = f(X,), a = lim ay. 


Let 7(M) denote the tangent bundle of M, that is, T(M) = 
U T,(M). We define a mapping £:T(M)-— M X M by 
Pp 


E(Z) = (r(Z), exp Z), 


where w is the projection from 7(M) onto M, r(T,(M)) = p. 
Since f(X) > a, exp aX cannot be conjugate to p along the geo- 
desic exp?X. Hence, H maps a neighborhood, say U, of aX 
diffeomorphically onto a neighborhood of (1(X), exp aX). We 
may assume, by omitting a finite number of a,X; if necessary, 
that all a.X; are in U. Then exp a,X;, cannot be conjugate to 
a(X;) along the geodesic exp tX,. By Theorem 4.2, there is another 
minimizing geodesic exp ¢Y;, from +(X;,) to exp a,Xz, where Y;, is 
a unit vector at - (Xx) such that Y;, # X, and expa:Y; = 
exp a;,X;. Since L:U — M X M is injective, a,¥;, is not in U. 
By taking a subsequence if necessary, we may assume that Yj, 
Y2, +++ converges to a unit vector, say Y, at p. Then aY is the 
limit of a:¥i, a2¥2, --+ and does not lie in U. We have 
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exp aY = exp (lim a, Y;) = lim (exp a, Y;) = lim (exp a,X;) 
= exp (lim a,X;,) = exp aX. 


Hence, both exp tX and exptY are minimizing geodesics from p 
to exp aX = exp aY. Consequently, if b is any number greater 
than a, the geodesic exptX, 0 St $5}, is not minimizing, in 
contradiction to the assumption f(X) > a. 

Next we consider the case f(X) < lim f(X;,). As before, we set 
a, = f(X,) anda = lima. Then 


d(p, exp aX) = lim d(x(X;), exp aX.) = lim a = a, 


showing that exp tX, 0 S?¢ S a, is a minimizing geodesic in con- 
tradiction to the assumption f(X) <a. The proof of Theorem 
4.3 is thus complete. 


As an immediate consequence, we have the following corollary. 


Corouuary: The distance d(p, C(p)) between a point p and its cut 
locus C(p) is a continuous function of p. 


For a special point of C(p), we can sharpen the result of The- 
orem 4.2 as follows. 


THEOREM 4.4: Let q be a point on the cut locus C( p) of p which 
is closest to p. Then either q is conjugate to p with respect to a min- 
imizing geodesic joining p and q, or q is the midpoint of a geodesic 
starting and ending at p. 

Proof: Assuming that q is not conjugate to p, we let g and g’ 
be two minimizing geodesics from p to qg and b be the distance 
d(p, q). We let K bea cone formed by geodesics of length b issuing 
from p and neighboring g. Similarly, for g’ we consider a cone K’. 
The endpoints of the family of geodesics defining K give a hyper- 
surface through q, with a tangent space at q perpendicular to g. 
The endpoints of the geodesics defining K’ give another hyper- 
surface through q, with a tangent space at g perpendicular to g’. 
We assume that g and g’ meet at g with an angle not equal to =. 
Then the two tangent hyperplanes at q intersect (they do not 
coincide), as do the two hypersurfaces. It follows that K and K’ 
intersect. We let r be a point in K () K’ near q. Then r is joined 
by two geodesics, ore neighboring g and the other neighboring g’ 
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and each being shorter than g and g’. Thus, r is a cut point of p 
closer to p than is the point g, in contradiction to the choice of g. 


Taking a special point p, we shall go one step further. 

THEOREM 4.5: Let p be a point such that d(p, C(p)) is the smallest, 
and let q be a point on C(p) which is closest to p. Then either q is 
conjugate to p with respect to a minimizing geodesic joining p and q, 
or q ts the midpoint of a closed geodesic starting and ending smoothly 
at p. 

Proof: We assume that q is not conjugate to p. Applying The- 
orem 4,4, we see that g is the midpoint of a geodesic starting and 
ending at p. To see that the geodesic returns to p with angle 0, 
we reverse the roles of p and q in the proof of Theorem 4.4. 


5. CONCLUDING REMARKS 


Let M be a compact, simply connected Riemannian manifold 
the sectional curvature of which, K(P), satisfies the inequalities 
0 < K(P) S 1. Let p be a point of M such that the distance 
from p to its cut locus C(p) is the smallest. Let ¢ be a point on 
C(p) which is closest to p. According to Theorem 4.5, two pos- 
sibilities exist. If ¢ is conjugate to p, then d(p, C(p)) 2 by 
Theorem 3.1. If p and g are opposite points of a closed geodesic, 
then d(p, C(p)) 2 a under the additional assumption that the 
dimension of M is even [see Klingenberg (8)]. If we assume 
1 < K(P) S 1, then d(p, C(p)) 2 =, even if the dimension of M 
is odd [see Klingenberg (10 and 11)]. 

The inequality d(p, C(p)) = is essential in proving the so- 
called sphere theorem, which states that if Jf is a compact, simply 
connected Riemannian manifold with 1 < K(P) S$ 1, then M is 
homeomorphic with a sphere. The proof may be divided into the 
following three lemmas. 


Lemma 1: Jf } < K(P) S$ 1, then d(p, C(p)) = x for every 
pEM. 
Lemma 2: Let h and a be positive numbers such that 


1<h<K(P)S1 and i<e< 


sy 
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If p and q are points of M such that the distance d(p, q) is equal to 
the diameter of M, then d(p, x) < a or d(q, x) < a for every x € M. 


Lemma 3: If there exist two points p and q and a positive number 
a such that 


(5.1) d(p,C(p)) >a and d(q,C(q)) > a; 
(5.2) d(p,z) <a or d(q,x2) <a foreveryxE M, 


then M is homeomorphic with a sphere. 


It is evident that Lemmas 1 through 3 imply the sphere theorem. 
For the proofs of Lemmas 2 and 3, we refer the reader to Tsu- 
kamoto (27) and Klingenberg (8), respectively. References for 
Lemma 1 have been given previously. The second lemma was 
proved originally by Berger (1) using results of Toponogov (24 
and 25). For the proof of the sphere theorem, see Toponogov 
(26). By analyzing the distribution of conjugate points and by 
using Morse theory instead of the method we have described, it is 
possible to prove that, under the same assumption as in the sphere 
theorem, M is a homotopy sphere [see Klingenberg (12)]. For an 
improvement of Rauch’s comparison theorem and further prop- 
erties of cut loci, see Berger (2). 

We have seen some examples in which the cut locus C(p) of a 
point p coincides with the first conjugate locus of p. This phe- 
nomenon occurs for every simply connected Riemannian sym- 
metric space [see Crittenden (5)]. For more recent results on cut 
and conjugate loci of compact symmetric spaces, see Naitoh (45), 
Sakai (48, 49), Takeuchi (53). 

For a general Riemannian manifold, the cut locus and the first 
conjugate locus can be disjoint. In fact, Weinstein (57) has shown 
that on every compact manifold M not homeomorphic to the 
2-sphere there exist a Riemann metric and a point p such that the 
cut locus C( p) does not intersect the conjugate locus Q( p) of p. It 
seems to be unknown if on every compact homogeneous Riemann- 
ian manifold the cut locus and the first conjugate locus intersect. 
Sugahara (52) studied Riemannian manifolds with the property 
that C( p) A Q( p) is empty. 
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While Warner (30) studied the stratification of conjugate loci 
into regular and singular conjugate points, Bishop (33) considered 
the decomposition of the cut loci into ordinary and singular cut 
points. Ozols (47) analyzed the local structure of the cut locus near 
a nonconjugate cut point. In the dimensions less than or equal to 6, 
the local structure of the generic cut locus has been completely 
determined by Buchner (35, 36). However, the cut locus can be 
very complicated at a conjugate point. Generalizing the results of 
Myers (15, 16) on cut loci of a real analytic 2-dimensional Rie- 
mannian manifold, Buchner (34) has shown that the cut locus 
C(p) of a real analytic n-dimensional Riemannian manifold is a 
simplicial complex. On the other hand, if the metric is not real 
analytic, C( p) may not be triangulable according to Gluck and 
Singer (38, 51). 

For more advanced studies on the topics treated here, see Cheeger 
and Ebin’s monograph (37). In his survey article (50) Sakai summa- 
rizes more recent results on comparison theorems (of Berger, 
Warner, Heintze, Karcher), differentiable sphere theorems (of 
Shikata, Calabi, Gromoll, Sugimoto, Shiohama, Karcher, Grove, 
ImHof), finiteness theorems (of Weinstein, Cheeger) and related 
results of Gromov. His article also contains a very extensive 
bibliography. 
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RIEMANNIAN COMPARISON 
CONSTRUCTIONS 


Hermann Karcher 


When S. Kobayashi wrote his chapter for the first edition of this 
book he reported on amazing results which had just been obtained. 
Those results triggered a rapid development of comparison theory: 
in 1975 the book by Cheeger and Ebin [CE] dealing mostly with 
curvature > 0 appeared. In 1978 Gromov’s theorem classifying 
almost flat manifolds appeared, see [BK]. In 1985 the case of 
curvature <0 was treated in a book by Ballman, Gromov, and 
Schroeder [BGS]. In survey articles, by Burago and Zalgaller [BZ] 
and M. Berger [B], the field was explained to a wider audience. The 
article, ““Comparison and Finiteness Theorems in Riemannian 
Geometry,” by T. Sakai [S] contains a very complete bibliography. 

I have been asked to present, “with complete proofs,” part of 
this development. I selected material which the reader will, hope- 
fully, see as a direct continuation of the research portrayed by 
Kobayashi. It therefore seemed natural to assume his chapter as 
background; I refer to its sections as (K.1), (K.2), etc. In particular 
I will use the exponential map, minimizing geodesics, conjugate 
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and cut points, Jacobi fields, and the second variation formula 
without further motivation and almost without separate introduc- 
tion. The only other prerequisite I am aware of is: not to be scared 
by the covariant derivative. I am using notation which resembles as 
closely as possible the use of Euclidean directional derivatives. The 
following three examples should explain the notation. 


0.1 


0.2 


0.3 


The fact that the Riemannian scalar product g(, ) is parallel 
for the covariant derivative D but usually not constant for 
the local derivative 0 of a chart is expressed by the following 
formula (U and V are vector fields): 


g(D,U,V)+ g(U, DyV) 


dy(g(U,V)) = co. g(dyU,V) + g(U, axV). 


The so-called symmetry of the covariant derivative is ex- 
pressed as 


or with the help of a map c: IX I> M as (D/és)(0/dt)c 
=(D/dt\(d/ds)c. Both identities follow from the local 
expression of D in terms of the chart derivative and the 
symmetric Christoffel symbols: 

DyY=0yY+T(X,Y), r(x, Y)=T(¥, xX). 


Usually this symmetry is (axiomatically) assumed; then one 
finds with (0.1): 


2g(T(X,Y), Z) = —(z8)(X, ¥) + (dx8)(¥, Z) 
+(dyg)(Z, X). 
The gradient of a function f is the vector field defined by 


dxf = g(grad f, X). 
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Further covariant differentiation gives the Hessian 
Dy. yf = Jy(dyf)— Ipyvf = g( Dygrad f, Y) 
= 9k yf —9rx,y)f (local chart expression). 


The local formula shows the symmetry of D?f; Dgrad f is a 
symmetric endomorphism field. A function f with a positive 
definite Hessian is convex along any geodesic c(D,c’=0): 
(fecy’ = 0,(g(grad f,c’)) = g(D,grad f, c’) > 0. 


CONTENTS 


Guideline: observe how global properties are concluded from 
infinitesimal (= curvature) assumptions. 

1. The setup to get curvature control started. 
Natural functions, Jacobi equation, Riccati equation, constant 
curvature case, reduction of the n-dimensional case to a 1-dimen- 
sional discussion, the Riccati inequality, principal curvature—and 
Hessian bounds, generalized Rauch bounds, Bishop-Gromov 
volume bounds. 

2. Immediate applications. 
The Hadamard-Cartan theorem, fixed points of isometries, growth 
of the fundamental group, the Ricci-diameter bound with equality 
discussion. 

3. Busemann functions, 
K=>0 and compact totally convex exhaustion, Ricci >0 and the 
splitting of a line as factor. 

4, Triangle comparison theorems. 
Angle and secant comparisons with upper or lower curvature 
bounds. A new proof of Toponogov’s theorem. 

5. Applications of the triangle theorems. 
Bound for the number of generators of the fundamental group; 
critical points of the distance function, cut locus estimates 
(Klingenberg, Cheeger, Toponogov), sphere theorems (Rauch, 
Berger, Klingenberg, Shikata, Grove-Shiohama). 
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6. Complex projective space and its distance spheres. 
Description from scratch: metric, embedding, equivariant isome- 
tries, curvature tensor of CP”, curvature tensor and short closed 
geodesics of the distance spheres. 


1. THE SETUP TO GET CURVATURE CONTROL STARTED 


1.1 Natural maps and functions. If one tries to generalize the 
arclength parametrization of curves to get good coordinates for a 
Riemannian manifold M, then a natural map from a Euclidean 
space R” (e.g. T,M) into M is the exponential map (K.1). It is 
defined via an initial value problem for geodesics from a point p: 


exp,: 7, M>M 
exp,(v)=c(1), where c is the geodesic with (1.1.1) 


c(0)=p, e'(p) =v. 


Particularly natural functions from (parts of) a Riemannian mani- 
fold M into R are distance functions (from a point or a submani- 
fold), i.e. functions which satisfy 


|grad f|=1 (distance function). (1.1.2) 


Integral curves of distance functions are geodesics; namely, let u 
be an arbitrary tangent vector then 


0 = 0,g(grad f, grad f ) oy 28 Pitrad f, grad f ) 


= 2g(Dyroa Brad f,u) (symmetry of Dgrad f), 
(0.3) 


so indeed 
Dyraa p8t0d f = 0. (1.1.3) 


The level surfaces are therefore called a family of “parallel” 
surfaces. 
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1.2 Connections with Jacobi fields (K.2), The differential equa- 
tion for Jacobi fields J along a geodesic c, 


J"-R(J,c)=0  (J”=D,(D,J)), (1.2.1) 


is the linearization of the geodesic equation along c. It is thus by 
definition that estimates on Jacobi fields as in Rauch’s theorem 
(K.3.2) contain estimates of the differential of the exponential map 
or the Hessian of distance functions. We only have to relate the 
initial conditions for the Jacobi equation to the relevant families of 
geodesics. 

First, for the exponential map we get 


dexp,| (sw) = S exp,(s- (v+¢t)) = J(s), (1.2.2) 


J(0)=0, J’(0)=w 


since 


a D8 
J’(0) = Bs at o*Pr 


D{a 
a ae | Fs OXPp(s(v + w))|} i 


Yb 


etiw)= w, 


Rauch type estimates |J’(0)|-A(s) < |J(s)| < |J’(0)|- H(s) therefore 
translate into |w|-h(s) <|d exp,|,,(sw)|<|w|- H(s). 

Second, for distance functions one has a natural unit er 
field N along the level surfaces, N:= grad f, and the shape oper- 
ator S with respect to that normal is the Hessian of f: 


S-u:=D,N=D,gradf (uw tangential to a level surface). 
(1.2.3) 
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The eigenvalues of S = D grad f are called principal curvatures (of 
the level surface). 


The sign convention in (1.2.3) is such that the principal curva- 
tures of the sphere are positive for the outer normal. This is the 
better choice when dealing with level surfaces. 

The family of normal geodesics defines natural diffeomorphisms 
from one level surface f= const. to nearby ones: 


E,(p) = exp,s:N(p),  pef ‘(const.). (1.2.4) 


As in (1.2.2) one can describe the differentials of the E, by Jacobi 
fields and the specifics of the construction determine the initial 
conditions: let p(t) be a curve in a level surface then 


0] 0)= ZE(r)|_ Js), (1.25) 


J(0)=p(0), — J'(0) = S-p(0) 


since 


a 


2 N(p(t)) = S-p(0). 


(1.2.3) 


10) = 2 Sexp,(s-M(p(t))) 


(0.2) 


s=Q 


Since E,( p(t)) is a curve in another level surface f~'(s + const.), 
(1.2.5) in fact describes all the shape operators S, of the level 
surfaces (along each normal geodesic): 


S,-J(s) =J'(s). (1.2.6) 


Following definition (1.2.3), interpretations of the shape operator 
usually emphasize the turning speed of the normal along the level 
surface. But the shape operator also controls the change of length 
of the geodesic projections E, between level surfaces: 


43 gE rl), 37£( PO) 
(1.2.7) 


28 FrE( P(t), 5. EC P(s))). 


a2. 5) 
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1.3 The Riccati equation for the shape operators of the level 
surfaces of a distance function. The claim of this heading, namely 
that the shape operators of the level surfaces of a distance function 
satisfy the first-order equation (1.3.1) along the normal geodesics is 
a key observation. Together with (1.2.7) it allows us to split 
Rauch’s estimates for a second-order equation into two first-order 
steps—each with a geometric interpretation. Because of its impor- 
tance I give three derivatives of (1.3.1) which connect three differ- 
ent points of view of the basic comparison construction. 

First, differentiate (1.2.6) and use the Jacobi equation: 


I(s)= 3, ? (5, ‘I(s)) =S)-J(s) + S,-J(s) 
= —R(J,N)N(s)=(Si+S2) -J(s). 


We abbreviate R(J, N)N = Ry-J; also, for fixed s we can con- 
sider J(s) as an arbitrary tangent vector to a level surface. Then 
the last equation is a Riccati equation for S,: 


Si=-R,-S?. (1.3.1) 


Second, insert a parallel vector field U(s) 1 N into (1.2.3) and 
differentiate in the direction 0/ds = N = grad f: 


D 
95 (S, U(s)) = Sy U(s) 
D 2 
= 55 (Duysygrad f) = Dy, vgrad f 
D 
(note 3,U=0). 


moa in this equality the definition of the curvature tensor 
Dy, ygtad f = Dj, ygrad f— R(U, N)grad f and the definition of 
the second differential of a vector field D2, ,grad f a 
(De 
D -D = —S$*-U to obt 1.3.1 
Pik Dxeee yn Dyn Ete arerere, oovien ) 
again. 
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Third, consider a 2-dimensional Riemannian metric in Gaussian 
form: 


G 
ds? = du* + G?(u,v) dv’, — with curvature K = — Gi 
The w-lines are geodesics and their orthogonal trajectories are 
parallel curves. The rate of change of their lengths gives their 
geodesic curvature: 


d G, u 
Gq [G4 = [ GGdv= [neds or K,=—. 
One further differentiation gives the Riccati equation, 


Aiken Rohe (1.3.2) 
The 2-dimensional formula has been known a long time; we also 
shall see that the n-dimensional case is close to (1.3.2). 

1.3.3. It turns out to be rather easy to reduce the comparison 
discussion of (1.3.1) both for upper or lower curvature bounds to 
1-dimensional Riccati inequalities—as if we had upper or lower 
curvature bounds in (1.3.2) (see (1.5) below). So the original Rauch 
line is replaced by: 


Step 1. Prove inequalities for the principal curvatures of level 
surfaces of distance functions via 1-dimensional Riccati 
inequalities. 

Step 2. Use Step 1 to integrate (1.2.6) or (1.2.7). 


1.4 The constant curvature case. The Rauch comparison theo- 
rem (K.3.2) is formulated in such a way that upper or lower bounds 
for the curvature seem to play a completely symmetric role. Most 
applications so far have gone via constant curvature models. In- 
tegration of the Rauch estimates to distance or volume control 
always requires in the case of upper curvature bounds some size 
restriction, e.g. stay away from some cut locus. That such restric- 
tions are not needed in comparisons with smaller curvature models 
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(Toponogov, Bishop-Gromov) made these results prime tools in the 
development of comparison theory. 


I summarize the relevant constant curvature data. 

1.4.1. We denote the hyperbolic space of curvature x <0, 
Euclidean space (x =0), or the sphere of curvature «> 0 either 
jointly by M,, or, if the sign of « is specified, by H,", R”, S?. 

1.4.2. Similarly, we use a common notation for the functions 
which control the trigonometry of those spaces. Denote the solu- 
tions of the differential equation 


f’t+n-f=0 
which have the same initial conditions as sin, respectively, cos by 
S, TeSp. C,3 Ss 


1.4.3. Distance spheres of radius r have 


— Sk 
principal curvatures = are) =ct,(r);  ctl= —K—ct?; 
K 


the length of their great circles = 275,(r). 


Parallel surfaces at distance r from totally geodesic hyperplanes 
have 


oe Cy 
principal curvatures = —* (r). 


« 


The Hessian of the distance function has in the radial direction 
the eigenvalue 0. For the proof of Toponogov’s theorem I need to 
rescale the distance function so that all eigenvalues of the Hessian 
become equal. This “modified distance” function is: 


, 4,2 if x =0 
md,(r) = f's,= l—-cosr ifx=1 
coshr-1 ifx=-1 
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This function also avoids case distinctions in the cosine formula for 
triangles (of edge lengths a, b,c, in M,): 


md,(c) =md,(a—b)+5,(a)-s,(b)-(1-cosy). 
1.4.4. If « <A then we have in appropriate intervals 


slr) <s(7), a(t) <e(r), — eta(r) < et, (7), 


which expresses comparisons of lengths, areas and principal curva- 
tures by explicit formulas (compare 1.4.3). 


1.4.5. Rauch’s estimates as well as the ones we shall. prove are 
formulated for Jacobi fields perpendicular (or “normal”) to their 
geodesics. This is all one needs since the tangential part of a Jacobi 
field is always a linear field and hence explicitly known from the 
initial data (independently from the curvature tensor): 


Jian *= &(J,0’)+c’ (normalization |c’| = 1). 


Indeed, the skew symmetries of R imply Ji, =0 and R(J,,,,¢’)c’ 
= 0. This and the Pythagorean theorem extend estimates for nor- 
mal Jacobi fields to arbitrary ones. 


1.5 Reduction of the discussion of (1.3.1) to a 1-dimensional 
inequality. All estimates in this section are pointwise. One can 
therefore allow that the lower and upper curvature bounds vary 
from point to point. This generalization will not be pursued. 


1.5.1. Assume a lower bound 6< K. 
To discuss S’= —R,—S? let u be a parallel unit field along a 


geodesic normal to the level surfaces. Then we obtain a first-order 
Riccati inequality as follows: 


g(Su,u)’ = —g(R(u, N)N,u) — g(S7u, u), 


g(Su,u) < —K(uAN) ~g(Su,u)’ < —8—g(Su,u)’. 
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1.5.2. Assume an upper curvature bound K< A. 
To discuss S’ = —R,y— S? let p(t) be a curve in one level surface 
of the distance function. Consider the 2-dimensional “ruled” 
surface 


F(s, t) = exPyqys- N( p(t). 


Since the s-lines are geodesics we have a Gaussian parametrization 
and the geodesic curvatures of the parallel ¢-curves satisfy (by 
1.3.2) 


>—A-.x? from (1.5.3). 


Bounds derived from K <A therefore have a 2-dimensional geo- 
metric interpretation! 


1.5.3. For the ruled surface of (1.5.2), 


0 7) 
FeopM op, 2 
K" <K (357A af). 
Proof. The s-lines are geodesics in M and hence in F. The 
t-derivative of this family, therefore, gives Jacobi fields J(s) for 


both spaces. The covariant derivative D* in F is the orthogonal 
projection of the covariant derivative D” in M. The computation 


o2 
(ds) 


g(J(s), J(s)) 


M M 
28( Ges, 7,4} —29(R™(J, FF’, J) 


= DF DF 
28( ed %) —29(R*(J,F)F’, J) 
therefore proves 


g( RJ, FP) FJ) <g( RJ, PYF’, J). 
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Volume estimates also fit in this discussion. For any family of 
invertible linear maps, L(s), between Euclidean spaces we have 
(Flanders 7.10) 


4 det(L(s)) = trace(L’- L~1) - det(L(s)). 


We apply this to the differentials @E, of (1.2.4) and with the 
abbreviation 


a(s):= det(0E,) 


we get with (1.2.5, 1.2.6) 
4 a(s) = (trace S,)-a(s). (15.4) 


This says that trace S, is the growth rate of the hypersurface 
volume a(s)—tangent space-wise. 

On the other hand, taking the trace of the Riccati equation 
(1.3.1) for S gives 


$ trace = —trace Ry — trace S?. (1.5.5) 


1.5.6. Recall: H:= — -traceS is the mean curvature of the 
level hypersurface. 


ricci(N, N):= trace(Y ~ R(Y, N)N) is the Ricci curvature of 
M" in the direction N. 


Note that (1.5.4) and (1.5.5) are again controls in two first-order 
steps: (1.5.4) controls the volume growth of the level surfaces in 
terms of their mean curvature, and (1.5.5) controls the change of 
the mean curvature in terms of the Ricci curvature, except that 
trace S? and trace S are only related through 


Schwarz’ inequality for endomorphisms 


1.5.7 
(n—1)-traceS?>(traceS)’, “=” iff S=)-id. ( ) 
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This and (1.5.5) give: 

1.5.8. Assume a lower bound (n—1)-p<ric(N, N). Then we 
have, for the mean curvature H=1/(n—1)traceS of the level 
surfaces of a distance function (1.1.2) along the geodesics normal 
to the level surfaces, the Riccati inequality 


W<- 


—1 vrio(N, N) — H?< —p—H”. 
Now (1.5.4) and (1.5.8) are a perfect control. Because of the use of 
(1.5.7) one does not have a corresponding result assuming upper 
bounds on the Ricci curvature—in fact almost no consequences of 
such upper bounds are known. 

For equality discussions see (2.4.2, 3.6). 


1.6. The Riccati comparison argument. Note the simplicity of 
the following arguments. The assumptions for (1.6.1) came from 
(1.5.1, 1.5.2, 1.5.8). 

Consider two functions f, F which satisfy on some interval 


f'<-p-f?, F>-p-F’. (1.6.1) 
Then 


((f- F)- el) <0. 


1.6.2. COROLLARIES. If a) f(ro) > Flro), respectively, 
) fo) < Fro) then 

a) f(r) > F(r) forr<r (as long as f< 0, F> ~—0o), 

b) f(r) < Fr) forr>1r (as long as f> — 0, F < 00). 

1.6.3. Assume in addition to (1.6.1) 

a) lim, of(r) = +0, respectively 

b) lim, _, 9 F(r) = +00, then 

a) fir) <ct,(r) as long as f= «, 

b) F(r) > ct,(r) as long as ct, = oo. (Definition of ct, in (1.4.3).) 


Proof. a) Let f be defined and finite on (0, R) and assume for 
some 7r,€(0,R) that f(7%)>ct,(7%), Le. f(%) > ¢tp(%o—€) for 
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some € > 0. Because of (1.6.2) a) we have on (0, 79) f(r) > ct,(r — €), 
a contradiction since lim, | .ct,(7—«€) = +00. The proof of b) is 
essentially the same. 


REMARK. We will apply these estimates to (1.5.1, 1.5.2, 1.5.8) to 
get estimates for solutions of the Riccati equation (1.3.1). There are 
other ways to deal with (1.3.1). I hope the reader finds it helpful for 
an intuitive understanding that the estimates are explained essen- 
tially in a 2-dimensional picture. 


1.7-1.9 Basic geometric comparison results. Depending on the 
choice of the distance function, we obtain from the just proved 
estimates various geometric comparison statements. In particular, 
distance functions from a point, from a closed geodesic (5.3.1), and 
from a hypersurface have been used. For the purpose of this 
exposition it will be sufficient to treat here only the distance 
function from a point. Executing step 1 of (1.3.3) I first derive 
principal curvature estimates; in step 2 these are integrated to 
length, respectively, volume comparison results. All the explicit 
bounds are sharp for the constant curvature models. Conditions 
involving A~1/? etc. are to be ignored if A < 0. 


1.7. Bounds for the principal curvatures of distance spheres. Let 
c(r), 0<r<R, be a geodesic arc which does not meet a conjugate 
point. Within a sufficiently narrow neighborhood U the arc c is 
length minimizing and we can define on U a “local” distance 
function f from p= c(0). Sections 1.1 to 1.6 apply to such local 
distance functions. Estimates for the principal curvatures x;(7) of 
the level surfaces or for the Hessian D grad f are reformulations of 
(1.6.3). I find the bounds for the Hessian more useful when they are 
rewritten for the modified distance function md, f (1.4.3). This 
can be done using 


grad(he f) = (h’e f) - grad f 


D grad(he f) =(h’e f) - Dgrad f+ (h"° f)- df ® grad f. 
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1.7.1. If 8<K, then (1.5.1) and (1.6.3) imply up to the first 
conjugate point 


K,(r) <ct,(r), 
or equivalently 
D grad(md,° f) < (cs°f)- id. 


1/2 


If 5>0 then conjugate points are not farther than 75~°”? away. 


1.7.2. If (n—1)- p< ric, then (1.5.8) and (1.6.3) imply up to the 
first conjugate point the mean curvature estimate 


17 ¥x(r) <c,(r)=h,(r), oF 


— Af:=trace(D grad f) < (n—1)ct,(r). 


h(r) = 


If p > 0 then conjugate points are not farther than zp~!/? away. 


1.7.3. If K<A, then (1.5.2) and (1.6.3) imply for 0<r< 
an A7i? 


k,(r) > cta(r), 
or equivalently 
D grad(md,° f) > (cye f) - id. 


There are no conjugate points in (0, 7- A~'”?), 


REMARK. I repeat that the estimates are sharp in the constant 
curvature models. Also note, that (0.3) and (1.7.3) give convexity 
statements for the distance functions from a point, ifr < 7/2 -A~1/?, 


1.8. Generalized Rauch estimates. We execute step 2 of (1.3.3), 
namely integrate (1.2.6) using the principal curvature estimates of 
(1.7). If a Jacobi field J is #0 on some interval, then |J/ = 
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(21) ut (2 %) 


8 AST) 


1.8.1. Assume 5< K, J(0)=0 and let r,,,; be the distance to 
the first conjugate point along c. Then (1.7.1) and (1.2.6) imply 


lV) | 


—— isnonincreasingin 0<r<r, 
s3(r) 


conj? 


in particular |J(r)|<|J’(0)|- s3(7) (Rauch). 


1.8.2. Assume K <A, J(0)=0 and r<a-A~'/?, Then (1.7.3) 
and (1.2.6) imply 


J 
1G) is nondecreasing in O0<r<a-A7'/?, 
sy(r) 


in particular |J(7) > |J’(0)|- s4(7) (Rauch). 


REMARKS. (i) We have already seen in (1.2.2) how these esti- 
mates control the change of arclength under the exponential map 
(still sharp in the constant curvature models). This arclength con- 
trol will be improved to distance control in Section 4. 

(ii) In a situation where the curvatures approach 0 as the 
distance r from some distinguished point * grows, one wants the 
curvature bounds 8(r), A(r) to depend on r. The generalizations of 
(1.8.1, 1.8.2) are easy. The tricky part (which rarely works) is the 
improvement to distance control. 


1.9. Bounds for the volume of distance spheres and balls. We 
just saw that Rauch’s original comparison results were later im- 
proved to monotonicity statements. The same is true for volumes: 
first one had Bishop’s comparison results, later Gromov pointed 
out that the corresponding global monotonicity statements are true 
even beyond conjugate points; they are more powerful and easier 
to use (see 2.4.2, 3.6 for applications). 
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We saw in (1.5.4) that the trace of the shape operator is the 
growth rate of the tangent space-wise hypersurface volume a(s). 
This growth rate is controlled in (1.7.2, 1.7.3). One further radial 
integration, 


v(r) = fas) ds, (1.9.1) 


gives the ray-wise contribution of the geodesic in question to the 
volume of the ball. Finally, an integration over all directions at the 
center of the ball gives the volumes of spheres and balls. I first state 
the ray-wise inequalities. 


1.9.2. Assume (n—1)p <tic. Then (1.5.4) and (1.7.2) imply up 
to the first conjugate point 


a - : : 
a (r) is nonincreasing, 
p 


where a,(r) =5s,(r)"—* is the integral of (1.5.4) in the constant 
curvature model M,. Applying this to (1.9.1) gives 


v : : 
a (r) is nonincreasing. 
fi 


Proof. 
a\' a 
(=) (r)=G--{h—h,) <0. 
va 

f 3s): 4,(s) as 
£(j)=— 
Xp [1 -4,(s) as 
is monotone since (a/a,)(s) is monotone. 

1.9.3. Assume K<A4 and r<a-A'/?, Then (1.5.4), (1.7.3) and 


(1.9.1) imply (with the same argument as in 1.9.2) 


a V ; 
—(r) and 7 are nondecreasing. 
a A 
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At the final step (the integration over all directions at the center 
of the ball) the cut locus interferes: Beyond the cut point (of the 
center) a geodesic ray does not contribute to the volume of distance 
spheres and balls. This cannot be rescued without further assump- 
tions in the case of lower volume bounds; on the other hand, this 
actually helps in integrating (1.9.2): If a geodesic hits a cut point in 
M we can set a(r)=0 for larger r and can integrate up to the cut 
point distance in M, even if (1.9.2) is not true that far! Therefore 
we have Gromov’s global monotonicity result for distance balls B.. 
1.9.4. Assume (n—1)- p< ric. Then 


vol,,_,(9B,c M) 
vol,,_;( 4B, M,) 
and 


vol, (B,c M) 
vol,,(B,c M,) 


are nonincreasing functions of r with lim, _, 9 vol-ratio(r) = 1. 


1.9.5. Assume K <A and that B, does not meet a cut point of its 
center. Then 
vol, _,(0B,c M) 
vol ,,_,(9B,c M,) 
and 
vol ,(B,c M) 
vol, (B,C My) 


are nondecreasing functions of r with lim, _, 9 vol-ratio(r) = 1. 


2. IMMEDIATE APPLICATIONS OF THE CURVATURE CONTROLLED 
BOUNDS 


2.1. NONPOSITIVELY CURVED MANIFOLDS (Hadamard, Cartan). 
Let M" be complete and assume curvature bounds K < A < 0. 
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2.1.1. If M is simply connected, then (for each p): exp,: T,M—> M 
is an expanding (> 1) diffeomorphism. 

2.1.2. If M is not simply connected, then in each homotopy class of 
paths from p to q there is exactly one geodesic. 

2.1.3. If M is simply connected and we take f(x):=d(p,x) then 
Dgrad(4f?) > id: thus f? is a strictly convex function and all 
distance balls are strictly convex. 


Proof. From (1.2.2, 1.8.2) and (1/r)s,(r) >1 we have 
|d exp, - w| > |w| everywhere. Therefore exp, is an expanding local 
diffeomorphism. If exp, were not injective we would have two 
geodesic arcs y,, y, from p to some g € M. By simple connectivity 
y, and y, are homotopic. The homotopy can be lifted to 7, M since 
exp, is an expanding local diffeomorphism; note that local inverse 
images of Cauchy sequences in M are Cauchy in T, M. But the lifts 
of different geodesics give different radial segments and can there- 
fore not have a common endpoint. The contradiction proves injec- 
tivity, hence (2.1.1). 

It is useful to consider T,M not only as an Euclidean space, but 
also with the Riemannian metric g pulled back by the (local) 
diffeomorphism exp,. This makes exp,: (7,M, %) > M a locally 
isometric map and suggests taking (7, M, g) as a metric realization 
of the universal covering M. Different geodesic arcs in the same 
homotopy class would then give different geodesic connections in 
(TM, &) for which (2.1.1) holds, proving (2.1.2). 

(2.1.3) combines (0.3, 1.7.3) in the case A=0, i.e. md,yo f= 
(1/2)f* (which is differentiable because of (2.1.1)). 


2.2 FIXED POINTS OF ISOMETRIES (Cartan 1928). Let M be 
simply connected and assume K <0. Then every bounded set is 
contained in a unique smallest convex ball. In particular, every 
isometry group of M which has a bounded orbit has a fixed point. 


Proof (Eberlein). The intersection of two closed balls B,, B, of 
radius r and midpoints m,, m., is contained in a smaller ball. Let 
p © B, 1B, have maximal distance from the midpoint m between 
m,, my; the strict convexity (2.1.3) of x > d(p, x)? together with 
d(p,m,) <r, d(p, m,) <r implies d( p, m) <r. A ball of smallest 


RIEMANNIAN COMPARISON CONSTRUCTIONS 189 


radius which contains a given bounded set is therefore unique. If 
the bounded set is the orbit of an isometry group, then all isome- 
tries of the group map a smallest containing ball to a smallest 
containing ball; the center of the unique such ball is a fixed point. 
Note that the arguments are, verbatim, the same as for the Euclidean 
case. 


2.3. Growth of the fundamental group (Svarc 1955, Milnor 1968). 
2.3.1 Let {¥,,.--,¥y} be a finite set of generators for a group 
a. Define the growth function 


growth(k):= Number of elements in 7 which can be 
written as a product of at most k factors in 
the generators. , 


This is justified since if the growth function for one set of 
generators grows exponentially (respectively, polynomially of de- 
gree d) then it does so for all other finite sets of generators (not 
difficult). 


2.3.2. Let M be compact and assume K < A <0. Then the funda- 
mental group 1,(M, p) grows exponentially. 


2.3.3. Let M” be complete and assume 0 <ric. Then every 
subgroup GC 1,(M, p) which has a finite set T of generators has at 
most polynomial growth of degree n. 


REMARK. For bounds on the number of generators see (5.1). 


Proof. The fundamental group can be considered as a group 7, 
which acts isometrically on the universal cover M. This is easy for 
(2.3.2) where we have a nice metric model for M, and from a 
sufficiently abstract point of view (2.3.3) is the same. a, is called 
the group of deck transformations. 

For (2.3.2) we have to define a suitable set of generators. Pick 
some f € M and define the Dirichlet fundamental domain 


F= {qeM; d(q, 6) <d(q, rp) for all id¥ yen}. 
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Let D be the diameter of the compact manifold M; clearly F is 
contained in the ball of radius D around p. Now define a finite 
subset Ic 7, (which will be shown to generate 7,) 


T= {y €a; d(F, yF) <1}, 


with d(A, B):=min{d( p,q); p <A, q©B}. The open sets y- F 
are disjoint and by the triangle inequality [- Fc B,,,,(p). There- 
fore I is finite, namely 


[T| < vol( Bs, ,(6)) - vol(F)~* 


Also [T- FD {qeM; d(F,q) <1}, hence T*- F> B,( p); there- 
fore U,(I*- F)=M and IT generates. Moreover, growth(k) = |T*| 

> vol(B,( p))- vol(F)~!. Finally, (1.9.5) says that vol(B,,(p)) is 
at least as large as the volume of a ball of radius k in the 
hyperbolic space Hx. Hence 


vol( B,(#)) > vol( BA) = vol(S"~ oy es (r) dr, 


which grows exponentially, proving (2.3.2). 

The proof of (2.3.3) needs only minor modifications. Since the 
Dirichlet fundamental domain for G may not have finite diameter 
put F,= FOB,(). 

From the generating set I’ we need its maximal displacement 
L:= max{d(p, yp); y © I}. The sets y - F, are disjoint (for y € G) 
and I“. F, c B,.,,,(p) (triangle inequality). Finally we get from 
the upper volume bound (1.9.4) 


| *|- vol(F,) < vol( B,.741(B)) < vol( B,.7,, CR") < const -k". 


2.4 Ricci DIAMETER BOUND. Let M” be complete and assume 
a positive lower bound 0 < (n—1)p < ric. Then: 

2.4.1. (Myers 1935) diam(M)<-p~'/* and M is compact. 

2.4.2. (Cheng 1975) If diam(M”) = 2 - p~1/? then M" is isomet- 
ric to S). 
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Proof. (2.4.1) follows from (1.7.2) and (K.4.1) (no geodesic 
minimizes beyond its first conjugate point.) 


Proof of (2.4.2) (Itokawa, Shiohama 1983). The argument shows 
the power of Gromov’s global monotonicity extension (1.9.4) of the 
volume bound. We may normalize to p = 1 (to have 7- p- 1/7 = =). 
From (1.9.4) we have: The volume ratio f(r) := vol(B,) - vol(B?)~4 
is nonincreasing, in particular 1 = f(0) > f(r) > f(7) forO<r<qa. 
In the sphere S”’ we have for p(r) = vol( BP) - vol(S;")~* obviously 
p(r)+p(a—r)=1. Let p,ge@M be such that d(p,q)= 
diam(M) =. The open balls Bp), B,_,(q) are then disjoint, 
hence 


vol(.M ) > vol( B,( p)) + vol(B,_,(4)) 
=(f(r)-w(r) +f(7—1r) (a —r))- vol(S?) 
> f()- vol( S") = vol( B,( p)) = vol(M). 


Thus we have equality in all estimates involved! First this gives 
f(7) =1, hence f(r) =1(0<r<z). And next B(p)UB,_,(q)= 
M", which says: For each x@M” (put r:=d(x, p)) we have 
d(p, x) + d(x, q) = d(p, q), so that together the shortest geodesics 
from p to x and from x to q are segments from p to gq. All 
geodesics starting at p therefore reach q precisely at distance 7. 

2.4.3. Along all of these segments we must have equality in the 
estimates leading to (1.9.4). First, the mean curvature of the dis- 
tance spheres along each segment is h(r) = h?(r) =ct,(r) (1.7.2, 
1.9.2). Equality in (1.5.8) requires equality in (1.5.7), ie. S,=A(r)- 
id. This gives (1.3.1) R(Y, N)N =p - Y (ce. all sectional curvatures 
of 2-planes containing tangents to segments from p to q are = p). 
For such R, the Jacobi equation (1.2.1) can be solved explicitly 
J(r)=J'(0)-s,(r) (up to parallel translation), and (1.2.2) implies 
that M” can be mapped isometrically to S’ by sending segments 
from p to gq in M” isometrically to meridians from pole to pole 
in S’. 
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3. BUSEMANN FUNCTIONS 


3.1. DEFINITION. The Busemann function b of a ray c is 
defined as an increasing limit of (shifted) distance functions: 


b(x) = lim (1—d(x,e(1))) < d(x, €(0)) 


Note d(c(t), c(4)) =t,— 4, if 0< 4, <b, hence t, — d(x, c(t,)) > 
(t, — d(x, c(t,))) by the triangle inequality. We have the Lipschitz 
bound |b(x) — b(y)|<d(x, y). The sets {x = M; b(x)>a} are 
called horoballs. 


3.2. LOocAL SUPPORT FUNCTIONS. 


CiaImM: For every y = M there is a unit vector Y © T,M such that 
cy(r) = exp,r: Y is a ray and 


b(x)>b(y) +r—-d(x,cy(r)) = by (x), (3.2.1) 
in particular 


b(cy(r)) =b(y) +r. 


NoTE. By construction c,(7) is not in the cut locus C(y) and 
hence vice versa (K.4.2); the distance function x > d(x, cy(r)) is 
therefore differentiable at y and—because of (3.2.1)—its level 
sphere through y stays inside the horoball. The ray cy need not be 
unique, so b is not differentiable in general, but if so then 
grad b(y) = Y. 


Proof of 3.2. To construct the ray cy(r) let y,(r) be a minimiz- 
ing geodesic from y to c(t) (c the given ray). For a subsequence 
(¢,, > 00) we have convergence of the initial unit directions y/(0) to 
some Y € T,M, and cy(r) = exp,r- Y is a ray (since each subarc is 
a limit of segments). To prove the inequality, we have by definition 


r= d(y,7,(r)) =d(y,c(t)) —d(y,(r),¢(t)) 
if 0<r<d(y,c(t)) 
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and 
b(x) —b(y) = lim (t— d(x, c(t)) — 1+ d(y, e(t))). 


The triangle estimate d(x, c(t)) < d(x, cy(r)) + d(cy(r), c(#)) and 
the first relation are inserted in the second: 


b(x)—b(y)> lim (—d(x,er(r)) — d(er(7),¢(t,)) 


t+r+d(y,(r),c(t,))) 
> —d(x,cy(r))+r+ im — d(y,(r),cy(r)) 
= -d(x,cy(r))+r (by definition of cy(r)). 


3.3. Hessian estimates. For the local support functions by , 
we translate (1.7.1, 1.7.2) into: 


n- 
r 


If ric > 0 on M then trace D grad by ,(y) > — : , (3.3.1) 


if K>0Oon M then Dgrad by ,(y) > — 2 ia. (3.3.2) 


Inequality (3.3.1) allows us to use the Calabi-Hopf maximum 
principle, see (3.7) below. With (3.3.2) we are only one more 
argument away from the next result (3.5). 


3.4. DEFINITION. A subset AC M is called totally convex if 
for arbitrary p,q © M all geodesic connections (not just the mini- 
mizing ones) are in A. 


3.5. COMPACT TOTALLY CONVEX EXHAUSTION (Cheeger- 
Gromoll-Meyer 1969, 1972). Let M be complete, noncompact, 
K = 0. Let c, denote the set of all rays from some point p € M, b, 
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the corresponding Busemann functions and bm := max b,. Then: 

a) The sublevels of Busemann functions {x <M; b(x) <a} are 
totally convex. 

b) The sublevels of bm are a continuous exhaustion of M by 
compact totally convex sets. 


3.5.1. Classification (Gromoll-Meyer 1969). Assume in ad- 
dition to (3.5) K > 0 then: 
a) No level surface of a Busemann function or of bm contains a 
geodesic arc, i.e., the minimal level surface of bm is a point. 
b) M” is diffeomorphic to R”. 


3.5.2 Classification (Cheeger-Gromoll 1972). Let M” be com- 
plete, noncompact, and K>0O. Then M” contains a compact, 
totally geodesic, totally convex submanifold S$ (“soul”) and M” is 
diffeomorphic to the normal bundle of S in M”. 


Proof of (3.5). Let y: [0, L] > M be a not necessarily minimiz- 
ing geodesic arc of length L. Assuming b(y(0)) =a, b(y(L)) = 4, 
<a we have to show be y(t) <a. By possibly shortening y we 
may assume a, = a. If the continuous function A(t) := b(y(t)) — a 
has a positive maximum 2p then 


h(t) =b(y(t))—a—p-L-?-t(L—1) 


also has an (interior!) maximum > p at some fy. Consider the local 
support functions by , of b at y= (to). The local, smooth func- 
tions 


hy, ,(t) = by, -(y(t)) —a—-BL?- t(L 1) 
also have a local maximum at fo, but from (3.3.2) 
” 1 -2 
hy, (to) >—F+2eL-*>0 for large r. 
The contradiction proves (3.5a). 


For b) it is clear that the intersection of totally convex sets is 
totally convex. We have to show that the sublevels of bm are 
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compact. If not we would find a divergent sequence q, with 
bm(q,,) <a (assume a>0=bm(p), p from (3.5)) and segments y, 
from p to q,; by convexity bm ey, <a. Any limit of {y,,} is a ray 
in the sublevel {bm < a}, contradicting the definition of bm. 


Proof of (3.5.1a). Let b be a Busemann function. We improve 
(3.3.2) to 


3.5.3. For every y € M there exists €> 0 and R>0 such that the 
local support functions by , (3.2) satisfy 


Deradby (y)>e-id, if r>R. 


Namely, put 3k := min{sectional curvatures of M in the unit ball 
around y}, e=k, R=2+(1/k). The Riccati equation and in- 
equality (1.5.1) control the principal curvatures of the level surfaces 
of the local support functions es , (of 3.2). Any solution «(7) with 
x(0) <e of x’ < —K(uAN)-—x?< —3k (1.5.1) drops on [0,1] at 
least to « — 3k < —e and, because of (1.6), then stays below F(r) = 
(r—1-(1/e))~}, which solves F’ = —F?, F(1)=—e. For r>R 
the by , are defined beyond the pole of F so that, by (1.6.3), their 
level surfaces cannot have principal curvatures <e at y. This 
proves (3.5.3), which in turn implies that no Busemann function 
can be constant on any geodesic arc (no weak interior maximum) 
— proving (3.5.1a). (To deal with bm extended 3.2.1 to sup b,(x) > 
sup (b,(y) +r — by, (x). 

b) The proof of the diffeomorphism statement is very similar to 
(5.4.3) and I omit it. 

The proof of (3.5.2) still requires a lot of work since the minimal 
level of bm is not yet the soul. One needs that lower dimensional 
totally convex sets are top dimensional in some totally geodesic 
submanifold, see [CE]. 


3.6. Ricci SPLITTING THEOREM (Cheeger-Gromoll 1971). Let 
M" be complete and assume ric > 0. If M” contains a line then this 
line splits off as a Riemannian factor, M"=N""'<R. 


3.7. CALABI-HOPF MAXIMUM PRINCIPLE (1957). Let (M, g) be 
a connected Riemannian manifold and f a continuous function on M. 
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Assume, that for any x © M and any «> 0 there exists a C®-support 
function f. 6 <f, fy, (0) = f(x) (see 3.2) with 


—Af, = trace D grad f, > —€. 
Then f attains no maximum unless it is constant. 


Proof of 3.6 (Eschenburg-Heintze 1984). Let y be a line in M. 
Consider the two Busemann functions b, for the rays c(t) = 
y(+1). They satisfy 


b,(x)+b_(x)= lim (1 — d(x, y(¢)) +t—d(x,y(-t))) <0 


and 
(b,+6_)(y(t))=0 — (maximum!). 


The sums of local support functions for b,,b_ (3.2) satisfy the 
assumptions of the maximum principle (3.7) because of (3.3.1), 
which implies b,+b_=0! The level surfaces of b,= —b_ can 
now be touched by large spheres from both sides: 


by (x) <b, (x) = ~—b_(x)< —b_y,(x),  equalityat x=y. 


In particular b,= —b_ is differentiable, |grad b,|= 1, the radial 
rays cy (3.2) are the integral curves of grad b,, and all the rays 
extend to lines. The proof can be finished with elementary argu- 
ments, but another application of the maximum principle works 
more elegantly. Every Busemann function b is subharmonic (ric > 
0!) (indeed, if b agrees with some harmonic function A on the 
boundary of some geodesic ball, then (3.7) implies that b—h 
cannot have a positive maximum, i.e. b <h). Therefore b,= —b_ 
is sub- and superharmonic, hence harmonic, hence C® and Ab, = 0. 
Finally we have another equality discussion as in (2.4.3): b, is a 
distance function (1.1.2) whose level surfaces have constant mean 
curvature 0. (1.5.8) implies 0 < —rice y (<0). Therefore we must 
have equality in Schwarz’ inequality (1.5.7): S =0-id. From this 
and (1.3.1) we have R( , grad b, )grad b,=0. The Jacobi equation 
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(1.2.1) along the rays has explicit (parallel!) solutions and 
F: b;'(0) XR > M", f(x, t) = exp,t- grad b, (x) is an isometry. 


4. THE ALEKSANDROW-TOPONOGOV ANGLE COMPARISON THEOREMS 


Results closely related to those in this chapter were used by E. 
Cartan in the twenties and by Preissmann (1943) under curvature 
assumptions K <0. Aleksandrow used triangle comparison theo- 
rems in the forties and fifties as a substantial tool, in particular in 
his theory of convex surfaces. Some years after Rauch, Toponogov 
proved in the Riemannian context the n-dimensional angle com- 
parison for lower curvature bounds 8 < K (1959). Remarkably, this 
theorem is true without any size restrictions. The proof,. originally 
long and technical, has been considerably simplified. 


4.0. DEFINITION. A triangle T in a Riemannian manifold is 
given by its three geodesic edges (which I assume minimizing 
although generalizations can be handled with the same proof). 
Assume lower curvature bounds 6 < K or upper bounds K< A. A 
triangle with the same edgelengths as T in the plane of constant 
curvature M,, respectively, M, is called an “Aleksandrow triangle” 
Ts, respectively, T,. The two segments and the angle between them 
is called a hinge; a “Rauch hinge” in M,, respectively, M, has the 
same edgelength, angle, edgelength as occur at one vertex of T. 


4.1. TRIANGLE COMPARISON THEOREMS ASSUMING K < A. 
Size restrictions on T are necessary, namely, T does not meet the cut 
locus of its vertices, and, the circumference satisfies (T) < 2aA~\/? 


(ignore this, if A<0). Then an Aleksandrow triangle T, exists and 
the angles of T and T, satisfy 


a< Ay, B<fy, Y<%- (4.1.1) 
The third edge c% closing a Rauch hinge in M, satisfies 


lel > [cX|- (4.1.2) 
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With the obvious definitions of corresponding points on the edges of T 
and T, and secants 0,0, between them one has 


|o| < ||. (4.1.3) 


4.2. TRIANGLE COMPARISON THEOREMS ASSUMING 6 < K 
(Toponogov). 


4.2.0. An Aleksandrow triangle T; always exists, more precisely: 
a circumference I(T) > 278-1? (if 8 > 0) does not occur and I(T) = 
228~/? occurs only on Sf; if (T) < 275-1” then the three triangle 
inequalities in T are sufficient for the existence of Ts. 


The angles of T and T; satisfy (take I(T) < 278-7, 4.2.0) 
as <a, Bs <B, Ys <¥- (4.2.1) 
The third edge cx closing a Rauch hinge in M, satisfies 
Ic| <|c3}. (4.2.2) 


Secants 0,03 between corresponding points on T, respectively, Ty 
satisfy 


|o| > log]. (4.2.3) 


4.3. REMARKS. Because of the cosine law in M,, respectively, 
My, (e.g. on S$”: cosc =cosacosb+ sina sin bcosy) it is trivial 
that the opposite edgelength of a hinge varies monotonely increas- 
ing with the hinge angle. (4.1.1) and (4.1.2) are therefore im- 
mediately equivalent, and so are (4.2.1) and (4.2.2). If one considers 
the limit of short secants across a vertex, then (4.1.3) implies (4.1.1) 
and (4.2.3) implies (4.2.1), again immediately. The converse (4.1.1) 
=> (4.1.3) and (4.2.1) = (4.2.3) is also true but needs more trigo- 
nometry into which I do not want to go. (4.1.3) and (4.2.3) extend 
immediately to infinite triangles if A < 0 or 6 < 0. They also extend 
to Gromov’s limits of Riemannian spaces in which minimizing 
curves exist but angles cannot be defined. I shall prove (4.1) using 
estimates on d exp (1.2.2, 1.8.2) and Toponogov’s theorem (4.2) 
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with the Hessian bounds (1.7.1). It is enough to prove (4.2.3) for 
the secants to the opposite vertex, see (4.5.4). 

4.4. Proof of (4.1.2). Because of the size restrictions we can 
parametrize the edge c of T in exponential coordinates from the 
opposite vertex, ie. 


c(t)=exp, X(t), X:[0,1J>7,M — (|X|<7A7'””). 
We identify 7, M and T, M, isometrically (e.g. with R”) and define 
é(t) = exp, X(t), X: [0,1] > 7, My ~ T,M. 


Now follow the procedure outlined in (1.2.2): 


X(t) = 3(ew,s-X(9) | =40), 


é(t) = dexp, ee 7 


E(t) = FexPyl yyy X(t) =F (1)s 
and the Jacobi fields have initial conditions 
zs D : D-»- 
J(0)= 0-400), x 4,(0)=X(1) = FA) 
so that (1.8.2), combined with (1.4.5), proves 


|é(t)|>|é(t)|, hence length (c) > length (é). 


Finally length (¢) > |cX| since ¢ is some connection of its endpoints 
and cX is the shortest one. 


REMARK. The corresponding proof of (4.2) gets considerably 
more complicated, mainly because one does not want the size 
restrictions. Also, the triangle inequality at the very end has to be 
used in M rather than in M,;, ie. the proof has to start by 
parametrizing c¥. This causes the corresponding definition of ¢ in 
M to run into problems with conjugate points. 
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4.5. Proof of (4.2.3). 

4.5.1. Because of (2.4.2) (and its simple proof) we can start 
with the alternative: either diam(M)=7-8~1/?, then M” is iso- 
metric to S/ or else diam(M) < 7-8-1”? — 2. Of course we know 
the sphere, therefcze we have during the following proof all seg- 
ments <75~1!/?—2e¢ which eliminates many separate considera- 
tions. It helps the exposition without lengthening the full argument 
very much if I treat the simpler cases separately. 

4.5.2. First assume that no edge of T meets the cut locus of a 
vertex. Let r, respectively, 7, denote the (differentiable) distance 
function from the vertex p € T to get the modified distance func- 
tions md, ° r, respectively, md; r;. Their restrictions to the oppo- 
site edge c, respectively, cs are—because we stay away from the 
cut locus — differentiable functions 


hi=md,erec, H:=mdzeorocs. (4.5.3) 
They satisfy 


h’+8h<1, HY” +8H=1 with 
h(0)=H(0), — (lel) = A (el) 


because of the Hessian estimate (1.7.1). 
4.5.4. Claim. The difference \ :=h — H satisfies 


Av +6-A<0, A(O)=0, — A([el) =0, 
which implies 
A>0 ~~ on (0, {el]. 


(In fact, A4(0)>0, A(|cl)) >0 is enough, and handles the case of 
general secants, (4.3).) 


Proof. a) If &<0 then A” <(—5)-A shows that A cannot have 
a negative minimum, ie. h > H (4.2.3). 

b) If 5=0 then A cannot have a negative minimum = —2p 
since 


Ae=A+p-|el7?- #(Ie|-t) 


RIEMANNIAN COMPARISON CONSTRUCTIONS 201 


would also have an (interior) minimum < —p, contradicting \” < 
—2ple\"2 <0. 
c) If 8 > 0 we have from (4.5.1) |c| < 75" /? — 2e, hence 


a(t) = 54(t+€)—54( 5) > 0 for0<t< cl. 


Again, suppose has some negative minimum. Then A ‘= X/o, 
also has a negative minimum —yp at, say, t) €(0,|c[). But this 
contradicts 


N(to) = (No, — Ao) 0 7(to) = 0, 


A"(to) = (NG, — doy’) - 0,-?( to) 
= (Q” + 5d)-0,+8-A- s.(5)] 0, *(to) 


< —3-p-s( 5) -a, (to) <0. 


4.5.5. In a second step we allow the edge c to meet the cut 
locus of the opposite vertex p, but not in a conjugate point. Then 
each segment from p to c(t) is locally minimizing beyond c(t). 
So we get differentiable local distance functions 


Nigg 2M defined in particular near c(t). 


The principal curvature estimates (1.7.1) were stated for these local 
distance functions. In addition to (4.5.3) we now also have for each 
t 0 € (0, le) 


Rigg = Mg ° Tip. ° A uaieuaetats 


(4.5.6) 
hi’ 


foc + 8+ Age <1, hy, 2h, Aioc( to) =A( to). 

This is enough to make the proof of (4.5.4) work. At that fo at 
which the negative minimum of A occurs we replace h by h,,,, and 
get also A,,. 2A and A, 2A, AjgclZp) =A(to). The smooth func- 
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tion A,,, therefore also has a local interior minimum at fo, but 
\..(to) < 0 as before. 

4.5.7. In the last step we deal with conjugate endpoints of 
segments from p to c(t)). We cannot get local superfunctions 
which satisfy the same differential inequality as before, but they 
almost do. 

Let y(s) be a segment from p to c(t)) and define for small 4 > 0 
local superdistance functions, differentiable near c(t), by 


Noo, n(X) = a(x, ¥()) +9 > r(x) = d(x, y(0)). 


The Hessian of md, °r,,,. has (as in the computation for (1.7.1)) 
the radial eigenvalue cg(7,,.,,) and spherical eigenvalues 


53(1) 
S3(Toc- 1)” 


(4.5.8) 


Ks < cts (Toc, = n) - 53(Ttoc,») = €8(Troc,) + 


We can assume r,,,(c(to)) >0 (since we do not need to prove 
anything if the vertex p lies on the opposite edge, i.e. |a| + |b| = |c|) 
and replace the denominator in (4.5.8) by a constant; this also uses 
(4.5.1) once more! With this we get instead of (4.5.6) 

Rice. = md, 2 Toc, n ° Giaees tot+r)? 


hioc,y 2 A; hice, n(to) =h(t), (4.5.9) 


he. 


joc,n + 9 * Mice,» < 1+ const - 53(7), const. independent of 7. 


This is still good enough to make the proof of (4.5.4) work. At ty 
where the continuous function A has its negative minimum < —g, 
the smooth functions A,,,,,, a/l have a minimum. As before 

if 8<0 then XX, ,(to) < —2pIc|-? + const - s5(n), 


if 8>0 then Mocn(to) < —#8-84( 5) (to) 


+const -s3(), 


RIEMANNIAN COMPARISON CONSTRUCTIONS 203 


which gives the same contradiction (A (to) <0) for sufficiently 
small y. 


4.6. Triangles T with circumference =2725~'/? occur only on Sf 
and triangles with circumference I(T) > 278~\/? do not occur. 


Proof. (i) Again with (4.5.1) we may assume diam(M)< 
278~1/ — 2¢. The proof given in (4.5) formally includes the case 
I(T) =276-'/?, but this does not occur: J, would have to be a 
great circle so that each edge meets the antipodal point of the 
opposite vertex. Now (4.2.3) requires a segment of length a - 8-1/2 
in M. (ii) A triangle with 1(T)> 278-1” by continuity gives a 
triangle with /(T’)=278-?, so M=S{—contradicting /> 
208-12, 


5. APPLICATIONS OF THE TRIANGLE THEOREMS 
5.1. Number of generators for 7,(M, p) (Gromov 1978). 


5.1.1. Let M” be complete and assume K > 0. Then the funda- 
mental group 1,(M,p) can be generated by N <2-5"/?" elements 
(compare 2.3.3). 


5.1.2. Let M” be compact. Assume curvature and diameter bounds 
— A? < K, diam(M) < 4D. Then the fundamental group 7,(M, p) can 
be generated by N<2-(3+2coshAD)°/?" elements. (If n=2 
then this bound is >5- genus*, hence never sharp.) 


Proof. Define for each a€2,(M, p) the “length” |a| as the 
length of a shortest geodesic loop in the homotopy class a. Now 
define a “short” set of generators {a,...,@y,...}: 

(i) a, is a shortest element in 7,(M, p)\ {id }. 

(ii) If a,,...,a, are already chosen, denote by (a,...,a,) the 
subgroup of 7,(M, p) which they generate. Then a, ,, is a shortest 
element in 7,(M, p)\ (a,..., a). 


5.1.3. Craim. No short set of generators contains more elements 
than the bound in (5.1.1) respectively, (5.1.2). 
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Proof of the claim. By definition |a,|<|a,|< --- and also 
\a;- a; 1| > max{ |e, |a|} (5.1.4) 


otherwise a, or a, was not chosen minimally. 

Now apply Toponogov’s theorem to the triangle T obtained in 
the universal cover M by lifting the shortest geodesic loops which 
represent the classes «,, a;, aja; *; the edgelengths of T are then 
ax;|, [aL |a,a; "|. (4.2.1) gives a lower bound for the angle ® oppo- 
site the longest edge: 


(K>0) |a,-a7"|<|a,|? +|a,!?—2Ia,||a,cos®, (5.1.5) 


ie. ® > 60°; 


cosh A|a,|- cosh Ala,|— cosh Ala,a>" 


(A 
a sinh AJa,|- sinh Aja 


> 


| 
(5.1.6) 
i.e. 


cosh A D ol 
cos ® < 77 Ssh AD or sin 7 <2 + 2cosh AD. 


(The last inequality uses |a,|<D, ie. generators can always be 
chosen <2-diam(M)+«, by dividing any loop from p into 
segments shorter than « and joining the dividing points with p, 
back and forth.) 

Finally, consider the initial unit vectors of the short loops 
representing a, @,,.... They are points on the unit sphere in 7,M 
with mutual distance > ®. The open balls of radius sin}® are 
therefore disjoint and the inner halfs of these balls are all contained 
in the ball of radius (1 + sin?4@)!/?. Therefore their number N is 
bounded by the volume ratio, i.e. 


ms ee Gas re Os ew re hag 
N<2-\1+sin'5® -(sin 5 | = 2(1+ sin 7® : 


(5.1.7) 
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Insertion of (5.1.5) respectively, (5.1.6) into (5.1.7) proves the 
theorem. 


5.2. Critical points of the distance function. The following def- 
inition has turned out to be very useful and suggestive. The 
arguments in this section have been developed in connection with 
the sphere theorems. 


5.2.1. DEFINITION. A point g€ M, q¥#p, is called not critical 
for the distance function from p, if the initial tangents of ail 
segments gp lie in an open halfspace in T,M. Otherwise q is called 
critical. 


The following fact justifies the name. 


5.2.2. Existence of a gradient like vector field’ Let A be a 
compact set in M with no critical points for the distance function 
from p. Then one has a vector field X on an open neighborhood of 
A such that the distance from p is strictly decreasing along the 
integral curves of X. 


Proof. For every x € A we have by definition a vector Y, € T,.M 
and ¢€, >0 such that the angle between Y, and any segment xp is 
< (7/2) — 2¢,. By radial parallel translation we extend Y, to a 
smooth local vector field X, on some ball B(x). We can choose 
B(x) so small that for all y € B(x) the angle between X,(y) and 
any segment yp is <(7/2)—e,. Denote by B’(x) the concentric 
balls of half the radius as B(x) and choose (by compactness of A) 
finitely many B’(x;) which cover A. With nonnegative C™-func- 
tions gy, which are 1 on B’(x;) and 0 outside B(x,;) we define a 
smooth vector field 


1 
X= 9, 29;X,.- 


The following now holds for each x € UB’(x,): Each segment 
xp has an angle < 7/2 with all p,X, (x) which are # 0; therefore 
X(x) #0 and the angle between xp and X(x) is <a/2.So X is 
the desired vector field on UB'(x;) > A. 
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Of course, (5.2.2) alone cannot be of too much help. The dis- 
covery was that the existence of “large” distances in M can be 
combined with Toponogov’s theorem (4.2.2) to draw rather strong 
conclusions about these critical points. 


5.2.3. ASSUMPTION. Let M be complete and 0<8<K. We 
shall consider critical pomts for the distance function from p. Let 
q be a farthest point from p and assume D:=d(p,q)> 
(2/2)8~ 1/2, (Note: In general p is not farthest from q.) 


CONCLUSIONS. 
5.2.4. q is a unique farthest point and critical for the distance 
function from p (compare 6.1.2). 
5.2.5. A point x # p,q is not critical for the distance from p 
if 
a) D is maximal, i.e. D = diam(M) 
or 
b) if x is far from p, i.e. d(x, p) > (2/2) 8-7. 
Any fixed segment xq can be used to define the open halfspace (in 
5.2.1) since all segments xp have angles p> 7/2 (see 5.2.7) with 
the chosen segment xq. 
5.2.6. Every x © M which is far from q is close to p 


d(x,q)> 58°? = d(p,x)< 58. 
In the middle the angle estimate is more precise than in (5.2.5), 
d( p,x)=d(x,q) => <(p,x,q)>D-8”. 


Proofs. For uniqueness in (5.2.4) we show that the midpoint m 
on a segment between two (assumed) farthest points q, 7 (from p) 
has to be at a greater distance. Let psq3qgs be the Aleksandrow 
triangle of pqq (4.0) and m, the midpoint of 95q;5. (4.2.3) implies 
d(p,m) > d(ps,m,) and from d( pz, 45) = 4( Ps, Js) > 
(2/2) 8-1/2 we have d(mg, ps) > d( Ps, 93) = 4(p, @), as claimed. 
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Proof of (5.2.5). For each of the triangles pxq with g:= 
4( pxq) we have from (4.2.1), 


cos OED — cos( OY axl) “cos( 1px) 


0, (5.2.7 
sin( 8!/?|gx|) - sin(8!/?| px|) <U, ( ) 


COS P< 


where the last strict inequality follows since uniqueness in (5.2.4) 
supplies the following strict inequalities: 

a) If D = diam( M) then | px|, |gx| < D. 

b) If d(x, p) > (/2)-87~'” then also | px|<D. 

Now (5.2.5b) forces q to be critical in (5.2.4): For any Y € T,M 
and all 0<e<D-—(2/2)8"'” we can take x = expe: Y ‘in 
(5.2.5b). Any limit of segments xp (as € > 0) is a segment gp. For 
this limit segment we conclude from <(xq, xp) > (7/2) (see 5.2.7) 
that <(— Y, qp) >(a/2)—in other words: In every closed half- 
space of T,M some segment to p starts. 


Proof of (5.2.6). Fix a segment gx and choose with (5.2.4) a 
segment qp such that a := <(qp, qx) < (7/2). For the Rauch hinge 
in M, corresponding to xqp in M we have (4.2.2) 


cos 81/2] px| 


>_cos(8!/D) - cos(8!/?|gx|) + sin(8!/2D) - sin(8!/?\gx|)cos a 
(4.2.2) 


> 0. 
Finally, if d( p, x) = d(q, x) then (5.2.7) improves to 


cos(8!/2D) — cos?(8'/7\gx1) 


< 6D). (5.2.8 
1_ cos*(8!/|gx|) < cos( ). ( ) 


cosp < 


5.3. Cut locus estimates (see K.5). 


5.3.1. (Klingenberg 1960). Let M” be compact, orientable, even 
dimensional. Assume curvature bounds 0 < K <1. Then 


The cut locus distance satisfies d( p,C( p)) >. 
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This estimate is sharp not only for round spheres, see (6.1.2). 


5.3.2. (Klingenberg 1961). Let M” be compact, simply con- 
nected (and odd dimensional). Assume curvature bounds 4 < K <1. 
Then 


d( p,C(p)) >a. 
The (current) best counterexamples to an extension of (5.3.2) are 


given in (6.1.4). 


5.3.3. (Easy version of 5.3.2). Let M” be compact. Assume 
curvature bounds 4<8< K <1 and diam(M) > (2 /2)8'/*. Then 


d(p,C(p)) >t. 


5.3.4. (Cheeger 1970). Let M” be compact. Assume curvature 
bounds § < K <1. Then 
a) 8>0: dp, C(p)) > min(z,7-8~!/ - vol(M)- vol(SZ)~), _ this 
is sharp for round spheres. 
b) 8 <0: dp, Cp) > 


min{ 7, vol(M) -vol(S"~2)7'-(n—1) -s}-"(diam(M))), 
this is never sharp. 


5.3.5. (Toponogov). Let M" be complete and noncompact. As- 
sume curvature bounds 0 < K <1 (i.e. inf K=0 by 3.2.1). Then 


d(p,C(p)) >7. 


5.3.6. (Compact version of (5.3.5)). Let M be compact. Assume 
curvature bounds 0<8< K <1, and that for each p © M there is a 
q EM with dp, q) > (7 /2)8~'”. Then 


d(p,C(p))>m. 
REMARK. (5.3.3) is included since its proof is a nice application 


of critical points and the proof of (5.3.2) is too long to be given 
here. (5.3.6) is included since it explains why in the noncompact 
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case (5.3.5) the parity of the dimension plays no role. (5.3.6) also 
says that the counterexamples to an extension of (5.3.2) are 
“small” —compared to what the curvature bounds would allow. 


Proofs. 5.3.7. All proofs start with Klingenberg’s result that a 
closest nonconjugate cut point g of p is the midpoint of a geodesic 
loop (K.4.4). If the cut locus distance happens to have a minimum 
m <q at p, then (K.4.5) implies (by reversing the role of p and q) 
that we have a closed geodesic y through p and q of length 
2m=22-—2y, 4>0. All proofs then show that such a closed 
geodesic cannot exist. 

The proof of (5.3.1) uses the famous 


5.3.8. SYNGE LEMMA (1926). Let M” be compact, orientable, 
even dimensional. Assume K>0. Then any closed geodesic y has 
shorter parallel curves. 


REMARK. Synge used his lemma to conclude that if M were not 
simply connected there would exist a shortest closed geodesic in a 
nontrivial homotopy class—contradicting (5.3.8). 


Proof of (5.3.8). Parallel translation around y is an orientation 
preserving isometry of the odd dimensional subspace (y’(0))+ ¢ 
T,@)M and therefore has a fixed vector—in other words, we have a 
closed parallel unit vector field v(t) 1 y(t) along y. The strip 
c(€, t) = exp,,,€ + (t) is similar to a band around the equator of 
S?, i.e. the closed geodesic y has shorter parallel curves t > c(e, t), 
€>0 small. This follows from the second variation formula (K.4 


Lemmata 1, 2): 


d2 
aatt) 


2m 
= =] g(R(v, y’)y’, v) at <0, 


e=0 


since we assumed K > 0. 

We finish the proof of (5.3.1) with (4.1.1): Choose three equidis- 
tant points y(t,) on y (from (5.3.7) and consider for small ¢ > 0 the 
triangle T with vertices c(e,t;) (i=1,2,3) and unique edges of 
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length < 4m (using the second variation again). The circumference 
of T is short enough so that no edge meets the cut locus of the 
opposite vertex and (4.1.1) applies. As e—>0 the edges of T 
converge to the arcs of y between the y(t;) (there are no other 
segments between the y(t,)) and thus all angles of T converge to =. 
By (4.1.1) the same is true for the angles of the Aleksandrow 
triangle 7,; its edgelengths converge (as «> 0) to 4m = 3(7—7). 
This contradicts spherical trigonometry: lim a(e) = lim b(e€) = 
lim c(e€) = $(7 — 7) and the spherical cosine law imply 


2 
cos (7-17) 
lim cos y(¢) = ———4—~ > - 1. 
cree 1+ cos3(7—m) 


Proof of (5.3.4) (Heintze-Karcher (1978). Either d( p, C(p)) >a 
and we are done, or there is the closed geodesic y of (5.3.7) and we 
proceed by estimating the volume of M using the level surfaces of 
the distance function from y (compare (1.9)). For every p€ M 
there is a segment from p to y which (necessarily) meets y 
perpendicularly. The set Z of points p for which these segments 
are not unique has volume zero and M\Z is covered by unique 
minimizing geodesics to y. Along these we exploit (1.5.1, 1.6). 
Choose orthonormal parallel vector fields u,,...,u,_,, u,(0) = y’ 
along each segment cy. As in (1.7.1) we get for the shape 
operator S of the distance tubes around y 


S c . 
g(Su,,u,)(r) < “oT g(Su;,u;)< ne (j=2,...,.2-1) 
(5.3.9) 
trace S, < ~§-2£(r) +(n- 2)2(r). 
cg 53 
As in (1.9.2) this implies (along each normal segment c) 
a(r)<cs:sf(r), O<r<i(c), 


where /(c) <diam(M) denotes the distance up to which c is a 
minimizing segment to y. If 8 > 0 we do not need separate diame- 
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ter bounds (because of (1.7.1) no segment c of length > (/2)- 
5~!/2 can be minimizing to y). Since nonminimizing geodesics no 
longer contribute to the volume of the (outer) tubes we only worsen 
the volume estimate if we integrate the bound for a(r) for r< 
(7/2)-8~'/? respectively, r < diam(M) first at each y(t) over all 
normal directions and then along y: 


vol,,_, (level surface at distance r from y) 


<I(c)- vol(S"~) -¢g(r) -s5(r)"™”, 


and a final radial integration proves (5.3.4): 
b) vol(M) < I(c) - vol(S"~?) -(n — 1)~1s,(diam(M))"~1, 
a) vol(M) < l(c) - vol(S"~?) - (n — 1)7's5(( 7/2) - 8 1/25n— : 


1 
<5 -8/?.1(c) - vol(S?). 


The work to prove (5.3.5) was already done in (3.5): If for some 
p€M we had d(p,C(p))<a then we could find a compact 
totally convex set B with p € B (3.5b). Changing names we assume 
that the cut locus distance assumes its nonconjugate minimum on 
B at p. Again we have the loop y from p through the closest cut 
point g. By total convexity this loop is in B, hence d(q, C(q)) > 
d(p,C(p)) and y cannot have an angle <q at g either (we 
repeated 5.3.7). By total convexity of the sublevels of the function 
bm (3.5) y has to lie on a level of bm which contradicts (3.5.1). 

To prove (5.3.6) we have the short closed geodesic y from (5.3.7). 
Choose some p€y and let g be a point farthest from p, Le. 
d( p,q) > (17/2)-8~'/*. Since the case 8 > 4 is covered by (5.3.3) 
we assume 6 < 4, ie. d(p,g)>(m7/2)-8-'* >> Hlength (y). 
Next, let ge@y be a closest point to g; note y qq. We apply 
(4.2.2) to the 90°-hinge gqp: 


0 > $172.4 59) > 817d .q)- $124 a 
ee (p G) o c00s (p,q) -cos8'/"d(q, q) 


to conclude d(q, 7) > 427-8~!/? (note d(p, q) < 4 length (y) < 4a 
-§ 1/2). Now the contradiction arises for the same reason as in the 
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noncompact case (3.5.3): gq is too long to even locally minimize 
the distance from g to the closed geodesic y since the principal 
curvatures of the distance sphere around g through gq are negative 
(1.7.1), ie. convex to the outside. 

To prove (5.3.3) consider the set G:= {x © M, d(x, C(x)) > 7} 
which is closed because of the continuity of the cut locus distance 
(K.4.3 corollary). We show G+ @ and open, hence (by the as- 
sumed connectedness of M) G=M. To prove G# @ choose 
y,G<=M such that d(y,q7) =diam(M); to show G open choose 
y {x © M; d(x, C(x)) > 42-87!}, i.e. from an open neighbor- 
hood of G. In each case assume by contradiction d(y, C(y)) <7, 
so that we have the geodesic loop y (5.3.7) from y through the 
nearest cut point g. Of course gq is critical for the distance function 
from y (two segments in opposite directions). But g is so far from 
y that because of (5.2.5, 5.2.4) there is only one critical point 
around: the farthest point g from y, i.e. q = q. By definition of q 
every geodesic from y is minimizing at least up to distance 
d(y, gq) = a(), 9), so that all endpoints are farthest points and by 
(5.2.4) equal to g. This makes g = g conjugate to y, contradicting 
d(y,q) <7. 


5.4. Sphere Theorems. 


5.4.1. (Rauch, Berger, Klingenberg 1951-1961). Let M” be 
complete, simply connected and assume 


4<8<K<1  (“4-pinching”). 


Then M” is homeomorphic to S". The constant 4 cannot be improved, 
see (6.1). 


5.4.2. (Shikata 1967). A bi-Lipschitz bound for the homeomor- 
phism goes to 1 as 8-1. The homeomorphism can therefore be 
smoothed to a diffeomorphism if 8 is close enough to 1. 


5.4.3. (Grove-Shiohama 1977). Let M” be complete. Assume 
0<68<K and diam(M) > -8-'/?. Then M" is homeomorphic to 
5”. 
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5.4.4. REMARKS. The }-pinching theorem (5.4.1) is probably 
the most widely known comparison result. Rauch’s version did not 
get the sharp constant 4, but he did not use the cut locus estimates 
(5.3) either—instead he got such estimates as corollaries. Simple 
proofs of (5.4.1) depend on cut locus estimates. Given those, (5.4.3) 
is a nice generalization of (5.4.1): upper curvature bounds are 
replaced by an (implied) lower diameter bound. Note, that the 
diameter assumption also implies cut locus estimates (5.3.3). Exotic 
spheres had been discovered a few years earlier, so it was natural to 
try and replace “homeomorphic” by “diffeomorphic”. Gromoll 
and Calabi proved the first diffeomorphism theorems in 1966; but, 
given what I have developed in this chapter, Shikata’s result is most 
easily explained. It also points to a difference in the conclusions in 
(5.4.1) and (5.4.3) which the formulation “homeomorphic” deem- 
phasizes: no metric control on the homeomorphism is obtained in 
(5.4.3), while (5.4.1) naturally leads to (5.4.2). Some of the argu- 
ments which were developed for the proofs of (5.4) I have put, as 
more general tools, into (5.2) and used them in (5.3). 


Proof of (5.4.3). Choose p,q@M such that d(p,q)= 
diam(M). Because of (5.2.4, 5.2.5) we have p and q as the only 
critical points for the distance function from p. We modify the 
construction (5.2.2) to obtain a vector field X on M with only one 
radial source at g and one radial sink at p. First choose two balls 
B( p), B(q) which do not meet the cut locus C( p) respectively, 
C(q) and define on these the local vector fields not quite as in 
(5.2.2): for each y © B( p) respectively, y © B(q) let X,(y) respec- 
tively, X,(y) be the unit tangent vector of the unique segment yp 
respectively, gy. Now cover M with the concentric balls 
B’( p), B’(q) and the B’(x,) of (5.2.2) (for A = M\(B’(p) U B’(q)). 
The vector field X =(1/29,)- 2p,X;, then agrees with X, near p, 
X, near q and has no singularities except p, q. All integral curves 
run from q to p and their finite arc length depends differentiably 
on the initial direction. Now identify 7M isometrically with a 
tangent space 7,,S” and map the integral curves of X proportional 
to arc length onto the corresponding meridians of S” from N. This 
defines a continuous bijective map M” > S$”, hence a homeomor- 
phism. The map is of maximal rank differentiable in M"\ {q, p}; 
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the problem at q is harmless, but at p no information can be 
obtained as to how the angle between integral curves in M is 
related to the angle between the corresponding meridians in S$”. 


Proof of (5.4.1). Choose p,g@M such that d(p,q)= 
diam(). Assuming the cut locus estimate d(y, C(y)) = a (5.3) we 
conclude from (5.2.6) that every geodesic which starts from p 
respectively, q (since it is minimizing up to a distance > a > (2/2) 
-871/2) reaches the “equator” set 


E= {x © M; d(p,x) =d(x,q) (< 58, 5.2.6) 


before it reaches the cut locus C( p) respectively, C(q). (5.2.6) also 
shows that the gradients of d(q, x) and —d(p, x) make along E 
an angle a <a —6!/*. diam(M) <a — 8! < (2/2) (and a>0 
as § > 1). The function f(x) := d(q, x) — d(p, x) is therefore dif- 
ferentiable near E and grad f+ 0, i.e. E is a differentiable sub- 
manifold. In particular, the distance from p to E (or q to E) 
depends differentiably on the initial direction of the segment from 
p (or q) to E, i.e. the radial map from the unit sphere in TM (or 
T,M) to E is a diffeomorphism. So we call E the equator of M 
and the segments from p or q to E half meridians. The homeo- 
morphism M”-— S” is now clear: Identify 7,M with a tangent 
space 7,5” and map the “meridians” of M proportional to arc 
length onto the corresponding meridians of S”. 

About the proof of (5.4.2): The homeomorphism from M” to S” 
which we just obtained is of maximal rank differentiable on M\ 
{EU{p,q}). The nonsmoothness along E is not serious; more 
simply than in the proof of (5.4.3) one can combine grad d, and 
~gradd, to a smooth vector field on M\{ p,q} such that the 
integral curves are essentially the broken meridians above, only 
slightly changed near E to smooth the corners. Crucial for the 
application of Shikata’s smoothing result is the control of the 
“antipodal map” T/(M) > T)M which maps the initial directions 
(€ T,M) of the broken meridians to the final directions (€ T,M). 
This map is defined by geodesics, its derivative can therefore be 
described by Jacobi fields along the broken meridians; the Jacobi 
fields vanish at p, q, they match at E and describe the derivative as 
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J'|, > J’'|,. Since Rauch’s estimates (1.8) control the maximum and 
minimum growth of Jacobi fields with J(0) = 0, we get the desired 
bi-Lipschitz bound from the ratio of the upper and lower bound in 
(1.8) 

S8 


L(8)< (5 312) =sin“"(F 8-1) — 1. 


Shikata’s smoothing construction has been simplified since. It also 
depends on Hessian bounds for the distance function. But it is high 
time to get to the examples, so I omit the smoothing arguments. 


6. COMPLEX PROJECTIVE SPACE C P” AND ITS DISTANCE SPHERES 


The following properties make these examples relevant to the 
preceding comparison theorems. 


6.1.1. Complex projective space CP” has a natural Riemannian 
metric (Fubini-Study) which has curvature bounds 1< K < 4. 


6.1.2. Diameter = cut locus distance = 1 - A~'/? (compare 2.4.2, 
5.2.4, 5.3.1). 
6.1.3. CP" is not homeomorphic to S?" (compare 5.3). 


6.1.4. The odd dimensional distance spheres of radius r have 
curvature bounds 


0<8(r) = 


2 2 
COos*r COos’r 
OST Ke 4+ S21 = a(r) —4 
2 

sin'r sin'r 


and have closed geodesics of length 


=2 i : 
I(r) = 2acosr sin sorrel! 


6.1.5. If 8(r): A(r)<4 then I(r)<22-A~'/? (compare 5.3.2) 
and diam(r) < 42 -8(r)~'/? (compare 5.3.6). 

6.2.1. Definition as a metric space. CP” is defined as the set of 
complex lines in C”*!, or, what is the same, as the set of Hopf 
circles {e'?- p; p €[0,27]} , es2+1c ert. Any two circles have, as 
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disjoint compact sets in S?"*1, a natural distance, namely the 
length of a shortest great circle arc which joins them; this distance 
is <a7/2 and =7/2 if the two Hopf circles lie in totally orthogo- 
nal subspaces of R%"*) =C€"+1, 

6.2.2. Natural embedding into a Euclidean sphere. Denote by 
Sym the vector space of complex linear hermitian symmetric endo- 
morphisms of the Euclidean vector space C”*! with the scalar 
product 


((A, BY) = Retrace( 4'-B) = Re{ a,b,,), A, B& Sym. 
i,j 


Define the quadratic map 


V: $°*1 Sym, V(p)(z) = 5 ((z, P)-P + (25 iP) i), 


that is, V( p) is (up to the factor } which is more convenient later) 
the orthogonal projection onto the complex line C - p, in particular 
V(e'?-p) = V(p). V gives, therefore, an injective map from the set 
of Hopf circles into Sym. Since V(p) has two eigenvalues } and all 
others 0 we have ((V( p), V(p))) = 3, so the image lies in a sphere. 

6.2.3. Submanifold metric. The map V has constant rank 2n 
on $?"*!, therefore the image is a 2n-dimensional submanifold in 
Sym. We show more. Curves p(t) on S?"*! which are perpendicu- 
lar to Hopf circles are mapped by V onto curves of the same length 
in Sym. With its induced submanifold metric the image is therefore 
isometric to C P” (as defined in 6.2.1). 


Proof. The assumptions are p  p, ip, hence also ip 1 p, ip. The 
tangent vector of V(p(t)) is given by 


£V(p(t))(2) = 5(z B>p + (zs p)B+ (zs iP)ip + (2, iP)iP), 


hence—with {e,} an orthonormal basis— ((dV- p, OV-p)) = 


2n 


¥ (Ero e). GVM e)) = 74d, Bd. 


i=1 
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6.3.1. Isometries. Unitary maps U: C"*!>€"*! are isome- 
tries of S?"*! which map Hopf circles to Hopf circles, therefore 
they give isometries of CP”. These extend to isometries of Sym 
(conjugations) 


V(U-p)=U-V(p)-U"t," 


and (({U-A,U- B)) = (A, B)) =({A- U, B- U)). 
For any fixed orthonormal complex basis {vo,...,v,} of C"*! 
we have a complex conjugation 2z,- uv, = 2Z,-v;. These are also 


isometries which preserve Hopf circles: e'? - p= e~'?- p, hence give 
isometries of CP”, and as before extend to isometries of Sym 
(conjugation of the matrices). : 

6.3.2. Totally geodesic submanifolds. Connected fixed point sets 
of isometries of Riemannian manifolds are totally geodesic. 

a) The fixed point sets in S?”*! of conjugations are equatorial 
spheres cut out by at most (n + 1)-dim, subspaces. These n-spheres 
are orthogonal to the Hopf circles, so V maps them, preserving 
length, into the image—but the map is not injective: antipodal 
points are on the same Hopf circle. The totally geodesic fixed point 
sets in C P” obtained from conjugations in €”*! are therefore real 
projective spaces R P” of constant curvature 1. 

b) To each subspace C**+! c €”*! we define a complex reflec- 
tion 


eos E U| gen = id, U |(exrtys = —id. 


This map leaves the Hopf circles in C**! and (C**')+ fixed, and 
no others. As an isometry of C P” (6.3.1) it has lower dimensional 
complex projective subspaces C P*, C P”~*~! as totally geodesic 
fixed point sets. 

6.3.3. The Riemann spheres C P' have curvature 4 in C P”. Since 
the metric on any CP'C CP" can be computed by intersecting 
S?"*+1 with the appropriate C?, it is enough to consider the case 
n= 1 (real dimension 2). The unitary maps of C? are transitive on 
(the Hopf circles of ) S*; this and (6.2.1) give: the metric on CP! 
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has constant curvature and diameter 7/2. This leaves two possibili- 
ties: S? with curvature 4 and R P? with curvature 1; but multipli- 


cation by i gives CP! an orientation—excluding R P?. 


6.3.4. REMARK. The parametrization for S?c R4=C? 


ee ae | 


sin(t + tg) 
F(a, t,to) = ee , t= 
sina . , 
ie 


has the ¢-lines as Hopf circles since (0/dt)F = iF. The distance 
between any two Hopf circles can be obtained from the metric 
which measures the length of curves perpendicular to Hopf circles, 


2 
de de + zsin2a) dt? 
It is the metric of a sphere of curvature 4 in polar coordinates. 


6.3.5. Symmetric space structure. For every p © S?"*! con- 
sider 


U: ct! > ct! 


id, u| = ~id. 


span(p, ip) = {p,ip}* 


The differential of this isometry (use the submanifold picture) on 
the tangent space of the fixed point V( p) is (—id). Riemannian 
manifolds M which have to every p © M an isometry o,: M—> M 
such that 0,(p)=p, 00,|, = —id are called symmetric spaces. 

An immediate consequence is that the curvature tensor is paral- 
lel. Namely, the differential of an isometry at a fixed point pre- 
serves any isometry-invariant tensor; in particular, using do,|, = 
—id we get 


—(D,R)(U,V)W=(D_,R)(-U,-V)-W 
= (D,R)(U,V)W. 
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Similarly, multiplication by i on each tangent space defines a 
tensor field J (J(X):=i-X)) which is compatible with all the 
unitary isometries, hence it is parallel: 


—(DyJ)(Y) = (D_xJ)-(—¥) = (Dy )(¥). 


6.3.6. CP” is very different from S*". Define the (“K4ahler”-) 
2-form 


w(X,¥)=9(J-X,Y). 


Because of (6.3.5) it is parallel: Dw( X, Y) = g(DJ- X, Y) =0, in 
particular, the exterior derivative vanishes: dw=0. Also, w is 
obviously the area form when restricted to any C P! (if X € T,C P', 
|X|=1, then X and J(X) are an orthonormal basis of 7,C P’ and 
w( X, J(X)) = 1), hence fg pw = (1/4) - 47. 

Observe that in S2” (n > 1) we can differentiably contract any S? 
to a point and then evaluate fs2w = {oone(s2) dw (Stokes) for any 
2-form w. We showed that this cannot be done in CP”. In the 
appropriate language this is expressed as: The second cohomology 
of C P” is not zero. 

6.4. The curvature tensor of CP". If X,Y, Z are vector fields 
tangential to a totally geodesic submanifold then DyZ is also 
tangential and hence R(X, Y)Z is tangential. Let Y be any tangent 
vector of CP”, then Y,iY span the tangent space of a totally 
geodesic C P! of curvature 4, hence 


ROP'GY, Y)Y=4- iY. 


If X 1 Y,iY, then X and Y span the tangent space of a totally 
geodesic R P? of curvature 1, hence 


ROPUX, Y)Y=1-X if XLY,i¥. 


Combining, 


REPUX, Y)Y={Y,Y)-X-(X,Y)-Y¥+4+3¢{X, iY) -iY. (6.4.1) 
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Again for any curvature tensor, the first Bianchi identity gives 
6R((X,Y)Z)=R(X,Y+Z)Y¥+Z—-R(X,Y-Z)Y-Z 
+R(X4+Z,Y)X+Z—-R(X-Z,Y)X-Z. 


This and (6.4.1) give the full curvature tensor. 


R&P'(X, Y)Z=(Y, Z)-X—(X,Z)-¥ 
2-(X,i¥) -iZ + (iY, Z) -iX— (ix, Z) -iY, 


(6.4.2) 


but already (6.4.1) shows that the curvature range is [1, 4]. 

6.5. Metric and principal curvatures of the distance spheres in 
CP". Every family of concentric distance spheres S(7) cuts each 
totally geodesic C P! through the midpoint of the S(r) into con- 
centric distance circles of geodesic curvature 2 ctg2 r. We call those 
circles Hopf circles on the distance spheres since their tangent field 
is obtained by multiplying the radial vector field N by i. Hence 


6.5.1. The Hopf circles on a distance sphere of radius r in C P” 
have length 27-cosr-sinr. They are geodesics and principal 
curvature lines with principal curvature x,(r) = 2 ctg2r. 


The radial direction N and a tangent vector 1 N,iN span a 
tangent space of a totally geodesic R P? of curvature 1. Hence 


6.5.2. The R P?’s through the midpoints of distance spheres in 
CP" intersect those spheres perpendicular to their Hopf circles 
in closed geodesics of length 27-sinr (namely distance circles in 
R P?). These are also principal curvature lines of curvature x,(r) = 
ctg r. 


REMARK. The Hopf circles on the distance spheres in CP” 
shrink by a factor cosr faster than great circles of distance spheres 
in $2". As r > 7/2 the length goes to zero and the distance spheres 
in C P” get collapsed to C P”™!. 
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6.6. The curvature tensor of the distance spheres. Let S, denote 


the shape operator and R, the curvature tensor of a distance 
sphere of radius r. The Gauss equations are 


(Re? xX, Y)Y, X) =(R,(X, Y)Y, X) — (SX, X)(S.Y,Y) 
+(S,X, YY. 


This and (6.5.1, 6.5.2) give 


)’ (6.6.1) 


K.(iNA Y) Zip 2cos2r _ cosr = (2 


sn2r  sinr sinr 
, 
K,(XAiX) =4+ (S*) (XLiN), (6.6.2) 
2 
K,(XA y)=1+(") (X,Y1iN). (6.6.3) 


So the curvatures have at least the range claimed in (6.1.4). But 
since we saw that the eigenspaces of S, are compatible with the 
eigenspaces of R©?( , Y)Y one checks easily that indeed (6.6.1) 
gives min K and (6.6.2) max K. 

Finally, we get 


length of Hopf circles < 27(max K)~'/” 


iff cos’r < (1+ 3sin’r) | (or 2 < 3sin’r) 
iff min K: max K < 3. 


REMARK. Berger (1960) discovered the curvature and cut locus 
properties of these metrics on S*. Weinstein (1973) observed that 
they occur as distance spheres in © P”. They also appear on the 
quotient R P? = SO(3) as the kinematic metric of a rotating solid 
body with two equal moments of inertia and one smaller moment. 
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MANIFOLDS OF NONPOSITIVE 
CURVATURE 


Patrick Eberlein* 


INTRODUCTION 


In the past 20 years much progress has been made in understand- 
ing the structure of complete Riemannian manifolds of nonpositive 
sectional curvature, especially those that have finite Riemannian 
volume. The foundation for much of this research was provided by 
the paper [BO] of R. Bishop and B. O’Neill, which introduced in a 
systematic way the use of convex functions and convex sets as a 
tool for studying manifolds of nonpositive sectional curvature. In 
the special case of symmetric spaces of noncompact type this use of 
convexity appears earlier in the work of Karpelevic [K]. See also 
[Mo]. In this chapter we give a survey of some of the main 
developments in the study of manifolds of nonpositive sectional 
curvature, and we illustrate this discussion with examples. 

It would be unreasonable to attempt to make a complete survey, 
and we have chosen to focus on results concerning geodesic flows 
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and the characterization of symmetric spaces of noncompact type 
and rank at least 2 (Sections 4 and 6). We describe in some detail 
the geometry of the symmetric space M, = SL(n,R)/SO(n,R) 
(Section 5). Not only can one describe the geometry of this space 
nicely in terms of elementary linear algebra but the intuition one 
gains by understanding this space is very useful for the understand- 
ing of much recent research. Other treatments of symmetric spaces 
may be found in [HI], [K], [Mi], [Mo], [W] and the appendix of [E5]. 

We now describe very briefly a method that has proved useful in 
studying manifolds of nonpositive sectional curvature and which 
developed from the convexity framework introduced in [BO] and 
[K]. To every complete, simply-connected Riemannian manifold M 
of nonpositive sectional curvature one can associate a boundary 
space M(co) that may be identified in a natural way with the 
(n—1)-sphere of unit vectors tangent to M at a fixed point p 
(Section 2 and [EO]). Isometries of M extend to homeomorphisms 
of M(co). Each point p of M also determines a geodesic symmetry 
diffeomorphism s, of M that extends to a homeomorphism of 
M(oo). The main theme of this chapter is that the geometry of M 
and its quotient manifolds are reflected by the topological proper- 
ties of the action on M(co) of the isometry group J(M) and of the 
group G* generated by the geodesic symmetries s,, p&M. In 
particular, if M admits a quotient manifold M of the same dimen- 
sion with finite volume, then the action on M(oo) of the fundamen- 
tal group of M, regarded as a discrete subgroup of I(M ), reflects 
the action of the geodesic flow on the unit tangent bundle of M 
(Section 6). Similarly the action on M(oo) of the symmetry group 
G* reflects the action of the holonomy group ®, on the unit 
tangent vectors at an arbitrary point p of M and leads to a 
characterization of symmetric spaces of noncompact type and rank 
at least 2 (Section 7). 

We describe briefly the organization of this chapter. In Section 1 
we recall some definitions and facts of Riemannian geometry. In 
Sections 2 and 3 we discuss some basic properties of manifolds of 
nonpositive curvature. The emphasis is on simply connected mani- 
folds and the action and structure of their isometry groups. Our 
point of view is to study a nonsimply-connected manifold M of 
nonpositive curvature by studying the action of isometries of the 
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fundamental group of M on the simply-connected Riemannian 
cover M. In Sections 4 and 5 we discuss Riemannian symmetric 
spaces of nonpositive curvature, the most important class of exam- 
ples. In Sections 6 and 7 we describe the action of isometries and 
geodesic symmetries on M(oo), where M is a simply-connected 
manifold of nonpositive curvature, and we obtain the applications 
mentioned above. In the last section we discuss some recent re- 
search about manifolds of nonpositive curvature and rank at least 
2, and we relate these results to the rest of the chapter. 


1. RIEMANNIAN MANIFOLDS 


A Riemannian manifold is a differentiable manifold N equipped 
with an inner product ( , )p on each tangent space T,N, p a point 
of N. For convenience wé. shall assume that all manifolds N are 
C® and that the corresponding inner products ¢ , ) are C™; that is, 
if X,Y are C* vector fields on N then p> (X(p), Y(p)), is a 
C® function on N. 

Given points p,g in a Riemannian manifold N we define 
d(p,q) to be the infimum of L(y), where y: [a,b] WN is a 
differentiable curve from p to q and L(y) = [2<y'(t), y(t)'dt is 
the length of y. A Riemannian manifold N is said to be complete if 
it is complete as a metric space relative to the Riemannian metric 
d(, ). A theorem of Hopf-Rinow [CE, p. 11] says that if N is a 
complete Riemannian manifold, then the geodesics of N are de- 
fined on all of R. We shall not give a precise definition of geodesic 
except to say that for each tangent vector v at a point p of N there 
exists a unique geodesic y, defined on (—e,€) for some ¢ > 0 such 
that y,(0) =p and v= y,(0), the initial velocity of y,. The theorem 
of Hopf and Rinow also says that if p and q are distinct points in 
a complete Riemannian manifold N, then there exists at least one 
geodesic y that joins p to q and has length equal to d( p,q). In 
this chapter we assume that all Riemannian manifolds considered 
are complete. 


Exponential Map. Let N be a complete Riemannian manifold. 
For each point p of N one defines an exponential map 


exp,: .N>N 
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by 
exp, (v) = 7,(1) 


where y, denotes the unique geodesic of N with initial velocity v. 
By the completeness assumption, exp, is defined on all of 7,N and 
is a surjective map. One can also show that y,(¢) = exp,(¢v) for all 
vectors v in 7,N and all ¢ in R. 


Curvature Tensor. For every pair of tangent vectors u,v in 
T,N, Na Riemannian manifold, one defines a skew symmetric 
curvature transformation 


R(u,v): T,N>T,N. 


Briefly, using u,v one defines an appropriate family of geodesic 
polygons {A,(u,v)} with p as one vertex which shrinks to the 
point p as ¢> 0. If P.: 7,N > T,N denotes the orthogonal trans- 
formation obtained from parallel translation of vectors around 
A,(u,v), then R(u, v) = d/dt(P,)|,.9. See [BC, p. 97] for precise 
details of the construction of A,(u, v) and P.. 


Sectional Curvature. Given a 2-dimensional subspace 7 C T,N, 
where N is a Riemannian manifold, one defines the sectional 
curvature K(m) € R as follows: let u,v © T,N be a basis for 7 and 
define 


K(n)= (R(u, o)e, u) 
lu A of 

where ||u A oll? = (u, u){v, v) — (u,v)? and R(u, v) is the curva- 
ture transformation defined above. It is easy to verify that K(7) 
does not depend on the choice of (u,v). One may also describe 
K(1) as follows: Let %, denote the surface in N which is the 
union of all geodesics through p that are tangent to 7. Then K(7) 
is the Gaussian curvature at p of 2,. 


Holonomy, Given a point p in a Riemannian manifold N of 
dimension n one considers all finitely broken differentiable paths y 
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that begin and end at p. The collection of all parallel translation 
operators P, around such paths y forms a subgroup of the or- 
thogonal group in 7,,N, regarded as a Euclidean space of dimen- 
sion n. This subgroup, denoted ©, is called the holonomy group at 
p. The Lie algebra of ®, contains all curvature transformations 
R(u, v), uve T,N as well as the covariant derivatives of all orders 
of these curvature transformations. One may verify this statement 
directly from the definition above of R(u, v). 


2. SIMPLY-CONNECTED MANIFOLDS OF NONPOSITIVE 
SECTIONAL CURVATURE 


We shall study Riemannian manifolds M of nonpositive sec- 
tional curvature (K <0) by studying the action of the fundamental 
group 7,(M) on the simply-connected Riemannian covering mani- 
fold M, where 7,(M) is regarded as a discrete group of isometries 
of M. See Section 3 below. We begin with a discussion of the 
geometric properties of a simply-connected manifold of nonposi- 
tive sectional curvature. General references are [BO] and [EO]. 

In this chapter M will always denote a simply-connected, com- 
plete Riemannian manifold of nonpositive sectional curvature. All 
geodesics of M will be assumed to have unit speed. The unit 
tangent bundle of M will be denoted by SM. 


2.1. Topological structure. The most basic fact about a com- 
plete, simply- connected manifold M of nonpositive sectional 
curvature is that the exponential map exp,: T,M — M is a diffeo- 
morphism for each point p of M. In particular M is diffeomorphic 
to a Euclidean space of the same dimension (T,M ). Moreover, 
since the exponential map is one-one there exists a unique unit 
speed geodesic from p to q. 

Notation. Let p,q,r be points in M such that p is distinct 
from q and r. Let y,, denote the unique unit speed geodesic 
such that y,,(0)=p and y,,(a@)= 4, where a = d(p, q). 
Let V(p,q)=y,,(0), the initial velocity of y,,. Let «,(9¢,7)= 
«x(V(p, 7), V(p, r)), the angle subtended at p by q and r. 
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2.2. Basic geometric properties. In addition to having the same 
topology and differentiable structure as Euclidean spaces, simply- 
connected manifolds M with K <0 have many of the geometric 
properties of Euclidean spaces. The underlying reason for this is 
provided by the following special case of a theorem of Toponogov. 
See [CE, Chapter 2] for a proof. 


THEOREM 2.2A. Let c be a constant that is negative or zero, and 
let M* be a complete, simply-connected manifold with constant sec- 
tional curvature c. Let M be a complete, simply-connected manifold 
with all sectional curvatures <c. Let y, y, be unit speed geodesics 
emanating from a point p in M, and let yj, y* be unit speed geodesics 
emanating from a point p* in M* such that the angles subtended at p 
by 4, Y2 and at p* by yj, yf are equal. Then d(y,8, yt) > d(yits, yzt) 
for all positive numbers s, t. 


If c is negative then M* is a hyperbolic space (see Section 2.4 
below) while if c = 0, then M* is a Euclidean space with the usual 
inner product on tangent spaces arising from the dot product. 
Briefly put, the result above says that if M has sectional curvature 
K<c <0, then the geodesics emanating from a point in M spread 
apart at least as fast as they do in a simply-connected comparison 
space M* with sectional curvature K = c. 

From the usual law of cosines in a Euclidean space and the result 
stated above we obtain 


2.2B. Law oF Cosings. Let A be a triangle in a space M with 


K <0 whose sides are geodesics of lengths a,b,c and whose angle 
opposite c is denoted by 6. Then 


c? > a? + b*—2abcos 6. 
From the law of cosines we now obtain two further useful 
results. 


_2.2C. ANGLE SuM Law. Let A be a geodesic triangle in a space 
M with K <0. Then the sum of the interior angles of A is at most qa. 
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PROPOSITION 2.2D. Let p be a point of M and let {r, }, {q, } be 
sequences in M such that d(r,,p) > 0 and d(r,,q,,) <c¢ for alln and 
some positive constant c. Then «,(,,1,) > 9 asn— co. 


For proofs of these results see for example [H, p. 73]. Another 
important consequence of the law of cosines is a fixed-point 
theorem due to E. Cartan. The proof given here is somewhat 
simpler than existing proofs in the literature. 


THEOREM 2.2E, Let I be a group of isometries of a space M such 
that the orbit Ip) is bounded in M for some point p of M. Then T has 
a fixed point in M. 


Proof. Let A=TI(p), the closure of I( p) in M. The complete- 
ness theorem of Hopf and Rinow implies that A is compact. Let r. 
M > R be defined by r(q) = max{d(q, a): a€ A}, and let q* bea 
point in M where r assumes its minimum value 7). The function r 
is constant on [-orbits in M since A is invariant under T. We 
show that r assumes its minimum at a unique point q*, which will 
show that T fixes q*. Suppose r assumes its minimum value ry at 
two points q¥, g¥, and let q¥ be the midpoint of the geodesic 
segment from q¥* to g¥. Given a point a in A we consider the two 
geodesic triangles with vertices a,q¥,q¥ and a, q3,q*. One of 
these triangles, say the former, has an angle >2/2 at q?. It 
follows from the law of cosines (2.2B) applied to the triangle with 
vertices a, q*,q* that d(a, g*) >d(a,q¥). The argument above 
shows that d(a, q}) < max{d(a, q*),d(a, g3)} <ro for any point 
a€A and hence r(q¥)<ro by the compactness of A, which 
contradicts the definition of 79. & 


2.3. Convexity properties. Manifolds M also share many of the 
same convexity properties of Euclidean spaces with the usual inner 
product. We discuss only a few that are needed for this chapter. 
Proofs and other examples may be found in [BO, Sections 2—4]. 

Convexity of a subset AC M is defined exactly as in Euclidean 
space since there is a unique geodesic joining any two distinct 
points of M. A continuous function f: M — R is said to be convex 
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if for any geodesic y: R —M the function fey: ROR is a 
convex function on R. A continuous function f: R > R is convex 
if ffka+(1—A)b] <Af(a)+Q—A)f(b) for all A €[0,1] and 
numbers a, b with a<b. If f: R >R is C?, then f is convex if 
and only if f’(x)>0 for all xR. A function f: M—>R or f: 
R —R is strictly convex if strict inequality holds in all inequalities 
stated above. We note that if f: M@— R is a convex function, then 
M¢= {p eM: f(p) <a} is a closed convex subset of M for all 
real numbers a. 

The following three results are basic to the study of manifolds of 
nonpositive sectional curvature. 


_ PROPOSITION 2.3A. Let A be a closed convex subset of a space 
M. Then for each point p of M there exists a unique point P(p) in A 
such that d(p, P(p)) < d(p,q) for all q € A. 


The point P( p) is called the foot point of p on A and P: M—> A 
is called the orthogonal projection onto A. 


PROPOSITION 2.3B. Let A be a closed convex subset of a space 
M. Then the function tia M-—R _ given by fu(p) = 47(p, P(p)) = 
d*(p, A) is a continuous convex function. Moreover f, is strictly 
convex on M — A if the sectional curvature in M is negative. 


PROPOSITION 2.3C. If is any isometry of a space M, then the 
function dj: M—>R _ given by d2(p)=d*(p,op) is a C® convex 
function on M. The function dj has a positive minimum value at a 
point p of M if and only if (6° y)(t) = y(t + ) for allt ER, where 
w= dp, op) and y(t) is the unique geodesic with y(0) = p and y(w) = 
(p). (In this case we say that $ translates y by an amount w.) 


2.4. Examples. Before proceeding further we describe some 
examples of complete, simply-connected spaces M with sectional 
curvature K <0. 


1. Euclidean space R” with the usual inner product. Here K = 0. 
The geodesics are the straight lines and the isometries are all 
products R © T, where R € O(n), the orthogonal group, and T is a 
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translation of R”. The group O(n) is a normal subgroup of the 
isometry group J(R”). 


2. Hyperbolic space H” with K = —1. We describe two models, 
both of which have useful features. 

a) Upper half-space model. Let H” = {(x,...,x,) ER”: 
x, > 0}. The inner product on T,H” at a point p=(/p),.. -» Pn) 
is the usual Euclidean inner product multiplied by (1/p?). 
The geodesics of H” are either the “vertical” lines t > 
(X1, X25+++>X,-1e'X,) OF Euclidean circular arcs in R” that are 
orthogonal to the hyperplane x,,=0 and have unit speed in the 
hyperbolic metric. 

We describe the isometries of H” in this model in the case n = 2, 
but for n> 3 the description of isometries is more convenient in 
the other model of H” described below. If n = 2, then SL(2,R) acts 
on H? by fractional linear transformations: identifying a point 
(x, y) with the complex number z = x + iy we define 


a az+b 

(¢ a)@)= Sra 
where a,b,c,d are real numbers such that ad—bc=1. The 
matrices A and —A in SL(2,R) induce the same action on the 
hyperbolic plane H* and one may show that J,(H7”), the con- 
nected component of the isometry group of H? that contains the 
identity, equals PSL(2,R), the quotient of SL(2,R) by the two 
element subgroup {+J}. For a nice description of the geometry of 


H? in terms of the elementary theory of functions of one complex 
variable see [S]. See also [Bea]. 


b) Hyperboloid model. Let 


n 
H"= (Csisnn ten) ERT | 2: “| mires! 


i=1 


= —land sy > Oh, 
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Let SO(n,1) denote the subgroup of SL(n,R) which leaves in- 
variant the bilinear form ¢: 


n 
(x,y) > | x x. ~Xn+ n+ where x = (x,...,%,41) 


i=l 


and y =(J4,..+» Yn41) are arbitrary elements of R"*!. The restric- 
tion of ¢@ to the tangent spaces of H” is positive definite and hence 
a Riemannian inner product on H”. Moreover SO(n, 1) = J,(H,,). 
The geodesics of H” that start at e,,,=(0,...,0,1) are unit speed 
parameterizations relative to ¢ of the curves obtained by intersect- 
ing H” with 2-planes in R”*! that contain the vector e,,,. All 
other geodesics of H” are images of the geodesics just described 
under the group SO(n, 1), which acts transitively on H”. 


3. The space M, consisting of all positive definite symmetric 
n Xn matrices of determinant one. This example will be described 
below in Section 5. See also Section 3 of [Mo]. 


2.5. Points at infinity for M. Two unit speed geodesics y, 0 of a 
space M are said to be asymptotic if there exists c >0 such that 
d(yt, ot) <c for all ¢>0. The relation of being asymptotic is an 
equivalence relation on the unit speed geodesics of M. An equiv- 
alence class of unit speed geodesics of M is called a point at infinity 
for M. If y is a geodesic of M then y(oo) will denote the 
equivalence class of y and y(— oo) will denote the equivalence 
class of the geodesic y~!: t > y(—1). 


Example 1. If M=R" with the usual inner product, then two 
geodesics are asymptotic if and only if they are parallel. The points 
of M(oo) are in one-one correspondence with the pencils of ori- 
ented parallel lines in R” and each pencil is represented by a 
unique oriented straight line through the origin. 


Example 2. If M=H” in the upper half-space model, then any 
two vertical geodesics y(t) =(x1,...,X,—-1,x,e°) and o(t)= 
(Vi+++> Yn—1> Yn’) are asymptotic and the corresponding point at 
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infinity is denoted by {co}. All other points at infinity for H” are 
in one-one correspondence with the points of the hyperplane 
x, =0; if y(t), o(t) are nonvertical asymptotic geodesics of H” 
then y(¢) and o(t) converge to the same point of x,=0 as 
t > +00, where convergence is measured relative to the extrinsic 
Euclidean norm of R"*!. Hence H"(co) may be identified with 
{ x, = 0} U {00}, which is topologically an (n — 1)-sphere. 

The next result shows that the points of M(oo) may be identified 
with the unit vectors at a fixed point p, and hence M(oo) may be 
identified with an (m— 1)-sphere, as we have already seen in the 
two examples above. 


PROPOSITION 2.5A. Let _y be a unit speed geodesic of a space M, 
and let p be any point of M. Then there exists a unique unit speed 
geodesic a such that o(0) =p and o is asymptotic to y. 


Proof. (Existence). For each positive integer n let o, be the 
unique geodesic of M such that o,(0) = p and o,(t,) = y(”), where 

= d(p, y(n)). If A =y(R), then by the convexity of the function 
p — d?(p, A) (Proposition 2.3B) and the fact that o,(t,)€A it 
follows that d(o,(t), A) <d(p, A) for O<t<t,. If o is a unit 
speed geodesic such that o(0) =p and o’(0) is a cluster point of the 
sequence of unit vectors {0,(0)}, then d(ot, A) <d(p, A) for all 
t > 0 by continuity. It now follows easily that o is asymptotic to y. 

(Uniqueness). Let 0,(¢), o,(¢) be unit speed geodesics such that 
0,(0) = 0,(0) =p and o, is asymptotic to y for i=1,2. It follows 
that o, and o, are asymptotic and hence d(o,(t), 0,(t)) < c for all 
t > 0 and some positive constant c. By the Law of Cosines (2.2B) 
this is only possible if o, =0,. M 


2.5B. Notation. We extend the notation introduced in (2.1). 
Given a point x in M(co) we let Ypx denote the unique geodesic of 
M such that Ypx(0) =p and Ypx(00) = x; that is, y,, starts at p and 
belongs to the asymptote class x. We let V(p, x) denote y,.(0), the 
initial velocity of y,,. Finally if p is any point of M and if r,q are 
points of M or M(oo) that are distinct from p, then we define 
«<,(q, 7), the angle subtended at p by q and r, to be the angle at p 
between V( p,q) and V(p, r). 
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2.5C. Cone topology. Let M*=MUM(co). We describe a 
topology that makes M* a closed n-disk. See [EO, Section 2] for 
proofs and further details. Given points p€M, x € M(oo) and 
positive numbers e, R we define 


C(p,€,R, x)= {qeM*: d(p,q)>R_ and «,(q,x) <e}. 


By convention the condition d( p,q)> R applies only to points q 
in M. The set C(p,€, R, x) is called the R-truncated cone with 
vertex p, angle « and axis x. For fixed points p, x the truncated 
cones C( p,e, R, x) as « and R vary over all positive numbers form 
a neighborhood basis at x in M* = MU M(oco) and the resulting 
topology for M* is called the cone or sphere topology. 

With respect to the cone topology on M* and its induced 
topology on M(co) one has the following useful facts. 


PROPOSITION 2.5D. For a fixed point p © M let S,M denote the 
unit tangent vectors at p. Then the map V: MX M(co) > SM given by 
(p, x) > V(p, x) =Y,,(0) is a homeomorphism with respect to the 
product topology in MX M(oco). 


From Proposition 2.5A we saw already that the restriction of V 
to { p} X M(co) is a bijection onto S,M, the unit vectors at p, for 
every point p of M. 


PROPOSITION 2.5E. Let A= {(p,qr)@MXM*XM*: p¥#q, 


p#r}. Then the map «: (p,4,r) > <,(41r) = <(V(p, q), Vip.) is 
continuous. 


CoROLLARY 2.5F. Let y be a unit speed geodesic of M. Let {Yn} 
be a sequence of geodesics of M such that y{(0) > y'(0) as n> %, 
and let {t, } CIR bea sequence such that t, > +00 asn-— oo. Then 

1) y,,(00) > (00) and y,(— 00) > y( — 00) as n> 0 

2) Yn(tn) > ¥(00) asn— +o. 


2.5G. Joining points at infinity. 


DEFINITION. We say that distinct points x, y in M(oo) can be 
joined by a geodesic of M if there exists a geodesic y of M such that 


y(co) = x and y(— 00) = y. 
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Example 1. M=R". Here each point x in M(oo) can be joined 
to exactly one point y in M(oo). The joining geodesic is not 
unique. 

Example 2. M =H", hyperbolic n-space. Here any two distinct 
points x, y of M(oo) can be joined by a unique geodesic of M. 

Example 3. M has sectional curvature K<c<0 for some 
negative constant c. Here also any two distinct points x, y of 
M(co) can be joined by a unique geodesic y of M. One constructs y 
as follows: fix a point p in M and let o, denote the geodesic 
joiming y,,(”) and y,,() for any positive integer n. Then the 
condition K<c<0 implies that d(p,o,) is uniformly bounded 
above. If o, is parameterized so that d(p,o,(0)) is uniformly 
bounded above, then {0,(0)} converges to a vector v as n> 00, 
and the geodesic o with initial velocity v joins x to y. The 
uniqueness of o follows from the strict convexity of p > d?( p, a) 
on M-—o given by Proposition 2.3B, See [BO, Lemma 9.10] for 
further details. 

Examples 1 and 3 represent the two extreme cases, For an 
example of intermediate behavior see the discussion of the symmet- 
ric space M, in Section 5. 


2.5H. Action of isometries on M(co). If x is any point of M(co) 
and if ¢ is any isometry of M, then we define $(x)=(¢° y)(«) 
where y is any geodesic of M such that y(oo) = x. By the definition 
of a point at infinity it follows that this definition of (x) is 
independent of the choice of the geodesic y that represents x. It is 
easy to verify that the isometries of M act as homeomorphisms of 
M (00) with the cone topology, and moreover the map (¢, x) > (x) 
of I(M) X M(co) > M(co) is continuous with respect to the prod- 
uct topologies. 


3. NONSIMPLY-CONNECTED MANIFOLDS OF NONPOSITIVE 
SECTIONAL CURVATURE 


3.1. Fundamental group as a group of isometries. An isometry ¢ 
of M is called elliptic if } fixes some point of M. A group T of 
isometries of M is called a deckgroup if 1) T has no elliptic 


236 Patrick Eberlein 


elements except the identity and 2) T is discrete; that is, if C is any 
compact subset of M then $(C)/ C is nonempty for only finitely 
many elements of I. If one identifies those points of M that lie on 
the same orbit of a deckgroup I’, then the resulting quotient space 
M 4/T becomes a Riemannian manifold of the same dimension as 
M such that the Projection ma. M-—>M/T is locally an isometry. 
The theory of covering spaces says that any complete, nonsimply- 
connected manifold M of nonpositive sectional curvature can be 
expressed as such a quotient space M/T for a suitable complete, 
simply-connected space M of nonpositive sectional curvature and a 
suitable deckgroup T of isometries of M. Moreover, the fundamen- 
tal group of M is isomorphic to the group I. 

A basic principle is that one can study the geometry of M= M/T 
and the algebra of the fundamental group of M by studying the 
action of the isometry group T on M and especially on M(o). 
This principle is the theme of this chapter. We give some elemen- 
tary examples of this principle in this section and other more 
complicated examples in Section 6. 


3.2. Lattices. Let M be any complete, simply-connected space 
with nonpositive sectional curvature. A discrete group Tc J(M), 
possibly with elliptic elements, is called a /attice if there exists a 
positive constant A such that if 0 C M is any open set having the 
property that $(0) is disjoint from 0 for all nonidentity elements @ 
in T, then the volume of 0 is <A. A lattice TC 1(M) is called 
uniform if the quotient space M/T is compact and nonuniform if 
M/T is noncompact. 


3.3. Examples. 

1) If {v,,..., u, } are linearly independent vectors in R”, then the 
elements {7;,...,7,,}, where J, is a translation in R” by u,, 
generate a free abelian group T of rank n and the quotient space 
R"/T is a flat n-torus. All flat n-tori are obtained in this manner. 
If M is any compact flat n-manifold, then M is a quotient space 
R"/T*, where I* is a group of rigid motions of R” that contains 
some translation group I as defined above as a finite index 
subgroup. See [W] for a further discussion of complete manifolds 
with K=0. 
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2) If M is any compact orientable surface of genus g > 2, then 
there exists a uniform lattice T in PSL(2,R), the connected isome- 
try group of the hyperbolic plane, such that M is diffeomorphic to 
the quotient space H*/T. In particular M admits a complete 
Riemannian metric with Gaussian curvature K = —1. The set of 
such lattices [ forms a (6g—6)-dimensional space called the 
Teichmiiller space for M. 


3) The group SL(2,Z) consisting of those 2 x 2 matrices with 
determinant 1 and integer entries is a nonuniform lattice (the 
modular group) in PSL(2,R) = J)(H’). 


4) If M is any symmetric space of noncompact type (see the next 
section), then A. Borel has shown in [Bo] that J,(M); the con- 
nected isometry group of M, admits both uniform and nonuniform 
lattices. In particular SL(n,Z), the group of n Xn matrices with 
determinant 1 and integer entries is a nonuniform lattice in J,(M,), 
where the symmetric space M,= SL(n,R)/SO(n,R) is discussed 
below in Section 5. 


3.4. Elementary properties of the fundamental group. Let M be 
a complete manifold with nonpositive sectional curvature, and 
represent M as a quotient space M/T, where M is a complete, 
simply-connected manifold of nonpositive sectional curvature and 
I is a discrete group of isometries of M that contains no elliptic 
elements. Since M is diffeomorphic to a Euclidean space the 
homotopy groups 7,(M) are zero for k>2 by covering space 
theory. In a certain sense this means that the topology of M is 
concentrated in the fundamental group 7,(M), which is isomorphic 
to IT. as remarked above. We now present two results on the 
fundamental group of a complete manifold M with K < 0. 


THEOREM 3.4A. Let M be a complete manifold with nonpositive 
sectional curvature. Then no element of a,(M) different from the 
identity has finite order. 


THEOREM 3,.4B. (Preissmann [P]). Let M be a compact manifold 
with strictly negative sectional curvature. Then every abelian subgroup 
of ,(M) is infinite cyclic. 
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For generalizations of Theorem 3.4B to compact manifolds of 
nonpositive sectional curvature see [CE, Chapter 9], [GW], and 
[LY]. 


Proof of Theorem 3.4A. We express M as a quotient M/T, 
where M is simply connected and I’ ¢ J(M) is discrete and has no 
elliptic elements. Identifying 7,(@) with I we suppose that some 
element ¢ ¥ 1 of T has finite order and we let I'* denote the finite 
cyclic subgroup of IT generated by @. By the Cartan fixed-point 
theorem (2.2E) the elements of I'* and ¢ in particular fix some 
point p in M, but this contradicts the fact that I has no elliptic 
elements except the identity. 


Proof of Theorem 3.4B. We again express M as a quotient 
space M/T and identify 7,(M) with I. Let A CT be an abelian 
subgroup. 

We show first that every element @ of I translates some geo- 
desic y of M; that is, (@° y)(t) = (t+) for all t@R and some 
w > 0. By Proposition 2.3C it suffices to show that the function d,: 
p — 4(p, op) has a positive minimum value on M. Given ¢ # 1 in 
I we let {p,} CM bea sequence such that d,(p,) > a = inf(d,). 
If { Pn} has a cluster point p in M, then d, assumes a positive 
minimum value at p since I has no elliptic elements. Suppose that 
{ p,} has no cluster points in M and fix a point p in M. By the 
compactness of M=M/T there exists a positive constant R and a 
sequence {¢,} CT such that d(p,,¢,p)<R for every positive 
integer n. If q,= 4, 1( p,), then the sequence {q,} 1s bounded in 
M and has a cluster point q. If ¥,, = 4, 1$¢,, then d 4 64n) = Fol Pr) 
>a asn-— o. Since {q,} is bounded and I is discrete it follows 
that only finitely many of the elements {y,} are distinct, and 
hence by passing to a subsequence we may assume that y, =~ for 
all n, where ~ = £p¢—! for some element ¢ in I’. By continuity and 
by passing to a subsequence if necessary we have d,(q)= 
lim, ody ,)'= lim, + 04 (Pa) = a. Hence, CAC g)= dy(q)= = 
a, which proves that d, assumes a positive minimum value in M. 

Now let ¢ #1 be any element of the abelian subgroup A CT, 
and let y be a geodesic of M such that (¢° y)(t) = y(t + w) for all 
tER and some w>0. If F: M—R is the function defined by 
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F( p) = d?( p, y(R)), then by Proposition 2.3B F is convex on M 
and strictly convex on M-—vy/(IR) since the curvature of M is 
strictly negative by hypothesis. If y #1 is any element of A and if 
o(t)=(yoy(t), then (deat) =(PoPoyMKt)=(Pogeyt) = 
(boy)(t+)=o(t+w) for all tER. Since y(R) is invariant 
under ¢ it follows that Fo@=F and hence (Foo \(t)= 
(F°o)(t+) for all ¢ ER. In particular F > o is a bounded convex 
function on R and hence must be constant by elementary proper- 
ties of convex functions. Since F is strictly convex on M- y(R) it 
follows that o = y. 

The argument above shows that ¢ translates a unique geodesic y 
of M and every element y of A leaves y invariant. Hence 
(be yt) = y(t + w,) for all ER and some w, # 0. If we restrict 
A to y and regard A as a discrete group of translations { w, } of R, 
then it is clear that A must be infinite cyclic and generated by an 
element y such that |w,| has minimum value. & 


4. SYMMETRIC SPACES OF NONCOMPACT TYPE 


4.1. Symmetry diffeomorphisms. For each point p in a simply- 
connected space M one may define a symmetry diffeomorphism s,: 
M-M by 


= -1 
5S, = exp, ° S oexp, 


where S(v) = —v for all vectors v in T,M . Equivalently, s,y(t) = 
y(—1t) for all ¢€R and all geodesics y such that y(0) =p. We let 
G* denote the group of diffeomorphisms of M generated by the 
symmetry diffeomorphisms s,, p €M. Since each s, is its own 
inverse, G* is the set of all finite products s, os,,° --- os, 
m iS any positive integer and (p,,..., p,,) are arbitrary points of 
M, not necessarily all distinct. 


4.2. Definition of symmetric space. For an expanded presenta- 
tion of the results in this section see the appendix of [ES]. A 
complete simply-connected space M is said to be a symmetric space 
if G* C I(M) or equivalently if every symmetry diffeomorphism s Oe 
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p &M, is an isometry of M. A symmetric space M is said to be of 
noncompact type if M cannot be written as the Riemannian product 
of a Euclidean space and another manifold. If M is a symmetric 
space of noncompact type, then it can be shown that I)(M) ¢ G* 
CI(M) (see [L, p. 88]). Moreover, J)(M) is a semisimple Lie 
group with trivial center and no compact normal subgroups except 
the identity. (See for example Lemma 3.1 of [E3].) 

In general, a Riemannian manifold M is said to be a symmetric 
space if for every point p of M there exists an isometry s, of M 
that fixes p and has order 2. Any symmetric space M of noncom- 
pact type has a dual space M of compact type with sectional 
curvature K > 0. See [H] for an extensive discussion. 


4.3. Examples. A diffeomorphism s, of order 2 and with fixed 
point p in a Riemannian manifold M is an isometry of M if for 
any pair of distinct points g, r, both distinct from p, one has 
d(q, r) = d(s,(q), s,(r)). Comparing the geodesic triangles with 
vertices { p,q,r} and { p,s,(q), 5,(r)} it becomes apparent that 
any Riemannian manifold M with a side-angle-side congruence 
axiom for geodesic triangles must be a symmetric space. In particu- 
lar: 


1. Any Euclidean space R” is a symmetric space with sectional 
curvature K = 0. 

2. Any hyperbolic space H” is a symmetric space of noncompact 
type with sectional curvature K = —1. 

3. Any sphere S"-!CR" of radius 1 is a symmetric space of 
compact type with sectional curvature K = 1. 

4. If G is any compact Lie group and {, ) is any inner product 
on G that is invariant under left and right translations by elements 
of G, then G is a symmetric space with sectional curvature K > 0. 
See [Mi, pp. 109-115] for details. 

5. Let G be a connected semisimple Lie group with finite center 
and no compact normal subgroup except the identity. Let K be 
any maximal compact subgroup of G. Then the space of left cosets 
G/K together with an appropriate G-left invariant metric becomes 
a symmetric space of noncompact type. See [H, pp. 178-179] for 
details. See also the corollary in Section 4.5 below. 
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6. The space M, of noncompact type consisting of all nxn 
symmetric, positive definite matrices with determinant 1. See Sec- 
tion 5. 


For the remainder of this section M will denote a complete, 
simply-connected symmetric space of nonpositive sectional curva- 
ture but not necessarily of noncompact type. We now describe 
some of the geometry of such a space M. 


4.4. Transvections in I(M). 


4.4A. DEFINITION. Fix a point p in M. An isometry of M is 
a transvection at p if there exists a unit speed geodesic y of M such 
that 1) y()=p; 2) (6° y)(t)=y(t+w) for all t€R and some 
w ER, 3) do: T,.,)M sat We +a)M is parallel translation along y 
from y(s) to y(s+w),. 


DEFINITION. A vector field X on M is an infinitesimal transvec- 
tion at p if its flow transformations {e'*} are transvections at p. 


PROPOSITION 4.4B. Let p be a point of M, and let y be a geodesic 
of M, not necessarily of unit speed, such that y(0)=p. Then there 
exists an infinitesimal transvection X at p such that e'*(p) = y(t) for 
all t€R, where {e'*} denotes the flow transformations of X, and 
de'*; ru > T,(541)M is a parallel translation along y for all 
StER, 


Proof. For each tER let s, denote the geodesic symmetry s,,,) 
at y(t), and define p, = s,/2 ° Sq. It is routine to verify that s,y(s) = 
y(—s+ 2t) for all s, t€R, and hence p,y(s) = y(s +1) for all s, 
tER. This implies a) p,( p)= y(t) for all t@R. Moreover, one 
can also show b) dp,: T,(;)M a ae Sar +yM equals parallel translation 
along y from y(s) to y(s + ¢) for all s, IR. See Lemma (8.1.2) of 
[W, p. 232] for details. Since p,° p, and p,,, have the same value 
and differential map at p (or any other point of y) we conclude 
that p,° p,=p,,, for all s, t©R. This shows that the transforma- 


~ 


tions { p,} are the flow transformations of a vector field X on M. 
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Assertion b) and the discussion above show that X is an infinites- 
imal transvection at p with the properties stated in the proposition. 
a 


CorOLLaRY. I,(M) acts transitively on M. 


Proof. Fix a point p in M. By the theorem of Hopf-Rinow the 
space M is the union of all geodesics of M that start at p. The 
result now follows from Proposition 4.4B since the flow transfor- 
mations of an infinitesimal transvection X at p lie in I,(M ). a 


4.5. Maximal compact subgroups of I(M). If M isa symmetric 
pe we let G denote [)(M) and for each point p&M we let 

={g€G: g(p)=p}. The subgroup G, is a compact subgroup 
of I,(M) in the induced topology (this follows from Theorem 2. 2 
of [H, p. 167]). If ge M is any other point, then clearly G, = 8G, gi 
if gE I,(M ) is any element such that g( p) = q. On the other hand 
if K € G is any compact group, then KC G, for some point p in 
M by the Cartan fixed-point theorem (2.2). This discussion 
proves the following. 


THEOREM. Let M be a symmetric space, and let G = Iy(M, ). Then 
every maximal compact subgroup K of G equals G, for some point p 


~ 


in M, and all maximal compact subgroups of G are conjugate in G. 


CoROLLARY. Let M be a symmetric space, and let G= I,(M, ). 
Let K be a maximal compact subgroup of G, and let p € M be a point 
fixed by K. Then the map from the left coset space G/ K to M given 
by gK = g(p) is a bijection. 


The following result, see for example [ChE, Proposition 4.4], is 
also useful. 


Proposition. Let M be a symmetric space and let K be a 
maximal compact subgroup of G = I,(M). Then G(x) = K(x) for every 
Point x © M(co). In particular every G-orbit in M(oo) is closed in 
M(oo). 
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4.6. Tangent space of M at p. Fix a point p in M and let 
p= {x: X is an infinitesimal transvection at p}. From the discus- 
sion in Section 4.4 it follows that % is isomorphic to T, M under 
the map X > X(p), X &A. In the sequel we identify % with T, M. 


4.7. Curvature tensor of M at p. Let p€M be any point and 
identify T,M with the vector space ” of infinitesimal transvections 
at p. If X, Y are elements of 4, then the skew symmetric curvature 
transformation R(X,Y): ~~ (compare Section 1) is given by 
R(X, Y)Z = —ad[X, Y\(Z) = —-[[X, Y], Z], where [ X, Y] denotes 
the Lie bracket of the vector fields X and Y. See Theorem 4.2 of 
(H, p. 180]. In particular if [X, Y] =0, then R(X, Y) =0. 


4.8. Holonomy of M at p. 


PROPOSITION. Let M be a symmetric space of noncompact type. 
Let p be a point of M, and let K={g€&G: g(p)=p}. Then the 
holonomy group ®, at p equals dK = {do: $ € K}. 


For a discussion with references see [H, p. 162]. 


4.9. Rank of a symmetric space M. A k-flat in a symmetric 
space M is by definition a complete, totally geodesic k-dimensional 
submanifold of M with zero sectional curvature. The rank of a 
symmetric space M is the maximum dimension k of a k-flat in M. 
If k is the rank of a symmetric space M, then every geodesic of M 
is contained in at least one k-flat of M. 

The k-flats in a symmetric space M can be described algebrai- 
cally as follows. Fix a point p in M, and let f denote the vector 
space of infinitesimal transvections at p (see Section 4.4). The 
k-flats of M that contain p are precisely expressible as orbits 
A(p), where A = e*= {e*: XEa} and aC, is a vector subspace 
of dimension k such that [X, Y] =0 for all X, Y @a. The fact that 
A(p) is flat follows from the discussion in 4.7. 


4.10. Regular and singular points at infinity. A geodesic y in a 
symmetric space M of rank k is said to be regular if y is contained 
in exactly one k-flat of M. A geodesic y of M is singular if it is not 


244 Patrick Eberlein 


regular. The unit vectors in M tangent to regular geodesics of M 
form a dense open subset of the unit tangent bundle of M. 

If G.={geG= Iy(M): g(x) =x} for an arbitrary point x € 
M(oo), then it can be shown that G, acts transitively on M for 
every point x in M(oo). Hence if a geodesic y of M is regular 
(respectively, singular), then any geodesic of M asymptotic to y is 
also regular (respectively, singular). We may now define a point x 
in M(oo) to be regular (respectively, singular) if x admits a 
representative geodesic y that is regular (respectively, singular), 
The set of regular points at infinity, denoted R(0o), is a dense open 
subset of M(oo) that is invariant under J(M). If M has rank 
k > 2, then the set of singular points at infinity is a closed, nowhere 
dense subset of M(oo) that is invariant under J(M). 


5. THE SYMMETRIC SPACE M,, = SL(n,R)/SO(n,R) 


Let n > 2 be any positive integer and let M, denote the space of 
positive definite, symmetric n Xn matrices with teal coefficients 
and determinant 1. With a suitable inner product M, becomes a 
symmetric space of noncompact type and rank n—1, and more- 
over if M is a symmetric space of noncompact type with n= 
dim J)(M), then after rescaling the metric of M by constants on 
the irreducible Riemannian factors there exists an isometric totally 
geodesic imbedding of M into M,. See the appendix of [E5] for 
details. See also [Mo, Section 3] and [K] for further discussion of 
M,,. The space M, is another model for the hyperbolic plane. 

The space M, is diffeomorphic to a Euclidean space of dimen- 
sion —1+ $n(n +1) and in fact the matrix exponential map Exp 
is such that Exp(A)=2*_,(A"/n!) gives an explicit diffeomor- 
phism between 4% = {symmetric n Xn matrices of trace zero} and 
M,. The group SL(n,R) acts transitively on M, by diffeomor- 
phisms if one defines 1,(P) = gPg‘ for all ge SL(n,R) and Pe 
M.,. The kernel of the map +: SL(n,R) > Diff(M,) is the center of 
SL(n, R), the finite group of diagonal matrices with entries +1 or 
—1. Note that SO(n,R) = {g © SL(n,R): g(1) =1)} and hence M, 
may be identified with the coset space SL(n, R)/SO(”, R). 


5.1. Metric of M,. Using the matrix exponential map Exp we 
identify T,M,, with A, the set of symmetric n X n matrices of trace 
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zero. We define ¢ , ) on 4” by (A, B),; = Trace( AB’) = Trace( AB), 
the Euclidean inner product in R”. 

If P © M, is any point and if g @SL(n,R) is any element such 
that g(J)= "9s" = P, then we define an inner product on T, M,, by 
(dg(A), dg(B)), = (A,B), for any A, Be”. Although g is not 
uniquely determined, if g,, g, are any two elements with g,(/) = 
go(1)=P, then g,=3,k for some k © SO(n,R) and hence the 
inner product at P is well defined. 

It is not difficult to show that 7(SL(n,R)) = Ig(M,). 


5.2. Geodesics and symmetries of M,. Since I(M, ) acts transi- 
tively on M, it suffices to describe the unit speed geodesics of M,, 
that start at the identity J. These are precisely the curves yy(t) = 
Exp(tX (1) = Exp(2tX), where X ©” and || X||? = Trace(X*) = 1. 

The geodesic symmetry s; at the identity is the map A > A —1 for 
AEM, as one can see from the description of the geodesics 
through J. In general the geodesic symmetry at P = g(/) is given 
by s, =g°s,°g_' and a computation shows that sp(Q) = PQ~*P 
for all P, Q in M,, 


5.3. Curvature of M,. Given a unit vector XE” (i.e. Trace 
(X?) = 1) the corresponding unit speed geodesic y,(t) = 
Exp(tX (7) = Exp(Q2tX) induces transvections p, = $,/.° Sq = 
Exp(tX) by the discussion of geodesic symmetries above. (See 
Section 4.4 for notation.) Hence f” can be identified with the 
infinitesimal transvections of M, at I by the discussion in 4.4. 

If X, Y are nonzero elements of ” then the curvature transforma- 
tion R(X, Y) is given by 


R(X, Y)Z=—-[[X,Y], Z] 


for all Z © A, where [X, Y] = XY — YX, (matrix bracket). Compare 
to 4.7. 


5.4. Holonomy of M, at I. We identify T,M, with ~ and 
observe that K =7(SO(7,R)) is the maximal compact subgroup 
of I,(M,) that fixes J. Any element g@SO(n,R) satisfies 
g'=g-* and hence g(Exp(X)) = g(Exp(X))g‘ = g(Exp(X))g-* = 
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Exp(gXg~') for all xe f. From the discussion in 4.8 we now 
obtain the following: 


PROPOSITION. Two unit vectors X, Y in f lie in the same orbit of 
the holonomy group ©, at I if and only if Y=gXg™ for some 
g ©SO(n,R ). Therefore the orbits of the holonomy group are in 
one-one correspondence with the n-tuples (,,...,A,,) such that \, > 
Ay> ++: DA, LtyA,; = 0 and L_,N=1, where the {A, } are the 
eigenvalues of X in p. 


5.5. Rank and flats in M,. From the discussion in 5.3 and 4.9 
one can show that for any integer k>1 the k-flats in M, that 
contain the identity J have the form Exp(S) = {Exp(X): x © S}, 
where S$ is a k-dimensional subspace of A such that XY = YX for 
all x, Y € S. Since commuting symmetric matrices can be diagonal- 
ized simultaneously it follows that gSg~! consists of diagonal 
matrices for a suitable g € SO(n, R). In particular, if 5, denotes the 
diagonal matrices in ” and Fy denotes Exp(S)), then for every 
k-flat F = Exp(S) that contains J there exists g € SO(n,R) such 
that g(F) = gFg‘ = gFg~' = Exp(gSg~*) c Exp(Sy) = F. In par- 
ticular M, has rank n—1 = dim(F) and all (n — 1) flats contain- 
ing I have the form g( Fy) = gF)g 1 for g © SO(n, R). 


5.6. Regular geodesics of M,. If X€ f= T,M, is a unit vector 
and if yy(t) = Exp(tXx)(/) = Exp(2tX) is the corresponding geo- 
desic, then the discussion in 5.5 and the definition in Section 4.10 
show that yy is regular if and only if the eigenvalues of X are all 
distinct. 


5.7. Points at infinity for M,. 


5.7A. Flags in R". To describe the space M,(0o) we recall the 
notion of a flag in R". A flag F in R” is a collection of nonzero 
vector subspaces V,,...,V, of R” such that V,=R” and V, is a 
proper subspace of V;,,, for every i. Of necessity one has k<n 
and we say that a flag F=(V,,...,V,) is regular if k =n. In this 
case V, is a hyperplane in V,,, for every i. The group SL(n,R) acts 
on flags in a natural way: given an element g € SL(n,R) and a flag 
F=(V,,...,V,) in R” we define 9( F) =(g(V,),.-., (V,)). 
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Two flags F=(V,,...,V,) and F* =(Vf,...,V*) are said to be 
in opposition if k =r and if R” is the direct sum of V, and V}*_, for 
every i. Every flag F=(V,,...,V,) determines an inverse flag 
F~1=(V¥,..., Vj‘), where V* is the orthogonal complement of 
V,,_; in R” for each i. It is not difficult to show that flags F,, F, are 
in opposition if and only if there exists an element g in SL(n,R) 
such that g(F,) =F, and g(F,')=F,. If F, is a regular flag, then 
it follows from the definition of being in opposition that F, is in 
opposition to the flags in a dense open subset of 4p, the space of 
regular flags equipped with a natural topology relative to which 
SL(7, R) acts continuously. 


5.7B. Eigenvalue-flag pairs for a point in M,,(0o). Given a point 
x in M,(oo) we associate a flag F(x) =(V,(x),...,V,(x)) in R"” 
and a vector A(x) =(A,(x),...,A,(x)) such that 

a) Ay(x) >Az(x) > +++ >A,(x), 


k 
b) > m,A,(x) =0 and 
=1 


c) } m,(x)=1, where m,= dimV,(x) — dimV,_,(x). 

The construction will show that given a flag F=(V,,...,V,) in 
R” and a vector A\=(A,,...,A,) in R* that satisfies a), b), and c), 
then there exists a unique point x in M,,(0o) such that A(x) =A 
and F(x) = F. Hence M,(0o) can be regarded as the collection of 
pairs (A, F), where F is a flag of k subspaces in R” for some 
integer k with 2 <k <n, and A is a vector with k components that 
satisfies a), b), and c). The discussion will also show that x € M,,(co) 
is a regular point at infinity if and only if F(x) is a regular flag 
in R"”. 

We saw in Proposition 2.5A that M,,(0o) can be identified with 
the unit vectors in T,M,, which can in turn be identified with 
Ai = {symmetric nXn matrices X with Trace(X)=0 and 
Trace( X”) =1}. Specifically, x €M,(00) is associated with the 
element X ©, such that yy(oo) = x, where y,(t) = Exp(tX)(7) = 
Exp(2tX). 

Given a vector X in f”, we let {A,(X)}¥_, be the distinct 
eigenvalues of X arranged so that A,(X)> --- >A,(X). Now let 
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E,(X) be the eigenspace of X associated to A,(X) and let V,(X) be 
the orthogonal direct sum of the eigenspaces { E;(X): 1 <j <i}. 
The symmetric matrix X in A, is completely determined by 
the vector A(X) =(A,(X),...,A,(X)) and the flag F(X)= 
(V,(X),...,V,(X)). We now assign to the point x © M,(oo) the 
eigenvalue-flag pair (A(x), F(x)), where A(x)=A(X), F(x) = 
F(X) and X €£, is the vector such that A ,(0o) = x. Clearly the 
eigenvalues {A,(X)} satisfy a), b), and c) above. 


5.7C. Joining points in M,(oo). The discussion above allows us 
to describe precisely those points x, y in M,,(0o) that can be joined 
by a geodesic of M, (compare to 2.5G). 


PROPOSITION. Let x,y be distinct points of M,,(00). Let 
(A(x), F(x)) and (X(y), F(y)) be the corresponding eigenvalue-flag 
pairs. Then there exists a geodesic y of M, such that y(oo) = x and 
y( — 0) =y if and only if 1) F(x) and F(y) are in opposition and 2) 
V(x) = —Ax_ i410) for 1<i< k where X(x) = (A, (x),...,A4(x)) and 
A(y) = (A, (y),. AY). 


_if n= 2, (hyperbolic plane), then any two distinct points of 
M,,(o0) can be joined by a geodesic of M,, but this is far from 
being true if n > 3 as the result above shows. 


5.8. Action of 1,(M,,) on M,, (00). 


PROPOSITION. Let g&SL(n,R) and x € M,,(0o) be given. Let 
(A(x), F(x)) be the eigenvalue-flag pair associated to x. Then 
(A(x), 8F(x)) is the eigenvalue-flag pair associated to g(x) or equiva- 
lently 1) A(gx) = A(x) and 2) F(gx) = gF(x). 


This result shows in particular that SL(n,R) = I,(M,,) never acts 
transitively on M,(co) for n>3, and more generally gives a 
complete description of the orbits of SL(n,R) in M,,((00). 


Sketch of proof We consider only the case that x is a regular 
point at infinity. Since SL(n,R) acts transitively on the space F, 
of regular flags we may reduce to the case that F(x)= 
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(V,, V2,...,V,,), where V, = span{ e),...,e;} for all i and {¢,...,e,} 
is the natural orthonormal basis of R”. In this case one shows by 
direct computation that g(x) =x if and only if g is upper triangu- 
lar. On the other hand the upper triangular n Xn matrices are 
precisely those that fix F(x). Next, if x =y,(0o) for X ©”, then 
(xX) = ($ ° Vy (00) = Ygxg-1(00) for every @ €SO(n,R)_ since 
($°¥xXS) = byx(s)o' = GExp(2sX)o7! = Exp(2s(¢X9")) = 
Y¢xe-1(5) for all s in R. Assertions 1) and 2) of the proposition are 
now clear for ¢ € SO(n,R) and x as above. Finally the discussion 
above shows that 1) and 2) hold for all elements of SL(n,R) since 
any element h€SL(n,R) can be written as h=og, where g€ 
SL(n, R) is upper triangular and ¢ € SO(7,R). @ 


COROLLARY. An element g in SL(n,R) fixes a point x in M,,(0o) 
if and only if g leaves invariant the associated flag F(x). 


6. ACTION OF ISOMETRIES ON M(o0o) 


In this section M will denote an arbitrary complete, simply-con- 
nected manifold of nonpositive sectional curvature, not necessarily 
a symmetric space. If the isometry group of M is large in a certain 
sense (I(M ) satisfies the duality condition—see below) then much 
of the geometry of M is reflected in the topological action of I(M) 
on M(co). Moreover, if M=M/T is a quotient manifold of M 
with finite Riemannian volume, then much of the geometry of M is 
reflected in the action of the fundamental group T on M(co). We 
illustrate this principle by considering the geodesic flow. 


6.1. Duality Condition. Let Dc I(M) be an arbitrary group of 
isometries of M. Points x, y in M(oo) are said to be I-dual if there 
exists a sequence {¢,} CT such that ¢,(p)->x and ¢,\(p)-> y 
as n-> oo for any point p of M. The following useful result is 
Lemma 2.4a of [ChE]. 


PROPOSITION 6.1A. Let I. CI(M) be any group, and let x,y be 
points in M(oo) that are T-dual. If z © M(x) is any point of M(co) 
that can be joined to x by a geodesic of M, then y € T(z). 
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6.1B. DEFINITION. A group Ic I(M), not necessarily discrete, 
satisfies the duality condition if the points y(0o) and y(—0o) are 
T-dual for any geodesic y of M. 


REMARK. It follows from the discussion in Proposition 3.7 of 
[E1] that a subgroup I of J(M) satisfies the duality condition if 
and only if every vector in the unit tangent bundle SM of M is 
nonwandering modulo T with respect to the geodesic flow { g‘} in 
SM; that is, given an open set O in SM there exist Aequences 
{t,} CR and {o, } CT such that t, > +00 and (dd, ° g"(O)NO 
is nonempty for every n. 


Example 1. Let ' ¢ I(M) be a lattice with no elliptic elements; 
that is, the quotient space M/T is a smooth manifold of finite 
volume and the same dimension as M. Then I satisfies the duality 
condition by the Poincaré recurrence lemma and the remark above. 


Example 2. Let T=Iy(M), where M is a symmetric space. 
Then I satisfies the duality condition by the discussion of transvec- 
tions in 4.4. 


PROPOSITION 6.1C. Let IC I(M) satisfy the duality condition. 
Then for any two points x, y in M(co) the closed sets T(x) and Ty) are 
either disjoint or identical. 


This result is Lemma 2.9 of [BBE]. 


PROPOSITION 6.1D. Let M have sectional curvature Satisfying 
K<c<0, and let !CI(M) be a group that satisfies the duality 
condition. Then 1(x)= M(oo) for every point x © M(co). 


Proof. Let x, y be any points in M(oo) and let z be a point in 
M(co) distinct from both x and y. Since K <c <0 it follows from 
the discussion in Section 2.5G that there exist geodesics y, and y, 
of M that join z to x and z to y respectively. The point z is 
T-dual to both x and y since I satisfies the duality condition, and 
it now follows from Proposition 6.1A that y<T(x). @ 
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6.2. Geodesic flows. We consider the geodesic flow { g‘} on the 
unit tangent bundle SM of a complete manifold M of nonpositive 
sectional curvature, and relate the action of {g‘} on SM to the 
action of the fundamental group I of M on M(co), where M = 
M/YT. 


PROPOSITION 6.2A. Let M=M/T be a complete manifold of 
nonpositive sectional curvature and finite volume, where M is simply 
connected and T is a discrete group of isometries of M without elliptic 
elements. Then the following properties are equivalent: 

1) The geodesic flow {g'} has a dense orbit in the unit tangent 
bundle SM. 

2) The group T has a dense orbit in M(co). 

3) Every orbit of T in M(co) is dense in M(oo). 


Proof. This result is contained in Theorem 4.14 of [E2] and the 
discussion in Section 6.1. @ 


COROLLARY 6.2B. Let M be a complete manifold with finite 
volume and sectional curvature satisfying K<c<0. Then the geo- 
desic flow has a dense orbit in the unit tangent bundle SM. 


Proof. This is an immediate consequence of Propositions 6.1D 
and 6.2A. @ 


COROLLARY 6.2C. Let M be a compact manifold with K =0. 
Then the geodesic flow does not have a dense orbit in SM. 


Proof. We may write M=R"/T, where n= dim M and [ isa 
uniform lattice in 7(R”). A theorem of Bieberbach (compare [W, 
p. 100]) says that I’ contains a normal free abelian subgroup I 
with rank n and finite index in I’, and moreover Ty consists of 
translations of R”. Hence any orbit of I’ in R"(oo) is finite since 
the translations in R” fix every point of R”(oo). Now apply 
Proposition 6.2A. @ 


CorOLiary 6.2D. Let n > 3 be any integer and let M = M,/T 
be a compact quotient manifold of M,,. Then the geodesic flow in SM 
has no dense orbit. 
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Proof. By the discussion in 5.8 the full isometry group I(M,, ) 
has no dense orbits in M n(00) and hence no subgroup I of IM, ) 
can have a dense orbit in M n(00); we use the fact that I,(M,,) has 
finite index in I(M, ) and Jy(M,,) orbits in M,(0o) are closed by 
4.5.0 


6.2E. REMARK. More generally, if M/ is any symmetric space of 
noncompact type and rank k>2 and if M is any finite volume 
quotient manifold, then the geodesic flow does not have a dense 
orbit in the unit tangent bundle SM. Since I(M) satisfies the 
duality condition it suffices by Proposition 6.2A to show that I(M) 
(and hence any subgroup I’) has a proper closed invariant subset A 
in M(oo). The set A consisting of the singular points in M(o0o) 
satisfies these properties by the discussion in 4.10. 


7, ACTION OF GEODESIC SYMMETRIES ON M(co) 


Given a point p€M we define the geodesic symmetry Sy On 
M(oo) by 


5p(X) = Ypx(— 2%) 


for all x € M(oo). By the discussion in 2.5 the function s, isa 
nemco morphism of M(oo) and extends continuously the geodesic 
symmetry s, : M > M. The action of the symmetry diffeomorphism 
group G* on M(co) is closely related to the action of the holonomy 
group ®, acting on the unit vectors of T, M for an arbitrary point 


peM. This relationship is provided by the following result of [E7]. 


THEOREM 7.1. Let p€@M and x © M(oo) be arbitrarily given 
points. Let G* denote the symmetry diffeomorphism group acting by 
homeomorphisms on M(co), and let ®, denote the holonomy group at 
p. Then y © G*(x) if V(p, y) lies in the ®, orbit of Vip, x). (See 2.5B 
for notation.) 


THEOREM 7.2. Let M be irreducible and suppose that G* admits a 
proper closed invariant subset in M(oo). Then M is isometric to a 
symmetric space of noncompact type and rank k > 2. 
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Proof. By Theorem 7.1 the holonomy group ®, has a proper, 
closed invariant subset in the sphere of unit vectors in T, M for any 
point p of M. The conclusion of the corollary is now a conse- 
quence of the following special case of a result of M. Berger [Be]. @ 


THEOREM. Let N be an irreducible complete simply-connected 
Riemannian manifold, and let p be any point of N. If the holonomy 
group ®, has a proper closed invariant subset in the sphere of unit 
vectors in T,N, then N is isometric to a symmetric space with rank at 
least 2. 


Finding proper, closed G*-invariant subsets in M(oo) is closely 
related to finding proper, closed T-invariant subsets in M(oo) if I 
is a subgroup of J(M) that satisfies the duality condition. 


PROPOSITION 7.3. Let XC M(co) be a proper closed subset, and 
let T CI(M) be a group that satisfies the duality condition and leaves 
X invariant. Then for any point p of M the sets XQs p(X) and 
XU s,(X) are G*-invariant and one of them is a proper closed subset 
of X. 


Proof. We showthat X is invariant under the index 2 subgroup 
G* consisting of those elements of G* that are products of an even 
number of geodesic symmetries s,, p © M. Since G* is normal in 
G* it will then follow immediately that s,(X) is invariant under 
G and hence that XN s,(X) and XUs *(X) are both invariant 
under G* for any point p of M. If XU 5,(X)= M(co), then 
XM 5,(X) must be nonempty since M(c) is connected, which 
completes the proof. 

To show that X is invariant under G* it suffices to consider 
elements of GZ of the form ¢=s,°5s,, where p,q are arbitrary 
points of M. Givena point x€ X let y=s,(x) and z=s,(y)= 
(x). The points y and z are I-dual since I satisfies the duality 
condition and hence ¢(x) €I'(x)C X by Proposition 6.1A. & 


THEOREM 7.4. Let M be an irreducible, complete, simply-con- 
nected manifold of nonpositive sectional curvature whose isometry 
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group I(M) satisfies the duality condition. Then M . isometric to a 
symmetric space of noncompact type and rank k >2 if and only if 
M(co) admits a proper closed subset invariant under I(M ). 


Pk If M is a symmetric space of noncompact type and rank 
> 2, then by Remark 6.2E the group I(M) leaves invariant the 
2 of singular points in M(0o), which is a closed nowhere-dense 
subset of M(oo). Conversely, suppose that J( M7) leaves invariant 
some proper closed subset X of M(oo). Then the symmetry dif- 
feomorphism group G* leaves invariant a proper closed subset of 
M(co) by Proposition 7.3, and hence M is isometric to a symmetric 
space of noncompact type and rank k > 2 by Corollary 7.2. @ 
We conclude this section with the following geodesic flow char- 
acterization of finite volume, locally symmetric spaces of higher 
rank. 


THEOREM 7.5. Let M be an irreducible, complete, simply-con- 
nected manifold of nonpositive sectional curvature, and let M = M /T 
be a quotient manifold of finite volume and dimension equal to that of 
M. Then M is isometric to a symmetric space of noncompact type and 
rank k > 2 if and only if the geodesic flow in the unit tangent bundle 
SM does not have a dense orbit. 


Proof. This is an immediate consequence of Theorem 7.2, 
Proposition 7.3 and Proposition 6.2A since the group I satisfies the 
duality condition by Example 1 of 6.1. @ 


8. RANK OF A MANIFOLD OF NONPOSITIVE CURVATURE 


To any complete manifold M of nonpositive sectional curvature 
one may assign an integer rank(M), with 1 < rank( /) < dim M, 
that measures the “flatness” of M. To each unit vector v tangent to 
M let r(v) denote the dimension of the vector space J(y,,) consist- 
ing of all perpendicular parallel vector fields E(t) along the geodesic 
y, With initial velocity v such that the sectional curvatures 
K(E, y,;)(t) are zero for all t. Now define rank() to be 1 plus the 
smallest of the integers r(v), as v ranges over SM. If M is a 
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symmetric space of noncompact type or a quotient manifold of 
such a space, then rank( M) agrees with the other definition of rank 
given above in 4.9. If M has strictly negative sectional curvature, 
then rank(M)=1 while if M is flat (K=0), then rank(M)= 
dim(M ). 

In [Ba] and [BS] the following striking result of W. Ballmann 
and K. Burns-R. Spatzier is proved. A somewhat simplified proof 
based on Theorem 7.2 may be found in [E7]. 


THEOREM 8.1. Let M be a complete, irreducible manifold of 
nonpositive sectional curvature with rank(M) =k >2 and sectional 
curvature satisfying K > —a? for some positive constant a. If I(M) 
admits a lattice T, then M is isometric to a symmetric space of 
noncompact type and rank k > 2. 


As a consequence of the result above one obtains the following 
rigidity theorem of Gromov [BGS]. See also [E4] for a special case. 


THEOREM 8.2. Let M be a symmetric space of noncompact type 
and rank k > 2, and let M* =M//T be a compact quotient manifold 
such that no finite cover of M* splits as a Riemannian product. Let M 
be any compact manifold of nonpositive sectional curvature whose 
fundamental group is isomorphic to the fundamental group of M*. 
Then M is isometric to M* if the metric of M* is rescaled by 
constants on the local de Rham factors of M*. 


REMARKS. 1. The Mostow Rigidity Theorem proves the result 
above in the special case that the universal cover M’ of M is a 
symmetric space of noncompact type. The proof of Theorem 8.2 
either involves methods similar to the methods used by Mostow 
(see [BGS]) or a direct application of the Mostow Rigidity Theo- 
rem after using Theorem 7.2 to prove that M’ is a symmetric space 
(see [E4] and [E7)). 

2. Theorem 8.2 implies in particular that on a compact manifold 
M* as described in the theorem there exist no metrics of nonposi- 
tive sectional curvature except those obtained from the original 
metric by rescaling the metric by constants on local de Rham 
factors of M*. 
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Rank of the fundamental group. We remarked earlier in Section 
3.4 that the fundamental group of a complete manifold M of 
nonpositive sectional curvature carries all of the homotopy infor- 
mation of M. It is reasonable to ask how much of the geometry of 
M is expressible in terms of algebraic properties of the fundamen- 
tal group of M, and not unreasonable to expect that a considerable 
amount of the geometry can be so expressed. We give one example 
from [BE]. 

Given an abstract group I and an integer k > 1 we let A,(T) = 
{@€T: Z(@) contains a free abelian subgroup of rank r<k asa 
subgroup of finite index}, where r<k is arbitrary and Z($) = 
{~EeT: yo= oy}. Define 


r(T) =inf{k>0: T=9,4,(T)U--: Ug,,A4,(T), 
where $,,...,%, €I'}. 
We then define 


rank(T’) = sup{r(I*): I* is a finite index subgroup of T}. (8.3) 
In [BE] the following result is proved. 


THEOREM 8.4. Let M be a complete manifold of finite volume 
whose sectional curvature satisfies —a*<K <0 for some positive 
constant a. Then rank(M) equals the rank of the fundamental group 
of M. 


REMARK. The definition of r(IT‘) is taken from work of Prasad 
and Raghunathan [PR] who proved that r(I°) = rank(M) if M= 
M/T, where M is a symmetric space of noncompact type and rank 
k >2 and I isa lattice contained in /,(M). 

From Theorems 8.4 and 8.1 we then obtain the following char- 
acterization of symmetric spaces of noncompact type and rank at 
least two (see [BE]). 


THEOREM 8.5. Let M be a complete manifold of finite volume that 
admits no finite Riemannian cover that splits as a Riemannian 
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product. Assume that the sectional curvature satisfies —a? <K <0 
for some positive constant a. Then the following conditions are equiv- 


alent: 


1) 


2) 


[Ba] 
[BBE] 
[BBS] 
[BE] 
[Bea] 
[Be] 
[BGS] 
[BC] 
[BO] 
[Bo] 
[BS] 
[CE] 
[ChE] 
(E1] 


[E2] 


The universal Riemannian covering manifold M of M is a 

symmetric space of noncompact type and rank k > 2. 

a) The fundamental group of M is finitely generated. 

b) No finite index subgroup of the fundamental group of M is a 
direct product A X B. 

c) The fundamental group of M has rank k > 2 in the sense of 
(8.3). 


REFERENCES 


W. Ballmann, “Nonpositively curved manifolds of higher rank,” Ann. of 
Math. 122 (1985), 597-609. 

W. Ballmann, M., Brin and P, Eberlein, “Structure of manifolds of nonposi- 
tive curvature, I,” Ann. of Math. 122 (1985), 171-203. 

W. Ballmann, M. Brin and R. Spatzier, “Structure of manifolds of nonposi- 
tive curvature, II,” Ann. of Math. 122 (1985), 205-235, 

W. Ballmann and P, Eberlein, “Fundamental groups of manifolds of non- 
positive curvature,” J. Diff. Geom. 25 (1987), 1-22. 

A, Beardon, The geometry of discrete groups, Springer, New York, 1983. 

M. Berger, “Sur les groupes d’holonomie homogéne des variétés 4 connexion 
affine et des variétés Riemanniennes,” Bull, Soc. Math, France 83 (1953), 
279-330. 

W. Ballmann, M. Gromov and V. Schroeder, Manifolds of nonpositive 
curvature, Birkhauser, Boston, 1985. 

R. Bishop and R. Crittenden, Geometry of manifolds, Academic Press, New 
York, 1964. 

R, Bishop and B. O’Neill, “Manifolds of negative curvature,” Trans. Amer. 
Math. Soc, 145 (1969), 1-49, 

A. Borel, “‘Compact Clifford-Klein forms of symmetric spaces,” Topology 2 
(1963), 111-122, 

K. Burns and R, Spatzier, “Manifolds of nonpositive curvature and their 
buildings,” Publ. IHES no, 65, pp. 35-59. 

J. Cheeger and D, Ebin, Comparison theorems in Riemannian geometry, 
North Holland, Amsterdam, 1975. 

S, Chen and P, Eberlein, “Isometry groups of simply connected manifolds of 
nonpositive curvature,” Jil, J. Math. 24 (1980), 73-103. 

P, Eberlein, “Geodesic flows on negatively curved manifolds, I,” Ann. of 
Math, 95 (1972), 492-510. 

____, “Geodesic flows on negatively curved manifolds, II,” Trans. Amer, 
Math, Soc, 178 (1973), 57-82. 


258 


[E3] 
[E4] 


[ES] 


[E6] 
[E7] 
[EO] 


[GW] 


(H] 


[K] 


[LY] 


[L] 
[Mi] 


[Mo] 
[P] 
[PR] 
[S] 


[W] 


Patrick Eberlein 


___, “Isometry groups of simply connected manifolds of nonpositive 
curvature, II,” Acta Math. 149 (1982), 41-69, 

___., “Rigidity of lattices of nonpositive curvature,” Erg. Th. Dyn. Syst. 3 
(1983), 47-85. 

___.,, “Structure of manifolds of nonpositive curvature,” in Global differen- 
tial geometry and global analysis 1984, Lecture Notes in Mathematics, vol. 
1156, Springer, New York, pp. 86-153. 

___., “Symmetry diffeomorphism group of a manifold of nonpositive 
curvature, I,” to appear in Trans, Amer. Math. Soc, 

___, “Symmetry diffeomorphism group of a manifold of nonpositive 
curvature, II,” to appear in Indiana Univ. Math, J. 

P. Eberlein and B. O’Neill, “Visibility manifolds,” Pac. J. Math. 46 (1973), 
45-109, 

D. Gromoll and J, Wolf, “Some relations between the metric structure and 
the algebraic structure of the fundamental group in manifolds of nonpositive 
curvature,” Bull, Amer, Math, Soc, 77 (1971), 545-552, 

S. Helgason, Differential geometry and symmetric spaces, Academic Press, 
New York, 1962, 

F. I. Karpelevic, “The geometry of geodesics and the eigenfunctions of the 
Beltrami-Laplace operator on symmetric spaces,” Trans. Moscow Math, Soc. 
(AMS Translation) Tom 14 (1965), 51-199, 

H. B, Lawson and §,-T. Yau, “Compact manifolds of nonpositive curvature,” 
J. Diff. Geom, 7 (1972), 211-228, 

O, Loos, Symmetric spaces, vol. 1, W, A. Benjamin, New York, 1969, 

J. Milnor, Morse Theory, Annals of Math Studies Number 51, Princeton 
University Press, Princeton, 1963, 

G. D. Mostow, Strong rigidity of locally symmetric spaces, Annals of Math 
Studies Number 78, Princeton University Press, Princeton, 1973. 

A, Preissmann, “Quelques propriétés globales des espaces de Riemann,” 
Comm, Math, Helv, 15 (1942-43), 175-216, 

G, Prasad and M. A. Raghunathan, “Cartan subgroups and lattices in 
semisimple Lie groups,” Ann. of Math. 96 (1972), 296-317, 

C, L. Siegel, Topics in complex function theory, vol. I, J. Wiley and Sons, 
New York, 1971, pp. 14-30. 

J. Wolf, Spaces of constant curvature, Third Edition, Publish or Perish, 
Boston, 1974. 


WHAT IS ANALYSIS IN THE LARGE? 


Marston Morse 


1. INTRODUCTION 


All mathematics is more or less ‘in the large” or “‘in the small.” 
It is highly improbable that any definition of these terms could be 
given that would be satisfactory to all mathematicians. Nor does 
it seem necessary or even desirable that hard and fast definitions 
be given. The German terms im Grossen and 1m Kleinen have been 
used for some time with varying meanings. It will perhaps be 
interesting and useful to the reader to approach the subject his- 
torically by way of examples. 

No proofs are given. In attempting to give the reader a concep- 
tion of analysis in the large two ways are open. The first is to 
attempt an elementary exposition of the fundamental techniques. 
Unfortunately, this method of exposition is attempted much too 
often. The explanations given are fragmentary and give an ex- 
aggerated notion of the importance of some special technique, and 
no adequate notion of the subject as a whole. In a new and com- 
prehensive field possibly the only way to give the beginner a 
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stimulating and adequate notion of what the subject is about is 
to give examples and results which are themselves relatively com- 
plete. The cooperative reader can readily imagine the variety of 
techniques that might be used to obtain the stated results, and 
may himself invent new techniques, but in the presence of sig- 
nificant results he is less apt to be concerned with trivialities and 
subjective bypaths. 


2. AN EXAMPLE FROM 
DIFFERENTIAL GEOMETRY 


Most of classical differential geometry is “‘in the small,”’ that is, 
most theorems are proved merely in the neighborhood of a point. 
It is proved, for example, that in the neighborhood of a point P 
of a surface 2, 2 can be referred to isothermic parameters so that 
neighboring P, 

(2.1) ds? = d(u, v)[du? + de®] 


with A(u, v) ¥ 0.f The question in the large as to what sort of 
closed surfaces can be represented as a whole with parameters 
(u, v) and ds? of the form (2.1) has been asked and answered in 
general only in recent years. It is required that there be just one 
curve u = const. and just one curve v = const. through each 
point. Among two-sided or orientable surfaces which admit such 
parameters, those of the topological typet of the torus are the 
only possibilities. 

One could continue by asking a more general question. What 
sort of closed surfaces S admit a representation in terms of pa- 
rameters (u,v) in such a manner that there is one and only one 
curve u = const. and one and only one curve v = const. through 
each point? Such a representation of S would in particular imply 
the existence at each point P of S of a vector tangent to the curve 
u = const. through P. There would thus exist a field of vectors, 


+ Appropriate hypotheses as to the regularity of the representation of the 


surface must be made. ; one ; 
+ A surface is of the topological type of the torus if it is the (1-1) continuous 


image of the torus, 
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one for each point of P, tangent to S and P and varying con- 
tinuously with P. For such a field to exist S must be the topological 
type of the torus. 

Thus, in questions as to the existence of parameter nets without 
singularities, the controlling factors are those of topology. One 
can see why analysis or geometry in the large depends so heavily 
on topology. 


3. AN EXAMPLE FROM THE THEORY OF 
FUNCTIONS OF A COMPLEX VARIABLE 


The theorem that a function f(z) of a complex variable z which 
has no singularities in the extended plane other than poles is a 
rational function of z, is a theorem in the large the proof of which 
illustrates some of the salient characteristics of analysis in the 
large. One begins by representing f(z) neighboring z = zo as the 
sum of the “principal part” of f(z) at zo and a function analytic 
at Zo. This is the preliminary analysis in the small. 

Upon subtracting the principal parts of f(z) at each pole from 
f(z) one obtains a function ¢(z) bounded in absolute value and 
with at most removable singularities. According to Liouville, ¢(z) 
is a constant. The theorem follows. 

The analysis in the large comes in the proper definition of the 
extended plane and the proof of the Liouville theorem. Details 
will not be given but it will be of interest to state that the theorem 
of Liouville can be reduced to a theorem of topological character 
on the nature of vector fields. 


4, DIFFERENTIAL EQUATIONS IN THE LARGE. 
AN EXAMPLE FROM THE WORKS 
OF HENRI POINCARE 


It is no mere coincidence that Poincaré was the first to com- 
prehend fully the possibilities of analysis in the large, and at the 
same time was the father of modern topology. Poincaré was not 
satisfied with the classical theory of differential equations. He 
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wished to know something concerning the system of trajectories as 
a whole. He was greatly interested in the movements of the planets 
but found insufficient generality and completeness in the classical 
theory. His interest in celestial mechanics is in the background of 
all of his papers on differential equations. 

Poincaré’s first papers on differential equations are not preten- 
tious in their generality, but in method they are most novel. 
Poincaré is concerned with an ordinary first order differential equa- 
tiont defined at each point of a 2-sphere. In terms of any system 
of local coordinates (u, v) representing the neighborhood of a point 
(uo, Yo) on the sphere the differential conditions have the form 


du cu 
Utu,v) Vu, ») 

The functions U and V are supposed real. and analytic in (u, v) 
neighboring (uo, %). Points (uo, v0) at which both U and V vanish 
are termed “singular points.” These points are supposed finite in 
number on the sphere. 

Poincaré makes certain assumptions concerning the singular 
points (uo, %). To state these conditions we shall take (uo, vo) as 
the origin. Then U and V have developments of the form 


U=au+tbo+:-, 

V=cu+dv+-::- 
neighboring the origin. Poincaré assumes in most of his work that 
the roots \; and dz of the equation 

a—r b IL 

c d—-» 
are distinct, different from 0, never pure imaginary, and that 
neither );|A2 nor A2|A; is a positive integer. These conditions will be 
satisfied by most analytic examples. 
Curves on the sphere which satisfy the differential equation are 

termed characteristics. In general, characteristics are without sin- 
gularity except at most when they pass through a singular point 


0 


t Poincaré, “Sur les courbes définies par les équations différentielles,’’ 
Journal de Liouville, 1881, 1882. 
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of the differential equation. Typical of analysis in the large, 
Poincaré’s work permits a subdivision into three parts as follows: 

(a) a study of characteristics neighboring a singular point; 

(b) the assignment of an index +1 to each singular point and the 
establishment of a relation between these indices (this part of the 
analysis would now be regarded as an essay in combinatorial top- 
ology); 

(c) a description of the characteristics in the large with particular 
reference to recurrence and limiting trajectories [results (a) and (b) 
are preliminary to (c)]. 

Part (a). In his study of characteristics neighboring a singular 
point, Poincaré shows that there are three principal kinds of 
singular points as follows: ; 

“Noeud.” Neighboring a noeud (uo, vo) each characteristic tends 
to (uo, %) with a definite limiting direction. For example, the dif- 
ferential equation 

du _ de 

uv 
has a noeud at the origin. In this example, the characteristics 
have the form kv = hu? where h and k are constants. 

“Foyer.” The characteristics approach such a singular point in 
the form of spirals, with the arc length becoming infinite. For 
example, the differential equation 


du —_—s dv 
u—v utd 


has a foyer at the origin with logarithmic spirals as characteristics. 
“Col.”’ There are just two characteristics which tend to a col 
as a limiting point. For example, the equation 


has a col at the origin. The characteristics wv = const. include the 
two characteristics u = 0 and v = 0 passing through the origin. 


Part (b). In the development (b), Poincaré assigns an index 1 
to each noeud and to each foyer, and an index —1 to each col. 
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Poincaré shows that the sum of the indices of the singular points 
on. the sphere equals 2. Thus, there must exist at least two singular 
points. 

A closed characteristic without a multiple point is called a cycle. 
If a characteristic tends to a noeud or a foyer as a limit point there 
is in general no natural way to continue the characteristic, and it 
is agreed that in such cases the characteristic shall end at the 
noeud or foyer. If a characteristic g tends to a col the convention 
is made that g may be continued turning either to the right or left 
and departing from the col on a characteristic. By virtue of this 
convention, the notion of a cycle is enlarged. With this understood 
we see that a cycle can have no singularity other than those 
occurring at a col. 


Part (c). Poincaré ends with a relatively complete description 
of the characteristics. He shows that a characteristic continued with- 
out limit in a given sense either terminates at a noeud, or ts a cycle, 
or is asymptotic to a cycle. A foyer is to be regarded as a degenerate 
cycle to which the neighboring spirals are asymptotic. 


The reader is asked to observe the fundamental difference be- 
tween the modes of analysis required in Parts (a), (b), and (c), 
and then to note how (a) and (b) are preliminary to (c) and make 
(c) possible. The index theorem of Poincaré has its topological 
generalization in the fixed point theorems of Brouwer, Alexander, 
Lefschetz, and H. Hopf. The analysis of characteristics in (c) is 
the predecessor of the modern study of recurrence and transitivity 
which G. D. Birkhoff has developed so fully and to which Hedlund, 
Morse, von Neumann, Koopman, E. Hopf and others have made 
significant contributions. 


5. ELEMENTARY EXAMPLES IN EQUILIBRIUM 
THEGRY IN THE LARGE 


Equilibrium theory in the large makes an extensive use of 
topology. The principles of analysis brought out in the previous 
examples appear here again. Briefly summed we have seen in 
these examples that analysis in the large has involved (a) a pre- 
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liminary analysis in the small, (b) a local determination of indices, 
and (c) an integration of this local analysis by various means (in- 
cluding topology) into the final theorems in the large. The exam- 
ples which we shall now present will show how various problems 
which from a local point of view appear most diverse, from a 
topological point of view are essentially the same. 

We begin with certain results concerning a function f of a point 
on a closed bounded n-manifold > lying in a euclidean space of 
sufficiently high dimension. We suppose throughout that 2 is 
locally represented in terms of n parameters (u) with convenient 
conditions of differentiability and regularity. In terms of the local 
parameters (u) f shall be a function F(u) at least three times 
continuously differentiable. A critical or equilibrium point of f is 
a point at which each partial derivative of F is null. 

For the purposes of this exposition we shall make an assumption 
which is in general fulfilled. We shall suppose that each critical 
point is nondegenerate in the sense that the terms F. of the second 
order in the Taylor’s formula for F about the critical point is a 
nondegenerate quadratic form. Then, as in the elementary theory 
of conic sections, it is possible to make a real nonsingular linear 
transformation from the variables (u) to the variables (v) such that 
F, takes the form 


Py = —vp — 0+ — + ea Ho te 


The number k is called the index of the critical point. 

A manifold such as 2 possesses an 7th Betti number R; (i = 1, 
+++, n). This is the maximum number of independent nonbound- 
ing 1-cyclest on 2. For example, if 2 is a torus then Ro = 1, 
R, = 2, R. = 1. We shall be concerned with a 3-dimensional torus 
T;. Such a manifold can be obtained by starting with a 2-dimen- 
sional torus 72 and a 2-plane zy, lying in a euclidean 3-plane, with 
m, not intersecting T,. To obtain 7; we revolve 7, about z2 in a 
4-plane containing our 3-plane. Such a 73 is sometimes called a 
product of three circles. For 7; one has Ry = 1, R, = 3, Re = 3, 


t For details see Seifert-Threlfall, Lehrbuch der Topologie. Leipzig: 1934, 
Chap. III. 
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R; = 1. These numbers are the binomial coefficients when n = 3, 
We can obtain a 1-1 continuous image of an ordinary torus by 
identifying opposite sides of a square. Similarly one can obtain a 
1-1 continuous image of 73 by identifying opposite faces of a cube. 
With this identification, three mutually perpendicular edges of the 
cube represent three independent nonbounding I-cycles, as can 
be shown. Similarly, three mutually perpendicular faces of the 
cube represent three independent nonbounding 2-cycles. A point 
is a O-cycle and 7’; itself is a 3-cycle. In this way one intuitively 
accounts for the fact that Ro = 1, Ri = 3, Ro = 3, R= 1. A 
3-dimensional manifold which is a 1-1 continuous image of 73 
will be called a topological 3-torus. 

The theorem which will be used in what follows is that on 2 the 
number M; of critical points of f of index 7 satisfies the funda- 
mental relationf 


(5.1) M;2 R;. 


Thus on a topological 3-torus one can infer the existence of at least 
1+3+3-+1 = 8 critical points. 


Examples 


1. Triangles of light. Let there be given three nonintersecting, 
simple, closed, nonsingular, analytic curves Ci, C2, C3 all lying in a 
2-plane. We shall be concerned with triangles with vertices pi, ps, 
p3 on Cy, C2, C3, respectively. Such a triangle will be called a étri- 
angle of light if a ray of light following this triangle is reflected at p; 
as if C; were a mirror, or if the angle in the triangle at p; is 7. 
How many triangles of light can we affirm to exist? 

Let f be the sum of the lengths of the sides of the triangle prpops. 
We can refer C; to a parameter u; which is proportional to the arc 
length and varies from 0 to 27. Then f becomes a function 
f(y, Us, Us). The domain of definition of f is clearly a topological 
3-torus. As a matter of analysis in the small, one proves by ele- 


¢ See Morse, “Calculus of variations in the large.’? Colloquium lectures, 
American Mathematical Society (1934), Chap. VI. Also, Seifert-Threlfall, 
Variationsrechnung im Grossen. Leipzig: 1938. 
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mentary methods that f has a critical point if and only if the cor- 
responding triangle is a triangle of light. 

These triangles of light can then be classified according to the 
index of the corresponding critical point. According to relation 
(5.1) in the general theory of critical points there are at least 
8 =1-+3-+3 + 1 of these triangles of light. 

2. Normals from a point to a topological 3-torus. Let 23 be a 
topological 3-torus in a euclidean 4-space. Let p be a fixed point 
not on 23. We seek normals from p to 23. To obtain these we let f 
be the distance from p to 2; regarding f as a function of the point 
(u) of 23. It can be shown that except for a subset of special 
points p the critical points of f are nondegenerate. Moreover, one 
then shows by a local analysis that f has a critical point (u) if and 
only if the line segment from p to (u) is normal to 33 at (u). 
According to our general theorem there are then at least eight 
normals from p to 23. These normals can be classified and it can 
be shown that the index of a nondegenerate critical point is the 
number of centers of principal curvature of 23; between p and (u) 
on the given normal. Similar theorems hold for a topological 
2-torus. Here the number of normals is at least 4. 

3. Three-planes passing through a fixed 2-plane and tangent to the 
preceding topological 3-torus 23. We suppose that the fixed 2-plane 
m2 does not pass through a hole in 23, that is, we suppose that 7, 
can be moved indefinitely away from 23 without intersecting 23. 
We can then show that if 72 is nonspecialized there are at least 
eight 3-planes through 7m, tangent to 3. 

4. Heavy chain in equilibrium, with ends free to move on a topologi- 
cal 2-torus and on a closed curve C, respectively. We suppose that the 
curve C and the topological 2-torus 2, lie in euclidean 3-space but 
that no point of C and £, lie on the same plumb line. We suppose 
that a chain is provided which is larger than the maximum distance 
from a point of C to a point of 22. The end points of the chain 
are supposed free to move on 22 and C respectively and the chain 
is permitted to pass through 2, or C. If the position of C is non- 
specialized relative to 22, then there are at least eight positions of 
equilibrium of the chain, seven of which are unstable. The func- 
tion the critical points of which are sought gives the height of the 
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center of gravity of the chain as a function of the end points of 
the chain. 

The examples of this section are unified by the fact that the 
function involved is defined in each case on a topological 3-torus. 
The examples belong equally well to mechanics, geometry, or the 
calculus of variations. The restrictions as to nonspecialized posi- 
tions of the configurations involved can all be removed by re- 
placing the definition of a critical point in terms of derivatives by a 
topological definition of a critical point, and by replacing the 
classification of critical points according to their indices by a 
topological classification of a group theoretic character. This type 
of generalization both in its form and genesis is characteristic of 
analysis in the large. 

It is possible that analysis in the large may eventually reduce 
to topology, but not until topology has been greatly broadened. 
It is equally conceivable that the apparently less general situations 
which arise with such frequency in problems in analysis in the 
large may form the canonical cases about which the topology of 
the future can be built. 

Analysis is full of difficult but significant unsolved problems in 
the large. We mention only one example. How does the topologi- 
cal structure of the contour manifolds of the Jacobi least action 
integral J in the problem of three or more celestial bodies vary 
with the value of J? The independent variable in J is a closed 
path. The solution of this problem may disclose that the planetary 
orbits exist for essentially topological reasons. On the purely topo- 
logical side, the number of problems the solution of which is 
necessary for a rapid advance of analysis in the large is very great, 
presenting a field that is virtually untouched. 
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SURFACE AREA 


Lamberto Cesari 


There is a growing interest in a general theory concerning the 
analytical properties of transformations, or mappings 


(T,A): p=p(w), wEACKX, peEY, or T: AY, (1) 


from a set A of a “space X” into a “space Y.” Let us say explicitly 
that T is meant to be single-valued but not necessarily one- 
one—that is, each w€A is mapped into one and only one p= 
p(w) € Y (image of w), all these p=p(w), we A, form a set 
T(A) c Y (graph) of T, but each p © T(A) may be the image of 
more than one w € A, even infinitely many w € A (counter images 
of p). Real functions of one real variable, parametric and nonpara- 
metric curves, surfaces, etc., are examples of such mappings, and 
the analytical entities attached to (T, A) may be called total varia- 
tion, length, area, etc., or, more generally, line integrals, surface 
integrals, etc. 

The last concepts are usually introduced under very restrictive 
conditions on T, but recently it has been recognized that length, 
area, etc., can be introduced under the mere hypothesis of continu- 
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ity of T (and even this may not be required), and that the finiteness 
of the length (area, etc.) assures the existence of a line integral 
(surface integral, etc.). 

If X and Y are Euclidean spaces E, and E,, respectively, of k 
and N dimensions, and A is a nondegenerate interval of X, or any 
open set of X, then we may say that T is a parametric k-variety in 
Ey (a parametric curve for k= 1, a parametric surface for k = 2). 
The theory for k=1 and k=2 has reached some degree of 
completeness and has been extended in a number of directions in 
the last decades. Hopefully, a theory adequate in scope, depth, and 
generality for k-varieties will be developed for k > 2. Several books 
[3a], [17] are dedicated to the theory. A series of articles [4]-[6] in 
the American Mathematical Monthly illustrate briefly some of the 
results. The present exposition draws upon these articles; we shall 
discuss some of the questions concerning surfaces because surfaces 
entail a deeper connection with topology and measure theory than 
curves. 

A completely abstract, or axiomatic approach has been initiated 
in reference [12], where the underlying structure, or formal theory 
alone has been emphasized for general transformations. Neverthe- 
less, we shall discuss in Sections 1-10 only actual continuous 
mappings (precisely surfaces, parametric and nonparametric) and 
their geometrical, analytical, and topological properties. In Section 
11 we shall report on work on discontinuous nonparametric 
surfaces. Many different viewpoints, Almgren’ varifolds, Fleming’s 
integral currents, Young’s generalized curves and surfaces, discon- 
tinuous parametric surfaces are not discussed in the present ele- 
mentary exposition. 


1, THE CONCEPT OF CONTINUOUS SURFACES 


We shall denote by E, the real Euclidean w-plane, w = (u, v), by 
Ey any real Euclidean space [for N = 3 let E, be the p-space with 
p=(x, y,z)], by M, M*, and M° the closure, the boundary, and 
the set of the interior points of a set M in any such space, by 
|p| =(x?+y2+42z7) the Euclidean norm, and by |p-— gq] the 
Euclidean distance of two points p, q. 
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By a surface S$ we shall mean a mapping (1) from some set 
AC E, into E, (or Ey), where A might be, for example, a square, a 
circle, a polygonal region, or a (closed) simple Jordan region J. Or, 
A could be, more generally, a (closed) Jordan region of finite 
connectivity » >0, say J=Jy—(A,+ --- +J5,)°, 5. CSe, JF, =0, 
i#j, i, 7=1,...,», where all J, and Jo are closed simple Jordan 
regions. It has been found convenient to take for A any “admissi- 
ble” set, that is, either any Jordan region J as above, or a finite 
sum of disjoint Jordan regions, or any set GC E,, open in E,, or 
any set GC J, open in J (further generalizations have been, and 
are being, studied). We will suppose N = 3. Thus (7, A) is defined 
by a continuous vector function T(w), w€ A, say, 


S=(T,A): p=T(w), wed, T(w)=[x(w), y(w), z(w)], 
or (1.1) 
S=(T,A): x=x(u,v), y=y(u,v), 

z=z(u,v), (u,v)EA. 


The set T(A)C E, is the graph of S=(T, A), but it in no way 
defines (T, A). For example, the mappings T: x =u, y=v, z=0, 
(u,v) € Q, and T’: x =sin’kau, y =v, z=0, (u,v) € Q, where Q 
is the square Q = [0 <u, v <1] and k > 1 an integer, have both the 
same graph T(Q) = T’(Q) = U, where U is the unit square [0 < x, 
y <1, z=0] in the x, y-plane. However T covers U just once, 
while T’ covers U exactly k times. Finally, if P: x = (t), y= (tt), 
0<t<1, denotes the well-known Peano curve covering U, then 
T”: x=o(u), y=V(u), z=0, (u,v) € Q, has the same graph as 
T’ and T, but is a completely different surface. Indeed, we shall 
mention that the “areas” of T, T’, T” are different numbers, 
namely 1, k, and 0, respectively. 

Actually there are cases where our intuition associates to differ- 
ent mappings (or surfaces) the same entity (as, for example, T and 
T’ with k =1). Indeed, various concepts of “equivalence” have 
been taken into consideration, such as the Lebesgue and Fréchet 
equivalences (for example, T and T’ above for k = 1 are Lebesgue 
equivalent). Classes of equivalent mappings are then denoted as 
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Lebesgue surfaces and Fréchet surfaces. If A, A’ are topological 
equivalent, and (7, A), (T’, A’) are continuous maps into the same 
space E,, then (7, A), (7’, A’) are said to be comparable. If there is 
a homeomorphism h: A > A’, or w’=h(w), from A onto A’ such 
that T’(h(w)) = T(w) for all w eA, then (7, A) and (T’, A’) are 
said to be Lebesgue equivalent. If for every «>0 there is a 
homeomorphism h,: A — A’, or w’=h(w), from A onto A’ such 
that 


|T"(A.(w)) — T(w)|<e (1.2) 


for all we A, then (T, A) and (7, A’) are said to be Fréchet 
equivalent. In general, the infimum of all numbers « > 0 for which 
(1.2) holds for some homeomorphism h, is said to be the Fréchet 
distance ||T,7”’|| of (7, A) and (T’, A’). It can be shown that 
IT, 7 >9, IT. T=IT. 7, and IT, 7 <7, 7" +17”, Th 
hence, Fréchet equivalent comparable maps form a metric space. 
These definitions have been discussed in references [3] and [17], 
and for curves also in [5]. Below, the book [3] will often be quoted 
as [SA] followed by indications of page and section. 

Surfaces, or mappings S = (7, A) for which each point p € T(A) 
has only one counterimage are said to be simple [and if T~! i 
continuous, then T is a homeomorphism between A and T(A)]. If 
for every p € T(A) the set T~1( p) CA is connected, then T is said 
to be monotone; if T~\( p) CA is totally disconnected, then T is 
said to be light. For example, surfaces of the type 


T:x=u, y=v, z=2z(u,v), (u,v)EQ, 


that is, T: z= 2z(x, y), (x, y) © Q, are said, somewhat improperly, 
to be “nonparametric surfaces,” and they are certainly simple. The 
mapping T: x=u, y=v, z=(l—-u?-v?)!”, (uvyeQ= 
(u? + v? <1), the graph of which is a “halfsphere,” is nonpara- 
metric and simple. The mapping T: x=2(r—r7)!/*cos@, y= 
2(r — r?)'/2sin 8, z=2r—1, where (u,v) € Q, rcos 9 =u, rsin@ 
=v, the graph of which is the whole sphere x? + y?+z?=1, is 
monotone, but not light since the point p= (0,0,1) 1 » the image of 
all points (u,v) Q*. The mapping T: x=1—u’*, y=u-u?, 
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Z=0, (u,v) €A=(-2 <us2,0<v <1), the graph of which is a 
portion of a cylinder with generatrices parallel to the z-axis, is 
light, but not monotone. 

Of particular interest are the “flat surfaces” or “‘ plane mappings,” 
that is, those mappings with a graph contained in a plane. For 
example, if 7,, r=1,2,3, denotes the projections of E, onto the 
yz, ZX, xy coordinate planes, say E,,, E,,, E,;, then T,=7,T, r= 
1,2,3, are plane mappings, namely, 


T,: x =0, y=y(u,v), z=2z(u,v), (u,v) EA, 
Tr: x=x(u,v), y=0, z=2z(u,v), (u,v) EA, (1.3) 
Ty: x=x(u,v), y=y(u,v), z=0, (u,v) EA. 


It was pointed out already by S. Banach and G. Vitali that 
properties of a mapping T as a parametric continuous surface (for 
example, the finiteness of the “area’”’) have no, or very little bearing 
on the properties of the single functions x(u,v), y(u,v), z(u,v), 
but they have an essential bearing on the properties of the pairs of 
functions (y, Z), (z, x), (x, y), that is, on the plane mappings T,, 
r=1,2,3. For example, no matter which continuous function 
(u,v), (u,v) €A, we consider, the mapping T: x=y=z= 
(4, v), (u, v) € A, has a graph completely contained in the straight 
line x =y=z in E,, and its “area” is zero. For nonparametric 
surfaces T: x =u, y=v, z=2(u,v), all properties of T are, of 
course, reflected into properties of the single function z(u, v). 


2. LEBESGUE AREA 


For parametric surfaces (mappings) S=(T, A): p=p(w), 
weEA, p=(x,y,Zz), w=(u,v), defined by functions x(u, v), 
y(u, v), z(u,v), which are continuous in A with their first partial 
derivatives, it is usual to assume for the area of S$ the value of the 
integral (area integral) 


I(T, A) = (A®) f\J|dudv = (A®) [(J2 +52 +43)” dudo, (2.1) 
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and for the surface integral the value of 


1(T, A, f) =(A°) ff [p(w), (w)] dude, (2.2) 


where J = J(w) is the vector Jacobian J = (J,, J, Jz), Jy = yyZ5 —- 
Z,Yy, etc.,, and where f(p,¢) is any given function of ( p, f) con- 
tinuous in ( p, ¢) for all p =(x, y, z) € T(A), and all t = (t, ty, t3). 
To assure that I(7, A, f) is invariant with respect to Lebesgue or 
Fréchet equivalences, we add another condition 


(nh): f(p, kt) =kf(p,t) forallk>0, t€£E, and pe T(A). 


Thus, for f =|t|, 1(7, A, f) is the area integral 1(T, A) and condi- 
tion (h) is satisfied. The definitions (2.1) and (2.2) are adequate 
under the restrictive conditions mentioned but inadequate gener- 
ally. To see this, let us denote by $(1),0 <1 <1, (0) =0, ¢(1) =1, 
the well-known monotone nondecreasing, continuous function 
which is constant on each complementary interval J; of the ternary 
Cantor set in (0,1). Thus, $(¢)=0 almost everywhere in (0,1) 
[15, p. 368]. Then the nonparametric light mapping (surface) S’: 
x=u, y=v, z=$(u), (u,v) € Q=(0,1,0,1) should have “area” 
greater than, or equal to, ¥2, while the integral [(T, A) has the 
value 1. Analogously, the monotone mapping (surface) S$”: x = 
o(u), y=v, z=0 (a monotone mapping from Q into the square 
U=[0<x, y<1,z=0)]) should have “area” 1 (or at least 1), while 
the integral /(T, A) has the value 0. 

A definition shown to be adequate was proposed by Lebesgue in 
1900. Simply, the Lebesgue area of a surface S is the “lower limit” 
of the elementary areas of the polyhedral surfaces approaching S. 
To make this definition precise, we need a few more words. 

We shall denote as a figure F any finite sum of disjoint closed 
polygonal regions in E£, (for example, a square, a polyhedral 
region). A mapping (P, F): x= p(w), we F, from a figure F is 
said to be quasilinear, or a polyhedral surface if (1) p(w) is single 
valued and continuous in F, and (2) there exists some subdivision 
D of F into nonoverlapping triangles ¢ such that each component 
x(u,v), y(u,v), z(u,v) of p(w) is linear in each t € D—that is, of 
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the form au+bu+c, a, b, and c constants for each ¢, Then P 
maps each ¢ € D into a triangle A C E,, which may be degenerated 
into a segment, or a single point. Then by the elementary area 
a(P,F) of (P, F) is meant the sum a(P, F)=Za(A), where 
a(A) is the usual area of the triangle A= P(t) and = ranges over 
all t€© D. We shall say that a sequence [A,] of admissible sets A, 
invades an admissible set A, if A,C A, A,CA,,,, A°7>A® as 
n-— oo, Finally, a sequence (7,, A,), n=1,2,..., is said to be 
convergent toward (T, A) if (1) A, invades A, and (2) d, > 0 as 
n-—>oo where d,=sup|T,(w)—T(w)| for all weA,. Thus, if 
A, =A, n=1,2,..., the convergence of (T,, A) toward (T, A) is 
the uniform convergence in A of T,(w) toward T(w), w EA. 
Suppose now that (7, A) is a given continuous mapping from an 
admissible set A and denote by y the class of all sequences 
((P,, &,), n=1,2,...] of quasilinear mappings convergent toward 
(T, A). Then the Lebesgue area L(T, A) of (T, A) is defined by 


L(S) =L(T, A) = Inf liminfa(P,, F,). (2.3) 
yY no 


Of course some reader may ask why this definition is chosen 
instead of considering simply “the supremum, or the limit of the 
elementary areas of the polyhedral surfaces inscribed in S.” 
H. Schwarz and G. Peano discovered in 1890 that such a supre- 
mum may be + oo and such a limit may not exist even with as 
simple a surface as a portion of “circular cylinder” [SA, 4.2, p. 24]. 
Definition (2.3), proposed by Lebesgue in 1900, is the analogue of 
one of the alternative definitions of Jordan length for a curve [5]. It 
can be proved [SA, 5.9, p. 37] that there exists some sequence 
(P,,, F,), n=1,2,..., convergent toward (T, A) with lim a,(P,, F,) 
= L(T, A) as n> 00, 

In case A is itself a figure (for example, a square) it is not 
restrictive to suppose [SA, 6.2, p. 61] that F,=A for all n. Then y 
is the class of all sequences [(P,,.A), n=1,2,...] of quasilinear 
mappings convergent uniformly in A toward (T, A). 

In case A is a figure and T is quasilinear, then L(7T, F)= 
a(T, F), that is, the Lebesgue area coincides with the elementary 
area. The proof of this fact, intuitive as it may appear, is difficult 
(see [SA, p. 108]). 
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Definition (2.3) has, among others, the advantage that it makes it 
easy to prove the lower semicontinuity of L(S), namely, the 
property which can be expressed by the following statement. 


THEOREM 3.1. If (T7,,A,), n=1,2,..., is convergent toward 
(T, A), then L(T, A) < liminf L{T,,, A,,) as n> 00. 


Proof. We shall prove (3.1) in the case A is a given figure, 
assuming in Definition (2.3) F,=A for all n, according to the 
remark at the end of Section 2. We may also assume A= 
liminf L(T,, A,) < +0, and L(T,, A) < +00 for all n. Then, if 
d, = max|T,(w) — T(w)|, we have d,->0 as n> +00. By the 
definition of L(T, A) there exists some sequence (P,,,, 4), m= 
1,2,..., of quasilinear mappings convergent toward (TJ, A) as 
m-— oo with a(P,,,,4)—>L(T,, A). Thus we have 6,,,>0 as 
m-> co where 6,,,=max|P,,,(w)—T,(w)| for all weA. For 
each n, there exists an integer m=m(n) such that 6,,,<1/n, 
|a(P,,,, 4) — L(T,, A)|<1/n. Now we have | P,,,(w) — T(w)|< 
| Pam ~ In| +|Tr—- |< im + 4, <4, +1/n for all we A. If Pf = 
Pe onus then the sequence (P/, A), n=1,2,... converges toward 
(T, A), that is, belongs to the class y relative to (T, A). Thus, by 
Definition (2.3) we have 


L(T, A) < liminfa(P!, A) < liming | L(7,, A) + ] =). 
n-oo n—->oo 


We shall denote as before by L and A the numbers L = L(T, A) 
and A =liminf L(T,, A,,). Even for polyhedral surfaces we may 
have L <A < + 00 (in particular, we may have L < +00, A= + 0). 
We give the following example. Suppose A = F is the unit square 
A=(0<u<1,0<v<)1), and T is the identity mapping T: x =u, 
y =v, z=0. Thus, S =(T, A) is the unit square in the x, y-plane, 
Suppose A, =A and define S, =(7,,, A) as follows: x, =u, y, =, 
Z,=h,(u—(i/n)) for i/n<u<(i/n)+ (1/2n), z,=h,(i/n) + 
(l1/n)—u) for (i/n)+(1/2n)<u<(i/n)+(1/n), where i= 
0,1,...,.n—1,0<u<1, O<v<1 and h,, n=1,2,..., are arbi- 
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trary positive numbers. As n describes the sequence n=1,2,..., 
we have a sequence of polyhedral surfaces S,, n=1,2,.... Each S, 
consists of 2n rectangular strips of side lengths p=1 and p’ = 
(1/2n)(1 + h2)'/*, Each strip has a side of length 1 on the x, y- 
plane, and the opposite side is above and parallel to this plane at a 
height of h,,/2n. If we suppose all numbers /,, equal to 1, then the 
Strips are all at 45-degree angles with the xy-plane, and we have 
h,/2n =1/2n > 0 as n— 00; if we suppose h, = n'/?, the angle of 
the 2n strips with the xy-plane becomes closer and closer to 90° as 
n increases, but still we have h,/2n=2-'n7!/* 30 as n> 00. 
Because x, =X, y, =); |Z, —2|=A,,/2n, we have T,, > T as n — 00 
(uniformly on A). On the other hand, we have L=L(T, A) = 
a(T, A) =1, and L(T,, A) =a(T,, A) =(1+ h?)'””. Thus, for h, = 
1, L(T,, A) =2!7, n=1,2,..., and L=1, \=2!/7>1. For h, = 
ni? L(T,, A)=(1+n)”, and L=1, A= +00. 

In a slightly more general form, statement 3.1 can be worded to 
say that the Lebesgue area of continuous maps is lower semicon- 
tinuous in the Fréchet metric. 

We shall return to the concept of area in Section 6, We mention 
here that an axiomatic approach to area has long been sought. For 
simplicity, suppose that A is a fixed figure F, and consider the class 
of all continuous mappings (7, A) from A into £,. If a functional 
Z(T, A) defined in this class must be considered an area, it should 
satisfy certain axioms, a number of which have been proposed. Of 
these, we list only a few. 


1. Z(T, A) is lower semicontinuous, that is, it satisfies Theorem 
(3.1) (with L replaced by Z). 

2. Z(P,A)=a(P, A) for every quasilinear mapping (P, A). 

3. There exists a sequence (P,, A) of quasilinear mappings con- 
vergent toward (T, A) with a(P,, A) > Z(T, A) as noo. 


Obviously the Lebesgue area satisfies all three axioms. 


THEOREM 3.2. Any functional Z(T, A) satisfying Axioms 1 and 2 
is less than, or equal to, L(T,A). Thus, the Lebesgue area is the 
maximum of all functionals satisfying Axioms 1 and 2. 
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Proof. Indeed, for every sequence (P,, A) convergent toward 
(T, A) with a(P,, A) > L(T, A), we have, by Axioms 1 and 2, 


Z(T, A) <liminf Z(P,, A) =liminf a(P,, A) =L(T, A), 
that is, Z < L, and Theorem 3.2 is proved. 


THEOREM 3.3. Any functional Z(T,A) satisfying Axioms 1, 2, 
and 3 coincides with L(T, A). 


Proof. Indeed, if (P,, A) is the sequence mentioned in Axiom 3 
for the mapping (7, A), we have, by Axioms 3 and 2, and by the 
definition of Lebesgue area, 


Z(T, A) =liminf Z(P,, A) = liminf a(P,, A) > L(T, A), 


and thus Z > L and Zs L, that is, Z= L. Thereby Theorem 3.3 is 
proved, 


4, PLANE MAPPINGS: THEIR TOTAL VARIATION 
AND ABSOLUTE CONTINUITY 


Let (7, A): p=T(w), wEA, w=(u,v), p=(x, y), be any 
continuous mapping from an admissible set A of the oriented 
u, v-plane E, into the oriented, x, y-plane £3, that is, 


(T, A): x=x(u,v), y=y(u,v), (u,v) EA. 


For every simple closed polygonal region 7 C A, let us consider the 
oriented boundary 7* and the image C: (T, 7*) of 7*, that is, the 
continuous mapping (7, 7*) defined by T on z* (restriction of T 
on 7*). It is a closed oriented curve C of the x, y-plane E,. For 
each point py = (Xo, Yo) not on the graph (C) of C, we can define 
the topological index O( py; C) of C with respect to the point 
Po € E,—(C). Roughly speaking, O( pg; C) is the integral number 
of times (2 0) in which C “links” the point po in the positive 
direction. Suppose we assume on 7* a parameter, say s, 0 <s <a, 
Suppose also we use polar coordinates (p,@) of center py in Ey. 
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Then as s describes (0, a), that is, w describes 7* once in the 
positive sense, p= T(w) describes C. The modulus p = p(s) of p, 
that is, p = p(s)=|p— pol, is a single-valued continuous function 
of s on (0, a) and p(a) = p(0). The argument @(s) of p is defined 
only as mod27. If we fix any one of its values, say @ = @(0), for 
s=0, then by continuity, #(s) is defined on (0, a) as a single-val- 
ued continuous function of s, and 6(a) = (0) = @(mod 277). Then, 
by definition, O( po; C) = (27) [8(a) — 6(0)], and it is easy to 
prove that O(p ;C) does not depend on the parametrization 
of *, and on the choice of @. This purely analytical definition 
[1, p. 462] of O( po; C) is certainly the most elementary one. Other 
equivalent and purely topological definitions are given in topology. 
If C is rectifiable, and we think of E} as the plane of the complex 
variable {= x + iy, with [,=x 9+ iyo, then O( po; C) is given by 
the line integral 


O( po; C) = (271) * f (f —S) 1 ak. 


The topological index O( p;C) has a number of analytical and 
topological properties [SA, 8.3~8.11, p. 85]. Let us mention here 
that O(p;C), p=(x, y)€ E,—(C), is always finite (but not 
necessarily bounded in £3); O( p; C) is constant on each comple- 
mentary component of the graph (C) of C and is 0 in the 
unbounded one. If we assume O( p,C) =0 at all points p €(C), 
then O(p;C), p€E;, is a single-valued, integral-valued (20) 
function of p in Ej, and O(p;C) is B-measurable. Thus, the 
L-integral 


v(T; 7) = (£3) [|O( p; C) | dxdy 
exists (finite, or +00). Analogously, we may consider the numbers 


v,(T,m) = (B3) fO*(p; C) dedy > 0, 


v_(T, 7) = (3) fO"(p;C) dxdy > 0, 
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where O*= 3[|O|+ O], O- = 3[|O|— O], and v,+v_=v. Finally, 
if O( p; C) is L-integrable, that is, v(T, 7) < +00, then the num- 
ber 


u(T, 7) = (B3) fO( p; C) dx dy 20, 


also exists, and |u| < v. 
If D denotes any finite system of closed, nonoverlapping, simple, 
polygonal regions 7 C A, let 


V(T, A) = sup ¥ v(T7,7), 
D «red 


and for every point p € E;, 


N(p;T, A)= sup Y |O(p;C)|. 


D réED 


Then N(p; T, A), O< N < +00, is an integral-valued, single-val- 
ued function of p in E,, and N(p) is lower semicontinuous in £,, 
that is, N( po) <liminf N(p) as p— po, for every py Ej. The 
function M( p, T, A), p € E}, is said to be the multiplicity function 
of (7, A). (It is similar to the corrected multiplicity of a real 
function of one real variable considered in [4, p. 328].) Finally, let 


W(T, A) = (£3) {N(2; T, A) dx dy. 


Both V and W can be considered as total variations of (T, A). 
Indeed, V is of the Jordan total variation type, and W of the 
Banach total variation of a real function of one real variable type 
[4, 321]. The following basic theorem extends the Banach theorem 
for real functions [4, 321]. 


THEOREM 4.1. For every continuous plane mapping (T,A) we 
have V(T, A) = W(T, A) = L(T, A). 


For a proof see [SA, pp. 186 and 390]. Then the common value 
(finite, or + 00) of V, W, L can be assumed as the total variation of 
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the plane mapping (7, A), and (T, A) is said to be of bounded 
variation if V(T, A) = W(T, A) < +00. Analogously, let us write 


V,(T, sap >Y v,(7,7), 


néD 


V_(T,A)=sup ¥, v_(T,7), 


D «wéD 


N,(p;T,A)= sup X O*(p;C), 


néD 


N_(p;T, A) = sap  O- (asc); 


néD 


W .(T, A) =(E5) [N,(p;T, A) dxdy, 


W_(T, A) = (£3) [N_(p;T, A) day. 


THEOREM 4.2. For every continuous plane mapping (T,A) we 
have [SA, p. 187] 


V,(T,A)=W,(T,A), V_(T,A)=W_(T,A), 
Vit+V_=V, W,+W_=W. 


Thus, the common values V,= W,, V_= W_ can be assumed as 
the positive and negative total variations of (7, A), and the differ- 
ence @(T, A)=V,(T, A) — V_(T, A) as the signed, or relative, 
total variation of (T, A). 

Finally, if (7, A) is of bounded variation, that is, V(T, A) < +00, 
v(T, 7) < +00 for every 7€A, and thus also is the following 
number defined: 


U(T, A) = sup L |u(7,7)|. 


ncED 
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THEOREM 4.3. For every continuous bounded variation plane 
mapping (T, A) we have U(T, A) = V{T, A). 


Let us observe finally that V is “overadditive”; that is, if ( A’) is 
any finite subdivision of A into nonoverlapping admissible sets, or, 
more generally, any finite system of nonoverlapping admissible sets 
A’ CA, then V(T, A) > =V(T, A’), and the sign > may hold even 
in the apparently elementary case where A’ and A are polygonal 
regions. 

These considerations show how the concept of “plane mapping 
of bounded variation” can be founded on topological and measure 
theoretical considerations. On the same basis, we can introduce the 
corresponding concept of absolute continuity. : 

A continuous (plane) mapping (7, A): p= T(w), wEA, w= 
(u,v), p=(x, y), from the w-plane E, into the xy-plane £5, is 
said to be absolutely continuous if both the following conditions 
hold. 


1. Given ¢€>0, there is a 8=8(T, A,€)>0 such that for each 
finite system D =(1) of nonoverlapping simple closed polygo- 
nal regions 7 C A with 2|a| <8 we have Xv(T,7) <e. 

2. For every simple closed polygonal region CA and finite 
subdivision (m’) of m into nonoverlapping simple polygonal 
regions 1’ we have V(T, 7) = 2V(T, 7’). 


In (1), |7| denotes the Lebesgue measure of the set 7 in E, 
(area). Condition (1) is familiar, and essentially requires that v 
(and thus V) is ‘an absolutely continuous set function.” Condition 
(2) simply requires that V is “additive” (at least in the class of the 
simple polygonal regions 7 C A). Conditions (1) and (2) are inde- 
pendent, as examples have shown, and it is merely their logical 
union (1) U (2) which we assume here as a definition of absolute 
continuity. There are many interesting properties, each of which is 
a necessary and sufficient condition for a mapping (T, A) to be 
absolutely continuous. 
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5. A CHARACTERIZATION OF SURFACES WITH FINITE AREA 


The basic concepts of area of a mapping (7, A), T: A> E, 
(Section 2), and of total variation of the plane mappings (T,, A) 
defined by Equation (1.3) in Section 4, are connected by a basic 
theorem, which extends formally to Lebesgue area, a known Jordan 
theorem for Jordan length [5, p. 489]. 


THEOREM 5.1. For every continuous mapping (T, A): p = T(w), 
w EA, w= (u,v), p =(x,y,2Z), we have 


V(T,, A) <L(T, A) < V(T,, A) + V(T;, A) + V(T, A), 
r=1,2,3. (5.1) 


Thus, L < + 00 if and only if all plane mappings (T,,A), r= 1,2, 3, 
are of bounded variation (Cesari, 1942). 


This theorem, despite its analogy with the elementary Jordan 
theorem for curves (see [5]), has been shown to have a deep 
topological and measure theoretical basis. The proof is given in 
[SA, p. 295], and consists of the process of stretching and smooth- 
ing the continuous surface S =(T, A) into continuous polyhedral 
surfaces S,=(P,, F,), n=1,2,... with P,->T as noo, and 
a(P,, F,)<V,+V,4+ V3, V,= VCT,, A), r=1,2,3. 


n r 


6. PEANO AND GEOCZE AREAS 


Let (T, A): p=p(w), w €A, be any continuous mapping from 
ACE, into E,, and let us denote by 7, T,, T, the plane mappings 
of Equation (1.2) which are the projections 7,=7,T of T on the 
(y, Zz), (z, x), (x, y) coordinate planes E,,, E,., E,,. If + denotes 
any simple polygonal region 7 C A, 7* the oriented boundary of 7, 
let C: (T, 7*), CG: (T,,7*), r=1,2,3, be the continuous oriented 
closed curves which are the images of 7* under T and 7}. Thus, 
(C)EE;, (C,)CE,,, and C, is the “projection” of C on £,. 
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According to Section 4, we put 


v,=0(T,,7)=(Eo,) {|O(psG)|dp, r= 1,2,3, 


172 
v = (v1, U2, U3), |v] = (v2 + v3 + v3) a 


EA ee Y |v(7,7)|, 


néeD 


where the supremum is taken with respect to all finite systems D of 
nonoverlapping simple polygonal regions 7 C A. Thus, v(T,, 7) < 
v(T, 7), V(T,, A) < V(T, A) < +00, r=1,2,3. The number V can 
be thought of as an “area” of the surface S=(T, A). A variant 
of this definition follows. Denote by a any plane in £&;, 1, 
the projections of E, onto a, T,=7,T the projection of T on 

C,: (T,,7*) the oriented continuous closed curve which is 
the image of w* under 7,, (C,)Ca. Then put v(T7,,7)= 


(a) {|O( p; C,)|dp, v*(T, 7) = sup,p(T,, 7), and 


P(T, A)= sup Yd v*(T,7) = sup > supv(T,, 7). 


néD nED @ 


Also, P(T, A), like V(T, A) and L(T, A), is an “area” of T, in 
the sense that all three definitions (just as many others) are precise 
mathematical formulations of concepts which all strongly appeal to 
our intuition as areas. In fact, the following theorem has been 
proved, 


THEOREM 6.1. For every continuous mapping (surface) (T, A) we 
have L(T, A) = V(T, A) = P(T, A) (C. B. Morrey, T. Rado, L. Cesari, 
J. Cecconi). 


The common value of the three numbers L, V, P, is defined as 
the area of (7, A), and is usually called the Lebesgue area of 
(T, A). The present definitions of V and P are the final result 
of successive refinements of a concept first proposed by Peano in 
1890. This process of successive refinements is necessary for us to 


286 Lamberto Cesari 


reach the basic identity in Theorem 6.1, which did not hold for the 
previous somewhat crude concepts. A number of authors, among 
them Z. de Geécze, S. Banach, L. Tonelli, R. Caccioppoli, T. Rado, 
E. J. McShane, C. B. Morrey, J. Cecconi, and L. Cesari, have 
contributed to these refinements. By common agreement, the area 
V is usually designated as the Geécze area and P as the Peano 
area of S=(T, A), to honor two mathematicians who proved to 
have such deep insight into the forthcoming theory. For a direct 
proof of Theorem 6.1, see [SA, p. 390]. If V(T, A) < +00, then 
VT, A) < +00, r=1,2,3, and for every 7CA, the following 
numbers also exist 


u,=u(T,,7)=(Es,) fO(p;G) dp, r=1,2,3, 


’ 


1/2 
u= (uy, U2, U3), |u| = (u? + u3 + u?) 


U(T, A) = sup )- |u(T,7)|, 
D wEeD 
where the preceding conventions are used. Then we have, obvi- 
ously, 
0<|u(T,7)|<v(T,7)< +0, 
0<U(T, A) < V(T, A) < +0, 


and it is clear that for some 7 and 7, we may well have |u| < |v. 
Nevertheless, the following theorem holds. 


THEOREM 6.2. For every mapping (T, A) with V(T, A) < +00, we 
have U(T, A) = V(T, A) (Cesari). 


7. A WEIERSTRASS-TYPE INTEGRAL 


By using the same blend of topological and analytical considera- 
tions with which we defined Gedcze and Peano areas, we may now 
define the concept of parametric surface integral through a 
Weierstrass-type limit process. 
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Let S=(T, A): p=T(w), wEA, w= (u,v), p=(x, y, Z), bea 
given mapping of finite area, and, for simplicity, let us suppose that 
A is a closed finitely connected Jordan region. Let f(p,t) be a 
continuous function of (p,t), p=(x, y,Z), t=(t, ty, ts), for 
all p€T(A) and real vector ¢ satisfying the usual condition 
f(p, kt) =kf(p,t) for all k>0, peT(A), and ¢t. For every 
simple polygonal region 7 C A let us consider the vector 


u=u(T,7)=(u,u,,4;,), u,=u(T,,7), r=1,2,3, 


of norm |u| = (u? + u2 + u?)'/. If |u| > 0, then the unit vector 


u 
a=a(T,7) = (a, 45, 43), a,= Ta’ 


r=1,2,3, azt+az+a?=1 


can be thought of as the vector of the direction cosines of an 
“average normal” n to the piece of the surface S defined by T on 
aw. If u=0 let us take for a= (a,,a,,a,) any vector with |a|= 1. If 
D is any finite system D = (7) of nonoverlapping simple polygonal 
regions 7 C A, and for each 7 € D, we denote by pf any point of 
T(7), we may consider the sum 


M= ¥ f(b,u)= Y f(s, 4)|u(a,T)| 


n€éD néeD 


as an “approximate expression” of a Weierstrass-type integral 
E(T, A,f) of f on the surface S=(7, A). An index 6=6(D) 
measuring the “fineness” of D can be introduced in various ways. 
Then it can be proved that the following limit exists and is finite 


E(T,A,f)= limM= lim Y f(p,a)lu(n,7)|, 


for every continuous mapping (T, A) of finite area (Cesari, [8]). The 
integral E is invariant with respect to both Lebesgue and Fréchet 
equivalences; that is, E(T, A, f) has the same value in correspon- 
dence with Lebesgue or Fréchet equivalent mappings. 
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An index 6 of fineness of a system D is, for example, defined by 
the maximum of all following numbers: diam 7(7) for a € D; 
|=7,(7*) | r=1,2,3, and U(T, A)— L,eDlu(T, 7) , U(T,, A) - 
Y,eplM(T,, 7) , r=1,2,3. 


8. RELATION BETWEEN AREA AND AREA INTEGRAL 


What relation exists between area and the area integral of 
Section 2, and between the Weierstrass-type integral E and the 
classical surface integral J of Section 2? As mentioned in Section 2, 
the finiteness of the area does not imply the existence of the partial 
derivatives of x(u,v), y(u, v), z(u,v), and, hence, of the ordinary 
Jacobians J, = y,,Z,—y,Z,.--.. The example S=(7T, A): x=y=z 
= (u,v), where (u,v) is any continuous function with partial 
derivatives at no point, is typical, because L(S)=0 is certainly 
finite here. Thus, it is clear that L(.S) < +0 implies the existence 
of the Weierstrass-type surface integral E(T, A, f), but neither 
area integral (7, A) nor the classical integral I(T, A, f) need 
exist. 

Nevertheless, under the sole hypothesis of finiteness of the area, 
certain “generalized Jacobians” Z%(w), we A°, can be defined 
almost everywhere in A°, and for which we have 7(w)=J,(w), 
r=1,2,3, almost everywhere in A°, whenever the functions x, y, z 
have ordinary partial derivatives almost everywhere in A®°. Of the 
various equivalent definitions of generalized Jacobians, the follow- 
ing is certainly the simplest and holds for almost all wy € A®: 


&(T,,q) 
lq| 


where w, € A®°, g denotes any square with sides parallel to the u 
and v axes, with w,€q, gC A®, and o=diamg. With these 
definitions, we can prove the following theorem, which corresponds 
formally to a Tonelli’s theorem for curves ((5], p. 492). 


TJ, (wo) = lim Ta, r=12.3, 


THEOREM 8.1. For any continuous mapping S=(T,A) with 
L(T, A) < + 00, we have 


L(T, A) > (4°) [iF dudv, (8.1) 
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where 7= (7, J;, F;). The equality sign holds if and only if the 
plane mappings (T,, A), r= 1,2,3, are absolutely continuous. 


Suppose now that S= (7, A) and f( p, t) are given as in Section 
7. Then we have the following theorem. 


THEOREM 8.2. If L{S)< +00 and the plane mappings (T,, A), 
r=1,2,3, are absolutely continuous, then 


E(T, A, f)=(A°) [f[p(w), 7(w)] dudo. (8.2) 


In other words, the integral E is given as an ordinary surface 
integral (with generalized Jacobians) whenever the area is given by 
the corresponding area integral. 

In both Theorems 8.1 and 8.2 the integrals are L-integrals. 

The question finally presents itself, whether any continuous 
surface S =(T, A): x= x(u,v), y=y(u,v), Z= 2(u, v), (u,v) EA, 
has a “representation” (T*, A): x=X(u,v), y=Y(u,v), z= 
Z(u,v), (u,v)€A, for which the partial derivatives X,,...,Z, 
exist almost everywhere in A°, and for which the area is given by 
the classical area integral. In other words, we ask whether another 
continuous mapping (7*, A) exists which is Lebesgue, or Fréchet 
equivalent to (7, A), for which the plane mappings (7;*, A), r= 
1,2,3, are absolutely continuous, and for which X,,,..., Z,, exist 
almost everywhere in A°. The answer is affirmative when Fréchet 
equivalence is considered (Cesari). 

On the other hand, it was proved from an abstract and more 
general viewpoint (Cesari; see [12]) that for any continuous Fréchet 
surface S of finite Lebesgue area and any representation (T, A) of 
S [that is, for any element (T, A) of the equivalence class defining 
S], there is a suitable measure function » (defined in a suitable 
algebra . of subsets M of A) such that 


L(T, A) = (4°) f du, 


E(T, A, f) =(A°) ff [ p(w), 0(»)] dp, 
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where 0(w) is a unit vector, |@(w)|=1, defined p almost every- 
where in A° and representing a generalized normal vector to the 
surface S. In other words, every representation (7, A) of a surface 
S of finite Lebesgue area can be used for the computation of the 
area of S and of the surface integrals on S, provided we express 
these as Lebesgue-Stieltjes integrals in terms of a suitable measure 
function (area measure), and a suitable generalized normal vector 
function (Radon-Nikodym derivatives). As stated previously, we 
refer to [12] for this more general viewpoint, and we shall return in 
Section 10 to analytical and topological properties of continuous 
surfaces. 


9. THE INTEGRAL E(T, A, f) IN THE CALCULUS OF VARIATIONS 


Under the sole conditions of continuity of T and finiteness of 
the area, the Weierstrass type integral E(T, A, f) has been shown 
to have the expected properties for parametric problems of the 
calculus of variations. For instance in [9] and [10] Cesari proved 
necessary and sufficient conditions for the lower semicontinuity of 
E(T, A, f). For a parametric integrand f(p,?¢), continuous for 
peEe,, te E,, we say that E(T, A, f) is positive definite [semidefi- 
nite] if f(p, t) > 0 for all pe E,, te E,, t#0[f(p, t) > 0). If f is 
of class C! for p€ E;, t€© E,, t #0, then E(T, A, f) is said to be 
positive regular [semiregular] provided W( p, t, ) > 0 for all p € E;, 
Ltek,, t#t [W(p,t,t)>0], where W is the usual Weierstrass 
function W( p,t,t)=f(p,t)—Litif,(p,t), pes, t,t€ E;. For 
instance, Cesari [9] proved that any integral E which is positive 
definite and positive semiregular [or positive semidefinite and posi- 
tive regular] is lower semicontinuous in the Fréchet metric. On the 
basis of these results Cesari then applied the integral E to the 
Study of the Plateau problem in £, for parametric continuous 
integrals. The Plateau problem for area had been studied by 
Douglas and Rado in the years 1929-30. Cesari proved the follow- 
ing in [11]. 


THEOREM 9.1. Let M be a closed bounded convex set in E,, and 
C a closed simple continuous curve in M. Let Q be the family of all 
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oriented Fréchet surfaces S in A as continuous maps from a disk, 
whose Lebesgue area is finite and whose boundary curve is C, and let 
us suppose that 9 is not empty. Then every positive definite and 
semiregular integral E(T, A, f) has an absolute minimum in Q. 


In the proof of this theorem one encounters minimizing se- 
quences [S,] whose Lebesgue areas are equibounded, but this does 
not endow them with any compactness property. Thus a smoothing 
process had to be devised [11] so as to obtain a modified subse- 
quence which is compact in the Fréchet metric. Extensions of 
Theorem 9.1 are known. 

As mentioned before, Cesari [12] has extended the Weierstrass- 
type integral E to abstract situations where the area-related func- 
tions u, v are replaced by general quasi-additive set functions with 
values in £, and under suitable assumptions. Further extensions 
for quasi-additive set functions with values in a Banach space have 
been considered by Warner [18] and later by Brandi and Salvadori 
[2] with applications to problems of the calculus of variations. It is 
relevant here to note that while most arguments in E, depend on 
the existence of the usual inner product, the corresponding results 
in Banach spaces are based on martingale theory. 


10. FINE-CYCLIC ELEMENTS 


For simplicity, we shall suppose, as in Section 7, that A is 
a closed, finitely connected, Jordan region, say A = Jy — 
(J, + +++ +J,)° (Section 1), where 0<»< +00 is the order of 
connectivity of A. Thus, for y= 0, A is called a disk; for »=1, A 
is called an annular region. We have already mentioned in Section 
1 the concepts of monotone mappings and of light mappings. We 
should now recall a precise characterization of the topological 
structure of any continuous mapping. For the purpose, let us 
mention here that if we have a mapping f: y =f(x) from a “set” 
A onto a set B, and a mapping g: z= g(y) from B into a space C, 
then the composition mapping, F= gf: z= g[f(x)] from A into C 
is said to be the product of f and g (in this order) and denoted by 
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gf. Also, F = gf is said to be a factorization of F into the two 
factors f and g. With this convention, we may state at once the 
factorization theorem of analytic topology, namely, that every 
continuous mapping, say (T, A): p = p(w), w €A, has a factoriza- 
tion T = /m into two factors, a monotone mapping m, followed by 
a light mapping / (monotone-light factorization). 

To understand this statement in the terms necessary here, let us 
consider for every point p©T7(A) the inverse set Tp) CA. 
Since A is compact and T is continuous, the set T~1(p) is 
compact; hence, its components g are continua gC A. By a “con- 
tinuum” is meant, as usual, a bounded, closed, connected set, and 
hence even single points may be considered continua. Note that, if 
T is monotone (Section 1), then, for every p € T( A), the inverse set 
g=T \(p)CA is just one continuum; if T is light (Section 1), 
then, for every p€T7(A), all components g of T~(p)CA are 
single points. In any case, for any continuous mapping (T, A), the 
collection T = { g} of all components g of the set T'(p), pe 
T(A), is a decomposition of A into disjoint continua gC A (which 
may well be all single points of A). IT is the collection of all 
maximal continua of constancy for T in A. 

We may also consider the family % of all sets GC A which are 
open in A and are the union of continua g <I, say G=Usg (that 
is, have the property that g<T, gG+#0 implies gC G). 

We may now consider the elements g of I as “points,” say g, 
and I as the “space,” say I’, the points of which are g. To consider 
I as a space, we actually should define a topology on I, which 
turns out to be the equivalent of defining in I the collection Y of 
the open sets G. We can do so easily by considering each set 
G=Ug, GE Q%, as the union G =U of the corresponding ele- 
ments g. Then @ is simply the family of all sets G. 

By these natural definitions, [ can be proved to be not only a 
topological space, but also a “Peano space” (in particular, com- 
pact, connected, locally connected). Now, if m: g=m(w), wEA, 
is the mapping from A onto I, which maps each point w€g, 
g&T into the point g ET, then m is obviously monotone, because 
for each g ET, the set m~1(g) = g is exactly the continuum geéT, 
gC A. Finally, if /: p=p(g), gET, is the mapping from I onto 
T(A) C E, defined by /= Tm~', then / is “light,” because for each 
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p © T(A), the components g of the set /~1( p) are all single points 
geT. While we refer to the usual expositions for more formal 
proofs, we note that T= /m is a monotone-light decomposition of 
T, that m: A >IT, 7: Tf > T(A), and that f = m(A) is the middle 
space, or hyperspace, of the decomposition [21]. 

Obviously any “space” M which is homeomorphic to fT may be 
considered a middle space, or hyperspace, for T, because, if hf is a 
homeomorphism of I onto M, and m’=hm, I = th7', then T= 
I'm’, m’. A-M, I’: M-T(A), and m’ is monn tone and /’ is 
light. Thus, M is the middle space and can be called a model of 
f. Also, for every monotone-light factorization T=Im of T, 
m: A — M, I: M—T(A), M is homeomorphic to L, that is, M is 
a model of f [21]. 

If for some readers the previous considerations appear somewhat 
abstract, the following remark may be of help: A model M can be 
built in the Euclidean space E,. If T is light, we may take for m 
the identity mapping, and M=A is the middle space; if T is 
monotone, we may take for / the identity mapping, and M = T(A), 
that is, the graph of (T, A) is the middle space M. 

For example, in the monotone mapping T: x =u, y=0, z=0, 
(u,v) €A =(0<u, v<1), M is a segment (an arc); in the mono- 
tone mapping JT: x=sinarcos#, y=sinarsin#, z=cosmr, 
(u,v)EA=(Wt'< < 1), where rcos 6 = u, rsind=v, M=T(A) 
is the unit sphere in ae in the light mapping T: x=u, y=v, 
z=2(u,v), (u,v) EA, where z(u,v) is a continuous function con- 
stant on no proper subcontinuum of A, the middle space is M = A. 

Let (T, A): p=p(w), wEA=(u2+v7<1) be the monotone 
mapping from the disk A into EF, defined by x =(2r—1)cos@, 

=(2r—1)sin@, z=0, if }<r<1, and by x =y=0, z=1-2r, 
if 0<r<4, where rcos@=u, rsin@ =v. Then LI is the collection 
of all circles u2+v?=r? with 0<r< }, and of all single points 
(u,v) €A, with u=v=0, or }<u?+v?<1. The middle space 
M = T(A) is made up of the unit circle of the x-y plane and of the 
unit segment of the z-axis issuing from its center (a disk and a 
thread). 

Let us consider now mappings (T, A): p= T(w),wEA=(0 <4, 
v < 1), from the unit square into £,, where either I is the collection 
of all segments g=(Q<u<l, u=t), O<t<1 [surfaces S, = 
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(T, A)], or T is the collection of the boundaries g = [max(|2u — 1], 
[2v—1)=t], 0<t<1, of all squares contained in A, concentric 
and similar to A [surfaces S,=(T, A)]. In either case, we may 
assume 7(w) = f(t), where f(¢) is a continuous function of ¢ in 
0 <¢t<1, constant on no subinterval of (0,1). If we suppose that 
f(t) never takes twice the same value f=(x, y,z), then T is 
monotone, and M = 7(A) is an arc PQ. The two types of surfaces, 
S, and S,, apparently identical in E,, are different. Surfaces S, can 
be thought of as limit cases of thin strips, and surfaces S,, as limit 
cases of thin cones. The two surfaces S, and S,, even defined by 
the same vector function f, are neither Lebesgue nor Fréchet 
equivalent. 

Mappings (T, A) with L(T, A) = 0 can be characterized topolog- 
ically, namely, M is a space of dimension less than, or equal to, 1 
(T. Rado, 1945, for »=0; R. F. Williams, 1958, for » > 0). In the 
case where A is a disk (v=0), M has been further characterized 
(as a dendrite of analytic topology). Simply stated, we may expect 
M to be a ramified system of threads. 

Mappings (T, A): p=T(w), wEA, with L(T, A)>0, must 
therefore possess a middle space M with some two-dimensional 
parts (see, for example, the preceding example where M consists of 
a disk and a thread). These parts are important and, where A is a 
disk (v = 0), they are the cyclic elements = of M. A subset = of M 
is said to be a cyclic element of M if = is a proper continuum and 
is not disconnected by suppressing any one of the points of 2. Any 
two cyclic elements = of M are not overlapping (they may have in 
common at most one point), and the collection {2} of all cyclic 
elements of M is at most countable. Thus, in the preceding 
example, the only cyclic element = of M is the disk. Again, for 
vy =0, the cyclic elements = of M have been fully characterized: 
each is either a disk or a sphere [21]. 

For »v > 0, a further decomposition of M may be necessary. The 
parts o of M of dimension 2 may actually be finer than the cyclic 
elements = of M, and they are denoted as the fine-cyclic elements 
o of M. A subset o of M is said to be a fine-cyclic element of M if 
o is a proper continuum and is not disconnected by suppressing 
any finite system of points of o [13], [16]. Any two fine-cyclic 
elements o of M are not overlapping (they may have in common at 
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most finitely many points), and the collection {o} of all fine-cyclic 
elements o of M is at most countable. For example, suppose that 
y=1, A is the annular region 1 <u?+v? <4, and (T, A) is the 
monotone mapping defined by x= Q(u), y=v, z=0, where 
p(u) =u for -—1<u<l1, =1 for u>1, = —1 for u< —1. Then, 
oe surface. S= T: A) is made up of the two Jordan regions, 
=[1<x?+y?<4,-1l<x<l, y>Oland R,=[l<x’?+y’< 
* —l<x<l1, y <0], having in common the two points (—1, 0) 
and (1,0). We may take M = T( A) =R, + R,, and M presents two 
fine-cyclic elements, R, and R,, but only one cyclic element, M 
itself. 


11. AREA OF DISCONTINUOUS NONPARAMETRIC SURFACES AND 
RELATED INTEGRALS OF THE CALCULUS OF VARIATIONS 


To simplify the exposition let us consider here nonparametric 
nonnecessarily continuous surfaces S: z= g(x,y), (x, y) EG, 
where g is a real-valued function of class L,(G) and G is any 
bounded open subset of E,. To define Lebesgue area in the same 
spirit as (2.3), we consider here the class y of all sequences 
((?,,. F,), 2 = 1,2,...] “convergent” to g. That is, F, is a an 
of figures FCG, F,C F,4;, invading G, or lim F° = G, P, 


quasilinear on F,, and f , |P,(x, y) — g(x, y)|dxdy > 0 as n> 


oo. Then, in arnloey with (2. 3), for (generalized) Lebesgue area of 
S: Z= g(x, y), (x, y) &G, we take 


L(S) = inf liminfa(?, FF), O<L(S)<o. 


To obtain a characterization of the surfaces S as above whose 
generalized Lebesgue area is finite, Cesari [22] in 1936 proposed a 
definition of functions g of bounded variation (BV) which we state 
here, for the sake of simplicity, only for the case G is an interval, 
G=[a<x<b, c<y<d]. Then g is said to be BV in G provided 
g is of class L,(G) and there is a set Z of measure zero in G such 
that the total variations V,(y) of g(-, y) in (a, b) and V,(x) of 
g(x,+) in (c,d) are measurable and L,-integrable in [c, d] and 
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[a, b], respectively—where such total variations are computed 
completely disregarding the values of g on Z. The number 


Vo= Vol 8G) = ['V,(x) de+ fVCy) a 


may well be taken as a definition of total variation of g in 
G=(a,b;c,d). Analogous definitions hold for BV functions 
g(t,,.--,¢,) in an interval G of E,. We omit the more involved 
definition of a BV function in a general bounded open subset 
of E,. 

If g is continuous in G, then no set Z need be considered and 
the concept reduces to Tonelli’s concept of BV continuous func- 
tions. For discontinuous functions g, examples show how essential 
it is to disregard sets Z of measure zero. On the other hand, the 
concept obviously concerns equivalent classes in L,(G). 

Cesari [22] proved that for a surface S: z = g(x, y), (x, y) EG, 
g of class L,(G), then L(S) is finite if and only if g is BV. 

To begin with, this result shows that the concept of BV functions 
is independent of the direction of the axes in E£,. More than that, 
the concept of BV functions is actually invariant with respect to 1-1 
continuous transformations in E, which are Lipschitzian in both 
directions. 

In 1937 Cesari [23] proved that for » = 2, G = (0,27; 0,27) and 
g BV in G, the double Fourier series of g converges to g (by 
rectangles, by lines, by columns) almost everywhere (a.e.) in G. 
Comparable, though weaker, results hold for BV functions of » > 2 
independent variables and their multiple Fourier series [24]. 

In 1950 Cafiero and later in 1957 Fleming proved the relevant 
compactness theorem: any sequence [g,] of BV functions with 
equibounded total variations, say Vo(g,,G) < C, and equibounded 
mean values in G, possesses a subsequence [g, ] which is pointwise 
convergent a.e. in G, as well as strongly convergent in L,(G), 
toward a BV function g. 

In 1967 Conway and Smoller [28] used these BV functions in 
connection with the weak solutions (shock waves) of conservation 
laws, a class of nonlinear hyperbolic partial differential equations 
in E* x E,. Indeed they proved that, if the Cauchy data on (0) x E, 
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are locally BV, then there is a unique solution on E* x E, also 
locally BV and satisfying an entropy condition. Without any en- 
tropy condition there are in general infinitely many weak solutions. 
Later Dafermos [29] and Di Perna [30] characterized the properties 
of the BV weak solutions of conservation laws. 

Meanwhile, in the fifties, distribution theory became known, and 
in 1957 Krickeberg [32] proved that the BV functions are exactly 
those L,(G) functions whose first order partial derivatives in the 
sense of distributions are finite measures in G. 

Thus, a BV function g(t), t=(t,...,t,)€ GCE,, G a bounded 
open subset of E,, possesses first order partial derivatives in the 
sense of distributions, which are finite measures n,, j=1,..., ¥. 
On the other hand, if we think of the initial definition of BV 
functions, we see that g has also “usual” first order partial deriva- 
tives D/g, j=1,...,», ae. in G, computed by usual incremental 
quotients disregarding the values taken by g on Z. These D/g are 
L,(G) integrable functions on G. 

Much work followed on BV functions in terms of the new 
definition, that is, thought of as L,(G) functions whose first 
order partial derivatives are finite measures. We mention here 
Fleming [31], Volpert [34], Gagliardo, Anzellotti and Giaquinta, 
De Giorgi, Da Prato, Giusti, M. Miranda, Ferro, Caligaris, Oliva, 
Fusco, and Temam. 

Now let us consider problems of the calculus of variations 
concerning the minimum of simple integrals 


H(z) = f°Fo(t, 2(4), 2'(1)) at 


in a class Q of BV functions z(t) =(2,...,Z,), 4 << ty, that is, 
each component z, of z is BV. We assume here that the elements of 
the class satisfy the constraints 


z(t) =%, 2(t2) =2y, (t,z(t)) EA, re[t, ty], 
z(t) € Q(t, z(t)), te[t,%] (ae.). 


Here ¢,, t, are fixed, z,, z, are fixed points in E,, A is a given set 
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in E,,, Whose projection on the ¢-axis contains [t,, ¢,], and, for 
any (t, z)€ A, Q(t, z) is a given set in E,. The Lebesgue integral 
I(z), however, does not yield stable and realistic values for J, and, 
therefore, a corresponding Serrin-type integral %§(z) [33] was pro- 
posed in [25], whose definition is in the same spirit of Lebesgue 
area (2.3). Namely, for every z€Q let y(z) denote the class of 
all sequences z, of elements z,@Q absolutely continuous (AC) 
in [t,,¢,] and such that z, > z pointwise ae. in [f,, t,] as k > oo. 
If y(z) is empty, we take $(z) = +00; if y(z) is not empty we 
take 


&(z) = Inf liminf/(z,). 
¥(z) k>@ 


Let M denote the set M=[(t, z, €)(t,z) € A, €€ Q(t, Z)] CEs ons 
and for any (t, z)€ A let Q(t, z) denote the ‘“‘augmented” sets 


O(t, z) = [(7, €)|7 > folt, z,é), fe Q(t,z)] C Bian: 


The sets O(t,z) are said to satisfy property (Q) at (to, z9)€ A 
provided 


O(to, Z9) = Neleol US(t, z), |t— fo + |Z — Zl < c|. 


The following assumptions are relevant: (i) the sets A and M are 
Closed; (ii) the sets Q(t,z) satisfy property (Q) at every point 
(t, z) € A; for every z € Q there is a constant C such that V(z,)<C 
for the elements z, of y(z). Under these assumptions Cesari, 
Brandi, and Salvadori proved in [26] that [(z)<Z(z)< 
lim inf I(z,). 

The same authors also proved in [26] the following existence 
theorem: Under the same assumptions, if A is compact, if the class 
Q is closed, and y(z) is nonempty for at least one z € Q, then the 
integral °(z) has an absolute minimum in Q, 

Analogous considerations hold for multiple integrals of the 
calculus of variations. Let »>1, n2>1, and let GCE, be a 
bounded domain in the t-space E,, t=(t,...,¢,), possessing the 
cone property at every point of its boundary 0G. Let AC E,,,, be 


SURFACE AREA 299 


a compact subset of the tz-space E,,,, whose projection on the 
f-space contains G. We deal here with a class 2 of vector valued 
functions z(t)=(z2,,...,2Z,), Z;€BV in G, therefore possessing 
first order partial derivatives in the sense of distributions which are 
measures pt; , and also generalized first order derivatives D/z' a.e. in 
G which are functions of class L,(G), j=1,...,», i=1,..., . Let 
Dz denote the N-vector of these generalized derivatives, N = nv. 
For every (t,z)€A let Q(t,z) be a given subset of Ey, let 
MC E,,n4, denote the set M=[(t, z, €)\(t,z) EA, ES Olt, z)], 
and let f(t, z, €) be a given real valued function in M. We are 
interested in the minimum of multiple integrals with constraints 


1(2) = f folt, 2(¢), De(1)) dt,  dt=dt,...dt,. 


(t,z(t))€A, Dz(t)eQ(t,z(t)), teG (ae.). 


We assume that all elements z of the class Q satisfy these condi- 
tions, and for every z€Q we denote by y(z) the class of all 
sequences [z,] of functions z, € (W1(G))” belonging to Q, hence 
satisfying the same constraints, and such that z,—z strongly in 
(L,(G))”. Again we introduce a Serrin type integral §(z) by taking 
3(z) = +00 if y(z) is empty, and otherwise we take 


3(z) = Inf liminfI(z,). 
y(z) k> oe 


Again, augmented sets Q(t,z) can be introduced for which 
property (Q) is requested at every point (t, z)€ A. Then, Cesari, 
Brandi, and Salvadori proved in [27] an existence theorem for 
multiple integrals similar to the one for simple integrals and under 
only slightly more restrictive conditions. 


In a recent development the abstract approach to the Weierstrass 
integral E mentioned at the end of Section 9 (Cesari, Warner, 
Brandi, Salvadori) has been further extended (see Brandi and 
Salvadori [35]) so as to include BV varieties, both parametric and 
nonparametric. In particular, semicontinuity theorems in suitable 
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topologies have been obtained, and representation theorems of the 
Weierstrass integral by Lebesgue-Stieltjes integrals with Radon- 
Nikodym derivatives as generalized Jacobians. At this level of 
generality the comparison between Serrin-type and Weierstrass-type 
integrals is being investigated. 


On the general topic of this chapter the reader may consult the 
books [3ab] and [17] and the articles [4]-[7], as well as the other 
books and papers listed in the bibliography. 
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INTEGRAL GEOMETRY 


L. A. Santalo 


1. INTRODUCTION 
We shall begin with three simple examples which will show the 
basic ideas on which integral geometry has been developed. 


1.1. Sets of points. Let X be a set of points in the euclidean 
plane Hy. The measure (ordinary area) of X is defined by the 
integral 


(1.1) m(X) = Le dz dy. 


Let IN be the group of motions in #,. With respect to an or- 
thogonal Cartesian system of coordinates, the equations of a 
motion u & Mt are 


/ 


x xcosg —ysing+a 
(1.2) ; 


y 


zsing + ycos¢ + b. 


The rundamental property of the measure (1.1) is that of being 
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invariant under J. That is, if X’ = uX is the transform of X by 
u, we have 


(1.3) m(X") = [del dy’ = i dx dy = m(X) 


as follows immediately from (1.2). It is well known that this prop- 
perty characterizes the measure (1.1) up to a constant factor. 

Because we are generally interested only in the differential form 
under the integral sign in (1.1), we shall write dP = dz dy, or, 
more precisely, 


(1.4) dP = dz A dy 


to indicate that the differential form under a multiple integral sign 
is an exterior differential form [see, for example, Munroe (43)]. 

The exterior differential form (1.4) is called the density for 
points in #, with respect to Yt. We shall always take the densities 
in absolute value. 


1.2. Sets of lines. Let X now be a set of lines in H,—for example, 
the set of all lines G which intersect a given convex domain K. We 
ask for a measure of X invariant under . 

Let p be the distance from the origin O to G and @ the angle 
formed by the perpendicular to G through O and the z-axis, We 
maintain that this invariant measure is given by 


(1.5) m(X) = EP dp dé. 


For a proof, we observe that by the motion u [Relation (1.2)] 
the line coordinates p, @ transform according to 


(1.6) & =@+ 9, p’=p+acos(6+¢) + bsin 6+ ¢) 
and putting X’ = uX, we have 
m(X’) = [ dp! de’ = te dp dd = m(X) 


which proves the invariance of m(X). That this measure is unique, 
up to a constant factor, follows from the transitivity of the lines 


under J, since if e S(p, 6) dp d@ is invariant we must have 
Sp", 6") dp! a6’ = ie f(p,) dp d8, and, on the other hand, 


INTEGRAL GEOMETRY 305 


according to( 1.6), [/, f(p', 6") dp! dé’ = i f(y’, 0’) dp de. From the 


last two equalities, we obtain iL f(g’, &) dp do = is j(p, 8) dp a6. 


If this equality holds for any set X it must be true that f(p’, &) = 
S(p, 6), and, since any line G(p, 6) can be transformed into any 
other G(p’, 6’) by a motion, we deduce f(p, @) = constant. 

The differential form 


(1.7) dG = dp A db, 


taken in absolute value, is called the density for lines in EZ. with 
respect to Jt. 

Let us consider a simple application. To get the measure of the 
set of lines which cut a fixed segment S of length 1, because of the 
invariance under 9? we may take the origin of coordinates coinci- 
dent with the middle point of S and the z-axis coincident with the 
direction of S; then we have 

2r |] 
(18) mG;@AS*0)= [ dpdo= fi [5 e084 do = 21. 
@nsx#0 


If instead of S we consider a polygonal line T composed of a 
finite number of segments S; of lengths /;, writing (1.8) for each 
S; and summing we get 


(1.9) [nae = 21 


where n = n(G) is the number of points in which G(p, @) cuts [ 
and L is the length of I. The integral in (1.9) is extended over 
all lines of the plane, n being 0 if G (\T' = 0. By a limit process 
it is not difficult to prove that (1.9) holds for any rectifiable curve 
[Blaschke (3)]. 

Conversely, given a continuum of points I in the plane, if the 
integral on the left of (1.9) has a meaning, then it can be taken 
as a definition for the length of I’, which is the so-called Favard 
length [Nébeling (45)]. 

For a convex curve K we have n = 2 for all G which intersect K, 
except for the positions in which G is a supporting line of K, 
which are of zero measure. Consequently we have: The measure 
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of the set of lines which intersect a convex curve is equal to its 
length. 


1.3. Kinematic density. Let us now consider a set X of oriented 
congruent segments S of length /—for example, the set of those 
which intersect a fixed convex domain. The position of S in FE, 
is determined by the coordinates of its origin P(z, y) and the 
angle a formed by S and the z-axis. If we want to define a measure 
for X invariant under Jt, we must take 


(1.10) m(X) = ie dz dy de. 


To see this, we first observe that by a motion (1.2) the variables 
(x,y, «) transform according to (1.2) and a’ = a+ ¢. Conse- 
quently the Jacobian of the transformation is 1, and we have 


m(X") = fi, dz! dy’ da! = [de dy da = m(X) 


where X’ = uX, which proves the invariance of m(X). The 
uniqueness, up to @ constant factor, follows from the transitivity 
of IN with respect to the congruent segments of the plane by the 
same argument previously given for the lines. 

If instead of segments we want to measure sets of congruent 
figures K, since the position of such a figure is determined by the 
position of a point P(z, y) rigidly bound to K and the angle a 
between a fixed direction PA in K and the z-axis, we can take 
the same integral (1.10). The differential form 


(1.11) dK = dz A dy A da 


is called the kinematic density for EZ, with respect to the group Mi. 
It is always taken in absolute value. 

Another form for dK is obtained if instead of the coordinates 
(x, y, a) for the oriented segment S, we take the coordinates 
(p, 8) of the line G which contains S and the distance t = HP 
from P to the foot H of the perpendicular drawn from the origin 0 
to G. The transformation formulas are 

us 


(1.12) x =pcos@+isné, y = psiné@ —tcosé, a=O->5 
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and consequently, up to the sign, we have dz A dy A da = 
dp A dé A dt. We may then write 


(1.13) dK = dG A dt 


where we write G in order to indicate that G must be considered as 
oriented (dG = 2d@). 

From this expression for dK we easily deduce the measure of 
the set of segments of length / which intersect a given convex 
domain K of area F and perimeter LZ. In fact, calling \ the length 
of the chord determined by G on K, we have 


m(S;S()\ K #0) = 2 f dp dodt = 2 | (A + 1) dp do 
SNK #0 : 
= 2nF + QIL, 

This formula can be generalized to surfaces [see (55)]; an appli- 
cation was given by Green (22). 

If we ask for the measure of the set of segments S which are 
contained in K, the result is not simple; it depends largely on K. 
For instance, for a circle C of diameter D 2 1, we have 


m(S;S CC) = 5 (xD — 2D? are sin §, — 21VD* — B) 


and for a rectangle FR of sides a, b (a 2 1, b = 1), we have 
m(S;S C R) = 2(rab — 2(a + byl + I). 


An unsolved problem is that of finding among all convex 
domains K with a given perimeter those which maximize the 
measure m(S;.S C K) of the segments of a given length which 
are contained in K. For 1 = 0 the problem is the classical iso- 
perimetric problem and the solution is well-known to be the circle. 

The preceding very simple examples show the three steps which 
constitute the so-called integral geometry in the original sense of 
Blaschke (3): (1) definition of a measure for sets of geometric 
objects with certain properties of invariance; (2) evaluation of 
this measure for some particular sets; and (8) application of the 
obtained result to get some statements of geometrical interest. 

The same examples show the basic elements which are necessary 
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to build the integral geometry from a general point of view: 
(1) a base space E in which the objects we consider are imbedded 
(in the preceding examples, # was the euclidean plane E2); (2) a 
group of transformations © operating on # (in the preceding 
examples © was Mt; (8) geometric objects F contained in # which 
transform transitively by @ (in the preceding examples, the geo- 
metric objects were points, lines or congruent figures). 

Given E, G, and F, the first problem of the integral geometry 
is to find a measure for sets of F invariant under @. 


2. GENERAL INTEGRAL GEOMETRY 


2.1. Density and measure for groups of matrices. Though the 
integral geometry deals with general Lie groups, from the geo- 
metrical point of view in which we are principally interested it 
suffices to consider Lie groups which admit a faithful representa- 
tion, that is, which are isomorphic to a matrix group. We need 
some facts about groups of matrices, which we shall compile in 
this section. For a more general treatment, see Chevalley (12). 

Let @ be a group of » X n matrices of dimension r, that is, 
each matrix u€@@ depends on r independent parameters a, 
2, +++, A; more precisely, each matrix u € © is determined by a 
point a = (a, d2, ---, a,) of a differentiable manifold of dimension 
r, which we shall denote by the same letter G; a1, a2, ---, a; are then 
the coordinates of a in a suitable local coordinate system. 

Let e € © be the unit matrix and u—! the inverse of u C U. If 
du denotes the differential of the matrix u, the equation 


(2.1) u(u+ du) =e+tw 


defines a matrix w = u~! du of linear (pfaffian) differential forms 
which is called the matrix of Maurer-Cartan of @. The elements 
wi; of w have the form wi; = ai, da; + --+ + aij, da,, where the 
coefficients a;;, are analytic functions of a1, a2, ---, a,. From these 
n* pfaffian forms w,; there are r linearly independent (base of the 
vector space dual of the tangent space of @) which we shall de- 
note by 1, we, -+-, wr; they are called the forms of Maurer-Cartan 
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of @ and are defined up to a linear combination with constant 
coefficients. 

The fundamental property of the matrix w is that of being left 
invariant under ©. For if u’ = su (s is a fixed element of ©), we 
have du’ = sdu, and therefore ow! = udu’ = u-'s"18du = 
um! du = w. 

As a consequence, the r forms of Maurer-Cartan are also left 
invariant under G, and this fact characterizes these forms up to a 
linear combination with constant coefficients. For a proof, we 
observe that since the forms of Maurer-Cartan w1, ---, w, are in- 
dependent, each pfaffian form 2 may be written Q(a, da) = 
Di A:(a)w,. If 2 is left invariant under @, we have 


Y = Yi Ai(a’)wi = Di Ai(a)o; 
and since wi = wi, we have 
Di (A.(a’) — Ai(a))w; = 0. 


Because of the independence of w;, it follows that Ai(a’) = A,(a), 
which implies A; = constant. (Since we are interested only in the 
left invariance, we shall hereafter speak simply of invariance, 
understanding that it means left invariance.) 

Notice that by exterior differentiation of w = u-!du, taking 
into account that du-! = —u7! duu, we get 


(2.2) dw = —uduu A du = —wAw. 


This matric equation includes the expression of the exterior 
differentials dw; of the forms of Maurer-Cartan as linear combina- 
tions with constant coefficients of the products w; A w,; these 
expressions are called the equations of structure of Maurer-Cartan 
for the group G. 


2.2. Density and measure in homogeneous spaces. Let $ be a 
subgroup of @ of dimension r — h. Suppose that © itself is a 
Lie group isomorphic to ® matrix group. We want to find the 
conditions for the existence of a density (that is, an element of 
volume) in the homogeneous space @/H (= set of left cosets s$, 
s © @) invariant under GW. For this purpose, we notice that the 
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submanifold $ of the differentiable manifold G and its left cosets 
s® (s € @) are the integral manifolds of a pfaffian system. 
(2.3) w= 0, w= 0, tesy on = 0. 

Because § and its left cosets as a whole are invariant under G, 
the left side members of (2.3) will be linear combinations with 
constant coefficients of the forms of Maurer-Cartan of G, and, 
because these forms are defined up to a linear combination with 
constant coefficients, we may assume that they are the h first 
forms of Maurer-Cartan of G. 

Because w; is invariant under G@, the differential form 


(2.4) On = a1 A 2 A ++ A on 


will be also invariant under G. However, 0, is not always a density 
for @/ because its value can change when the points a Cc G 
displace on the manifolds s$. We shall now prove the following 
theorem. 


THEOREM: A necessary and sufficient condition for QO, to be a 
density for @/© is that its exterior differential vanish, that is, 
(2.5) do = 0. 

Proof: To prove this theorem, we observe that the submanifold 
© and its left cosets fill up the manifold © in such a way that for 
each point of @ passes one and only one submanifold. Thus, the 
system (2.3) is completely integrable and it is consequently equiv- 
alent to a system of the form 


(2.6) okay = 0, dk, oo 0, bats dt, =, 0, 


where £; = &;(a), ae, ---, ar) are functions of a; such that the mani- 
folds s$ are represented by ~; = constant (¢ = 1, 2, ---, h). We 
can make in © the change of local coordinates (a, az, ---, dr) 
— (&1, &, +++, Ey Tag1, * ++, Zr). Since the systems (2.3) and (2.6) are 
equivalent, we have 


(2.7) O% = AE, x) dé A die A +++ A dén, 


where A(é, x) denotes a function of &, +--+, &, Zagi, ***, Zr When 
the point a(£:, &, --*, 4, Laz1) °° *, Zr) Varies on sH, the coordinates 
&; are constant, and, therefore, 
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(2.8) Rome Op Ade RGR A bee Adee 
jeht+1 O2; 


On the other side, by exterior differentiation of (2.7), we get 


h 
da, = = oe de dk see A dé, 
ge 08; 


& 
z 9A ae, A dts A -++ A dé, = 5%, 
jeht1 02; 


because the first sum vanishes. Consequently, so that 62, = 0— 
that is, for Q, to be invariant by displacements on the manifolds 
s®, it is necessary and sufficient that dQ, = 0. This proves the 
theorem. 


If © reduces to the identity, then G©/H = G and Q, = w1 A 
wn A +++ A wy gives the invariant density (= element of volume) 
of @, which in integral geometry takes the name of kinematic 
density of G. The integral of 0, gives an invariant measure for G 
(Haar’s measure) which is unique up to a constant factor. 


2.3. The examples of the introduction. To exemplify these gen- 
eral results, we shall consider the examples appearing in the 
introduction. 

The group of motions @ = J in H, can be represented by the 
group of 3-dimensional matrices, 


cosy —sing a 
(2.9) u={sin ¢ cose b 
0 0 1 


with the parameters a; = a, a2 = b, a3 = ¢. We have 


cos¢ sing —bsin g — acos¢ 
uw4i=j{-sing cose —bcosyg+asing 


0 0 1 

—sin gdy -cosgdyg da 

du = cosgde -—singdg db 
0 0 0 


and, therefore, 
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0 —dy cos gy da + sin ¢ db 
= udu =| de 0 -—sin gda-+ cos¢db 


0 0 0 
The forms of Maurer-Cartan are 
(2.10) 
w = cosygda+singdb, w= —singda+cosgdb, ws = dg, 


and the equations of structure 


0 0 — Wg A we 
=-wAw=-|0 0 ws A wi | 
0 0 0 
That is, 
(2.11) dw, = —w A ws, dun = —w3 A 1, dw; = 0. 
The kinematic density of 2 is 
dK = w A wo A w3 = da A db A dg, 
which, up to the notation, coincides with (1.11). 

Let §, be the subgroup of 2 consisting of all motions which 
leave the line G(p, @) invariant (equation of G:2 cos @ + y sin @ — 
p = 0). There is a bijective mapping between the lines G of EF, 
and the points of the space Jt/G,. As density for lines, we take 
the density of It/H,. 

By the change of coordinates (a, b, ¢) — (p, @, t) in M, given by 
the equations, 


a =pcosé+t sin8@, = psiné@ — t cos@, g=60- 


NIA 


p = acosé + bsiné, t = asin é — bcos@, @=~9+> 
the points of %/: are p = constant, @ = constant. The system 
(2.6) is dp = 0, dé = 0, and the system (2.3) is 

dp = cos @da + sin @db = —sin gda + cos gdb = w = 0, 
dé = de = w; = 0. 
Therefore, the density for lines takes the form 
(2.12) dG =u, Aw; = —singda A de + cos gdb A de 
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which is equivalent to 
(2.13) dG = dp A dé, 
as stated in (1.7). 

If Go is the subgroup of J consisting of all motions which leave 
the point P(a, 6) invariant, there is a bijective mapping between 
the points (a, b) of EZ, and the points of the homogeneous space 
M/Ho. The system (2.6) is now da = 0, db = 0, and (2.3) gives 
1 = 0, w. = 0. The density (2.4) for points results in 
(2.14) dP = A wm = da A db, 


which coincides with (1.4). In both cases (2.13) and (2.14), the 
condition (2.5) is obviously satisfied. 

To give an example in which the homogeneous space @/ has 
not an invariant density, let us consider the 4-dimensional group 
@ of matrices of the form 


a 0 de 
u=|0 as ag y aa3 ¥ 0, 
0 0 1 


and the 2-dimensional subgroup © of matrices of the form 


ay 0 0 
w= |0 a3 0 , aya x 0. 
0 0 1 


To obtain the forms of Maurer-Cartan of G, we have 


aii 0 —ai las 1 0 da 
wo=u du =([0 az! —az'as}{0 das dag 
0 0 1 0 0 0 


where 
- - _ -1 
a= a 1 da, @ = a 1 daz, @3 = a3 1 das, Ww = a3 das. 


The subgroup © is characterized by a2 = 0, a, = 0, and, there- 
fore, the system (2.3) is now w, = 0, w: = 0. The differential form 
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OQ. = w. A wg is not a density, because dQ, = —w, A w2 A ws — 
ws A wn A os ¥ 0. 


3. INTEGRAL GEOMETRY IN THE 
THREE-DIMENSIONAL EUCLIDEAN SPACE 


3.1. The group of motions in E;. We shall consider in detail the 
integral geometry of the 3-dimensional euclidean space. The base 
space is #; and the group © is the group of motions M in it. 

Let z represent the one-column matrix formed by the orthogonal 
coordinates 21, 22, 3; of a point P. The matrix equation of a mo- 
tion z — 2’ is 


(3.1) xz’ = Axr+B, 


where 


a1 An a1 b 
(3.2) A=|an d2 du}, B=| bh}, 
431 Ase 33 bs 


and A satisfies the conditions of orthogonality 
(3.3) A't= A-! (A‘ = transposed of A). 


The condition (3.3) reduces to 3 the number of independent 
parameters a,; which, with bi, be, and bs, are the 6 parameters on 
which Jt depends. 

The group 3 can be represented by the 4 X 4 matrices, 


A : B 
(3.4) ream eer niveds 
0 ae | 
with the ordinary rules, 
A, A,:A2Bit+ B, A-!; —A-'B 
Uti = | ....... Weoeeree > wls 


ee ee ers ec eeroe 
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The matrix of Maurer-Cartan is 
A-1dA : A7dB 


w= uUultdu=[...... eee eee 
0 0 
If we introduce the two matrices 
(3.5) wa = A7dA, wea = A~1dB 


of order 3 X 3 and 3 X 1, respectively, the equations of structure 
can be written 


(3.6) dw, = —wa A Wa, dwg = —wa A wp. 


Since M is a 6-parameter group, we must have 6 pfaffian forms 
of Maurer-Cartan. Effectively, from (3.3) and (3.5) we deduce 
wa = AtdA = —dA‘tA = —wh4, and the 6 forms are tie elements 


of the matrices, 
0 bast 
My ={—%. 9 ws], we=| >], 


—W3 —W; 0 Ws; 


which, explicitly, give 
3 3 
(3.7) On = Wi = z Aji dajn; w= J Aji db;. 
J= j=l 


It is useful to give a more geometrical approach to the pfaffian 
forms w,, and w;. Let us consider in £3 a fixed frame (Qo; e!, e8, €8) 
composed of a point Qo and three orthogonal unit vectors e?, and 
a moving frame (Q; é1, é2, €3) which results from the fixed frame 
by the motion u represented by (3.1). If we introduce the matrices 


(3.8) e= (ef, e, é), o> (41, e2, és) 
we can write 
(3.9) Q = eB, = eA, 


and, therefore, 
dQ = e°dB =e A"dB = ews, 


(3.10) 
de = e°' dA =e A-'dA = ews, 
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which may be written 
3 3 
(3.11) dQ = z W;0j, de; = 2 W740j- 
i= i= 


These formulas are useful for the computation of densities, as 
we shall see in the next section. Because of the orthogonality of 
the unit vectors e;, we have e,e; = 6,;, and from (3.11) we deduce 


(3.12) ws = 6; aQ, Oi = 6 de;, 
which are the vectorial form of the equations in (3.7). 


3.2. The area element of the unit sphere. We need to remember 
two expressions for the element of area of the unit sphere. Let » 
be the unit vector with the components 


(3.13) + = sin 6 cos ¢, vw, = sin @sin g, vs = cos 0 
where 6, ¢ are the ordinary spherical coordinates corresponding to 


the endpoint of ». The area element at this endpoint is known 
to be 


(3.14) do = (vv v,) dd A dg = sin@ dé A de 
where (» v »,) denotes the scalar triple product of the vectors 


v, vs, and yy (subscripts denote partial derivation). Taking (3.13) 
into account, we have also 


(3.15) do =< U2 Ads _ WN dn _ dn A doy, 


Vy ve V3 
and since vj + v3 + v3 = 1, we deduce 
do = 1 dvg A dvs + v2 dvs A dy + v3 dy A dr. 


On the other hand, if &, ¢2, and es are the 3 orthogonal unit 
vectors of a moving frame, we have 


€: des A €2 des = €1(€s9 dO + es, dp) A €2(€39 dO + esp de) 
= (€1€39- €2€sp — C1€3p° 2€39) dO A do 
= (€1 A €2)- (30 A sg) 0 A de 
= (€3€20€s9) dO A dp = do 


where do denotes the area element of the unit sphere correspond- 
ing to the endpoint of e3. From (3.12) and (3.16), we get 


(3.16) 
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(8.17) do = wis A ws. 

We have now at our disposal all elements necessary to find the 
densities for points, lines and planes of #3 invariant under Dt. 

3.3. Density for points. Let Oo be the set of motions which 
leave the point Q(bi, be, bs) invariant; clearly it is a subgroup of 
M. According to (3.11), to keep Q fixed we must have 

w = 0, w = 0, ws; = 0, 

which is the system (2.3), and, according to (2.4), the density 
for points will be w: A we A ws; = db A dbz A dbs [applying (3.7) 
and taking into account the determinant |a,,| = 1, because the 
matrix A = (a,;) isorthogonal]. In general, for the point P(z, y, z), 
we shall have : 
(3.18) dP = dz A dy A dz. 
The condition (2.5) is obviously satisfied. 


3.4. Density for planes. Let 2 be the set of motions which 
leave the plane E(é1, e2) invariant; clearly it is a subgroup of Mt. 

By the motions of $2 the unit vector es remains fixed and the 
point Q can only move on the plane ¢é1, €2; therefore, according to 
(8.11), the pfaffian system which characterizes the planes is 

wo = 0, oO3 = 0, 23 = 0, 

and the density for planes results: 
(3.19) dE = we A W13 A 23. 


If 6, y are the spherical coordinates of the endpoint of es, (3.14) 
and (3.17) give 
(3.20) wi3 A ons = do = sin @ dé A dg. 


If p is the distance from the origin Qo of the fixed frame to the 
plane E, and ai; = sin@cos¢, des = sin @ sin g, a3; = cosé@ are 
the components of es (normal to Z), we have p = aisb1 + desde + 
dgsbs, and, according to (3.7), 


3 
(3.21) w3 = z a;, db; = dp + Rdé + S dg. 
= 
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Here, R, S are functions of 8, ¢, b;, the explicit form of which has 
no interest for us. From (3.19) and (3.20) we get 


(3.22) dE = sin6 dp A dé A dg = dp A do. 


The condition (2.5) is obviously satisfied, and hence we have: 
If a plane E is determined by its normal e; and its distance p to a 
fixed origin, the density is given by (3.22), where do denotes the 
area element of the unit sphere corresponding to the endpoint 
of the unit vector és. 

As an exercise, prove that if the plane is given by the equation 


uz + vy + wz + 1 = 0, its density takes the form 
_ du dv A dw 
dE = (ua? + vo? + w)? 


Example 


Let S be a fixed segment of length 1. To compute the measure 
of the set of planes E which intersect S, we take S on the e-axis and 
the middle point of S as the origin of coordinates. Then we have 


(3.23) m(E;E(\S #0) = f dE 


l 2x x : 
5 | dg f, |cos 6| sin 6 d@ = rl. 


If T is a polygonal line of length L, writing (3.23) for all sides 
of I’ and adding, we obtain 


(3.24) / ndE = cL, 


where n denotes the number of intersection points of EZ with I. 
By a limit process it is not difficult to prove that (3.24) holds for 
any rectifiable curve. The integral in (3.24) is extended over all 
planes of £3, n being 0 for the planes which do not intersect I’. 


3.5. Density for straight lines. Let $, be the set of motions 
leaving the line G which contains the unit vector e; invariant; 
clearly $1: is a subgroup of M. 

By a motion of $,, the point Q can only move in the direction 
of es, and, therefore, (3.11) gives w: = 0, w2 = 0. Moreover, be- 
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cause e; is fixed, from (3.11) we deduce wiz = 0, wes = 0. The 
pfaffian system (2.3) for the lines of Z; becomes 


(3.25) w= 0, a = 0, O13 = 0, 23 = 0, 
and the density for lines is 
(3.26) dG = w A w A ors A ors. 


According to (3.12), w: A w: equals the area element of the 
plane (é1, €2) at the point Q, and we have seen that wis A wes is 
the area element of the unit sphere corresponding to the endpoint 
of es, that is, to the direction of G. If G is determined by its direc- 
tion es and its intersection point (zx, y) with a fixed plane, denoting 
by y the angle between e; and the normal to the fixed plane, we 
have w: A uo: = |cosy| dz A dy, and we can write (3.26) in the 
form 


(3.27) dG = |cosy| dx A dy A do. 


From (3.26) and (3.6) it is easy to show that the condition (2.5) 
is satisfied. 

As an exercise, prove that if G is given by the equations z = 
az + p, y = bz + q, then its density is 


IG = BABA nay 
(1 + a? + 6)? 

Example 

Let 2 be a fixed surface of class C! (= with a continuous tangent 
plane). If P denotes a point of the intersection G() 2 and df 
denotes the area element of 2 at P, the density for lines can be 
written dG = |cosy¥| df A do, where y denotes the angle between 
G and the normal to 2 at P. Fixed P, the integral of |cos ¥| do 
extended over all the lines which pass through P, gives the projec- 
tion of one-half the unit sphere upon a diametral plane—that is, 7. 
The integration of df over the whole = gives the area F of 2. There- 
fore, taking into account that each line has been counted as many 
times n as it has intersection points with 2, we get 


(3.28) f ndG = xF, 
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where the integral is extended over all lines of E;, n being 0 for 
the lines which do not intersect 2. 


3.6. Kinematic density. The kinematic density is 
(8.29) dK = 01 A 2 A o3 A wn A ors A wns. 


To give a geometrical interpretation to we = e: de, we observe 
that if we take on the plane e1, ¢2 two fixed orthogonal unit vectors 
ej, eS and call a the angle between e¢; and ef, we can write e = 
cos aej + sin ae}, & = —sinaet + cosaez; therefore, e: de, = 
—da. That is, w2, means an elementary rotation about the e;-axis. 
Consequently, according to (3.17) and (3.29), if a motion is deter- 
mined by the position of the moving frame (Q; é1, €2, €3), the kine- 
matic density has the form 


(3.30) dK = dP \ do A da, 


where dP is the volume element of F; at the origin Q of the moving 
frame, do is the area element of the unit sphere corresponding to 
the endpoint of es, and da is the element of rotation about és. 
We remember that we always consider the densities in absolute 
value; thus, there is no question of sign. 

Let us do an application of (3.30). Let I be a fixed curve with 
continuous tangent at every point and finite length Z and let 2 
be a moving surface of class C1 and finite area F. Let Q be a point 
of T' () = and let e; be the normal to 2 at Q. If @ denotes the angle 
between e; and the tangent to I at Q (which we may take as the 
e§-axis of the fixed frame) and df denotes the area element of 2 
at Q, we have dP = |cos6| df A ds (s = arc length of I). Putting 
this value in (3.30) and integrating over all the positions of © in 
which it has common point with I, because each position of 2 
will be counted as many times n as intersection points have 2 
and I', we get 


(3.31) | ndK = 40°FL. 


Notice that the same formula holds if we suppose 2 fixed and I 
moving with density dK. 
If = is the unit sphere, we can take the origin of the moving 
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frame at the center of 2; then we have i ndK = 8x? f n dP, and 
(3.31) gives 


(3.32) f ndP = 2rL, 


which is valid for any rectifiable curve (51). 


3.7. A differential formula. In Section 5 we will need an im- 
portant auxiliary formula which derives from (3.30). Let Zo be a 
fixed surface of class C1. At each point Q of Zo we consider an 
orthogonal frame (Q; e9, e8, e8) with origin at Q and with e§ normal 
to Xo. If the displacement vector on Zo at Q is wie$ +- axe?, the area 
element is df = w1 A w:. To the unit vector e° tangent to 2» at Q 
which forms with e? the angle 70, is attached the differential form 
dLy = w1 A ws A dr called the density for line elements (Q; e°) on 
Yo, and the pfaffian form ds = cos 79 w: + sin 70 w: called the ele- 
ment of length corresponding to the direction e°. 

Now let 2, be a moving surface of class C!, and assume that 
the intersection Zo () 21 is a rectifiable curve I. Let Q be a point 
of I and (Q; e1, é2, €3) be an orthogonal frame with es; perpendicular 
to 21. Let ds be the length element of T at Q and dso, dsi those 
normal to I’ on 2» and 21, respectively. Let @ be the angle between 
the normals ¢8, ¢3. If dfo, df: are the elements of area of Zo, 21 at Q 
and dP denotes the element of volume of E; at Q, we have dP = 
sin 6 dfo A ds; and df, = ds A ds; The element of area of the 
unit sphere at the endpoint of e; may be written do = sin@ dé A dro. 
Putting now dz = da to unify the notation of (3.30), from this 
equation and the preceding relation, we deduce immediately (up 
to the sign) 


(3.33) ds A dK = sin? @dfy A dro A df; A dn A 8 
= sin? 6 dlo A dla A dd, 


which is the differential formula we want. 
An immediate consequence is obtained by integrating both 
sides over all positions of the moving surface 21. We get 


(3.34) { LdK = 20°F, 
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where L denotes the length of the curve 2 () 21, and Fo, F1 are 
the areas of 2, 21, respectively. 

If 2, is the unit sphere and we take the origin of the moving 
frame at the center of 21, we have 


[Lax - 8x? { L dP, 
and (3.34) gives 
(3.35) f LdP = x°F». 


3.8. A definition of area. Let now 21, 22 be two moving unit 
spheres and Zo a fixed surface. Let N be the number of points 
of the intersection Zo () 21 () Zz. If dP; denotes the volume ele- 
ment at the center of 2; (¢ = 1, 2), we get from (3.32) and (3.35) 


if N dP, dP, = 20 f L dP; = 2n°Fo. 


Conversely, this result conduces to define the area of a con- 
tinuum of points by the formula 


1 
Fy = 5, [ N dP. dP, 


provided the integral of the right-hand side exists [see (52)]. 
Applications of the integral geometry to the definition of area 
for k-dimensional surfaces have been made by Federer (17-19) 
and Hadwiger (23) and (25). See also Nébeling (45) and (46). 


3.9. Planes through a fixed point. Let us now consider the set 
of planes Ho which pass through a fixed point O. The density for 
sets of Hy invariant under the group Yto of the rotations about 0, 
is clearly dE) = do, where do denotes the area element of the unit 
sphere corresponding to the direction perpendicular to Eo. In fact, 
this differential form is invariant under to, and, because of the 
transitivity of the planes Hy with respect to to, it is unique up 
to a constant factor. The planes Zo are considered non-oriented}; 
therefore, the measure of all the planes through O will be 


(3.36) f[ ato = [do = 2n, 
where 4Z denotes the half of the unit sphere. 
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Let S be a fixed arc of great circle on the unit sphere of center O 
of length a. The measure of the set of planes Ey which intersect 
S (= measure of the set of great circles which intersect S) will be 
the area of the lune bounded by the great circles the poles of 
which are the endpoints of S—that is, m(Ho; S (1) Ey ¥ 0) = 2a. 
If instead of S we have a spherical polygonal line I the sides of 
which have the lengths a;, we have, writing the last formula for 
each side and adding, 


(3.37) f n dE = 2L, 


where L denotes the total length of I. The integration is extended 
over all (non-oriented) planes through O—that is, according to 
dE, = do, over half the unit sphere. By a limit process we can 
prove that (3.37) holds for any rectifiable spherical curve of the 
unit sphere. 

Following Fenchel (20), we want to apply (3.37). Let K be a 
closed space curve of class C? without multiple points and let T 
be the spherical indicatrix of it (= the curve T = T(s), where T 
is the tangent unit vector to K). The arc length element of IT is 
ds, = |x| ds, where x denotes the curvature and s the length of K. 
Consequently, (3.37) yields 


(3.38) [nat =2 ff. ixlds. 


Every closed space curve K has at least 2 tangents which are 
parallel to an arbitrary plane. This means that every plane EZ» 
intersects T' in at least 2 points. Hence, n 2 2, and (3.36) and 
(3.38) give 


(3.39) I |x| ds = 2m, 


a classical inequality of Fenchel. 

If K is knotted, it is easy to see that it has at least 4 tangents 
parallel to an arbitrary plane. Hence, n = 4, and (3.36) and (3.38) 
give the following inequality of Faéry (for knotted curves) (16), 


(3.40) [bl ds = 4x. 
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These results have been generalized to closed varieties in EH, by 
Chern and Lashof (11). 


4, APPLICATIONS TO CONVEX BODIES 


The integral geometry is closely related to the theory of convex 
bodies. We compile in this section some simple facts on this theory 
from many sources—for example, Bonnesen and Fenchel (4), 
Busemann (5), Hadwiger (24), and Vincensini (72). 

Let & be a plane convex set of area f placed in HE. Let f, be 
the area of the orthogonal projection of & on a plane perpendicular 
to the direction c, and let 6 be the angle between o and the normal 
to the plane which contains k; we have f, = |cos 6| f. If dx denotes 
the area element of the unit sphere Z corresponding to the direc- 
tion «, we have 


(4.1) L fodo =f te dy f |cos 6| sin @ dé = 2nf, 


and, therefore, 


(4.2) fx i |, fede. 


Now let K be a convex body of E;; we shall denote by dK the 
convex surface bounding K. Let F be the area of 0K and F, the 
area, of the orthogonal projection of K on a plane perpendicular 
to the direction o. Applying (4.2) to each element of area of 0K 
and integrating over all 0K, we get 


1 
(4.3) F== |, Fedo, 


known as Cauchy’s formula for the area of & convex body. 

Let O be an interior point of K and p = p(c) = p(6, ¢) be the 
supporting function of K with respect to O (= distance from O to 
the supporting plane perpendicular to the direction ¢ of spherical 
coordinates @, ¢). The convex body K;, parallel to K at distance h 
has the supporting function p, = p(c) + h, and if Ri, Re are the 
principal radii of curvature of 0K, those of 0K, at corresponding 
points are Ri +h and R, + h. Between the area element df of 
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8K and the area element do of its spherical image, there is the 
relation df/do = RR, and consequently, we have 


(4.4) Fe= iM Rik do. 
Applying this formula to 0K,, we get 
(4.5) F,= i, (Ri + h)(Re + h) do = F + 2Mh + 4ah?, 


where 
1 1 1 1 
(4.6) M=5[,Gi+R)do=3 (e+ R)e 


is the integral of mean curvature of 0K. If V denotes the volume 
of K and V, that of K,, from (4.5) we deduce 


(4.7) VaeV+ f P,dh = V + Fh + Mh? + 4xh?, 


which is the so-called Steiner’s formula for parallel convex bodies 
in £3. 

For plane convex sets, the formula analogous to (4.7) is 
(4.8) fr = ft uh+ xh’, 


where u = length of dk. Applying (4.8) to the orthogonal projec- 
tion of K on a plane perpendicular to the direction o, we have 


Far = Fy + uch + th?, 
and by Cauchy’s formula, 


1 1 h 
(4.9) Pi= =f) Poado = =f) Fedo += [ uedo + 4ah’. 


Comparing (4.9) with (4.5), we get (since both formulas hold 
for any h) 


1 
(4.10) M = = L Ue do, 


which is a very useful expression for the integral of mean curvature 
of the boundary of a convex body. 

On the other side, considering the volume V of K as a sum of 
pyramids with the common vertex O, we have 
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(4.11) V=3/[ pdf = 3, pRiks do. 
Applying this formula to Ki, we get 


Va= 3 f+ Wl + WR +h) do 
=V+8 f (Rs + (Ri + R)) de 


2 4 
+ © f+ Rit Re) do + Sah. 

Comparison with (4.7) yields 

(412) F=3fp(&+R)do, M= [ip w. 


The last formula allows definition of M for any convex body 
without the conditions of regularity necessary to define the prin- 
cipal radii of curvature of dK. A practical way to compute M 
for convex surfaces 8K not sufficiently smooth is to compute the 
integral of mean curvature M, of the parallel surface 0K, (which 
is smooth) and then to pass to the limit for h +0. This method 
yields the following results easily. (1) For a convex polyhedron 
the edges of which have lengths a; and the corresponding dihedral 
angles of which are a;, we have 


M = 72 (@ — a)a;. 
(2) For a right cylinder of height h and radius r, 
M = ch + xr. 


(3) For a plane convex domain, considered as a flattened convex 
body of Hs, we have 


M=35u, 


where wu is the length of the boundary of the domain. 

Notice that, according to (3.22), the second formula (4.12) 
gives the measure of the set of planes H which cut K—that is, 
we have the formula 
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(4.13) dE = M. 

ENK #0 
On the other side, applying (3.28) to convex surfaces (n = 2), 
we get 


(4.14) | dG = 5F. 
G@NkK +0 


We may therefore state: 


The volume V of a convex body K is the measure of the points 
contained in it; the area F of OK is (up to the constant factor 1/2) 
the measure of the lines which intersect K; the integral of mean 
curvature M ts the measure of the planes which intersect K. 


These integral geometric interpretations of V, F, and M have 
been generalized to convex bodies of the n-dimensional euclidean 
space [(60) and Hadwiger (23) and (25)]. 


5. THE KINEMATIC FUNDAMENTAL 
FORMULA IN &, 


5.1. The Euler characteristic of a domain. Let = be a closed 
surface in E; which is of class C? and bounds a domain D of vol- 
ume V. If df is the area element of 2 and do the area element of 
the corresponding spherical image, we know the formulas 


do 1 1 
(5.1) "ER '@- Loa df = 4rx, 


where Fi, R2 are the principal radii of curvature, J(=) denotes 
the area of the spherical image of 2, and x = x(D) is the Euler 
characteristic of D. Because = is closed, its spherical image covers 
the unit sphere an integer number of times, and therefore x = 
I(z)/4r is an integer. For example, for domains topologically 
equivalent to the solid sphere, x = 1, and for domains which are 
topologically equivalent to a torus, x = 0 [see, for example, 
Struik (69, p. 159)]. 

If = is not of class C? but consists of a finite number of faces 
(= pieces of class C*) which intersect along edges (= closed 
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curves of class C?), the Euler characteristic is obtained adding 
to the area of the spherical image of the faces (5.1) the area of the 
spherical image corresponding to the edges, which we shall now 
compute. Let I be an edge of 2 and let T, N, B, denote its unit 
vectors tangent, principal normal, and binormal; let s be the arc 
length of I. If es, e3 are the outward normal unit vectors to the 
faces of 2 at the points of I and we call #1, 6; the angles which 
they form with —N, the spherical image corresponding to I is 
the portion of unit sphere defined by the equation, 


Y(s,é) = —cos@N+sin@B (,505%,0S8s8 1), 


where L is the length of I. 

Using Frenet’s formulas, we have Y3 = 1, Y.Ys = —7, Y2 = 
x? cos? @ + 72, (Y3Y? — (Y.¥o)*)!/2 = xcos@, where x and 7 are 
the curvature and the torsion of [. The area J(I') of the spherical 
image corresponding to I will be 


(2) I(n= if x cos 6 d0 ds = f (sin 6 — sin 6) xds. 


Under the assumption that 2 has no vertices (= points in 
which more than two different faces intersect), the Euler char- 
acteristic of 2 is given by the second formula (5.1); we take into 
account that at the left side, the integral analogous to (5.2) for 
all the edges of 2 should be added. 


5.2. The kinematic formula. Let Do, Di be two domains of FE; 
bounded respectively by the surfaces Zo, 21, which we assume to 
be of class C?. Let V;, x: be the volume and the Euler character- 
istic of D; and let F;, M; be the area and the integral of mean 
curvature of 2; (¢ = 0,1). Suppose Dp is fixed and D: is moving, 
and let dK be the kinematic density for Di. If (Do () D,) denotes 
a function of the intersection Do () D1, one of the main purposes 
of the integral geometry is the evaluation of integrals of the type 


(5.3) Te / &(Do () Ds) dK 


over all positions of D:. For example, if = Vo = volume of 
Do (1) Di, we can easily prove that i Va dK = 8r7VoVi, and if 
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@ = Fy is the area of the boundary of Do () D1, the formula 
i Fu dk = 8r*(VoF1 + ViFo) holds (50). The most important case 
corresponds to = x(Dof) D1) is the Euler characteristic of 
Do (\ D,. Surprisingly enough, the integral i x(Do (\ D1) dK over 


all positions of D, can be expressed by only V;, x:, F:, M; (¢ = 0, 1). 
The result is the following: 


(5.4) f x(Do() Di) dK = 82?(Vox1 + Vixo) + 27(FoMi + FiMo). 


This result is the so-called kinematic fundamental formula, which 
we shall now prove. 

We need to compute x(Do () D1). The boundary of Do () Di 
consists in a part Yo. of Zo which is interior to D, and a part Zio 
of 21 which is interior to Do. Both 2 and 24 are of class C? and 
are joined by an edge T = Xo) 21, composed of one or more 
closed curves, of the boundary of Do ()\ D1. According to (5.1) 
we will have 


(5.5) 4xx(Do (1) D1) = I(Zu) + T(Z0) + I(T), 


and we can write 
(5.6) 4m f x(DoM Ds) aK = f I(2u) aK 
+ [ 1) dK + f (0) aK, 


where the integrals are extended over all positions of D1. 

The first two integrals on the right-hand side of (5.6) are easily 
evaluated. Taking the first integral, let P be a point of Zo () D, 
and let dop denote the area element of the unit sphere at the 
spherical image of P. By first fixing D; and then letting P vary 
over Zo () Di, we get 


dop dK = i 1(Zu) dK, 
PEDND1 


and by first fixing P and then rotating D: about this point and 
letting it vary over D, and Zo, 
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dsp dK = [ dics | dK = 8r°V; il dep 
PEGSHND1 PGX PED PEX 


82? Vil (Zo) = 327° Vix0. 


Thus, we have 
(5.7) J Tea) aK = 32x*Vix0. 


Similarly, by the evident invariance of the kinematic density 
under the inversion of the motion, we have 


(5.8) | I(Zy) dK = 32n*Voxs. 


It remains to evaluate the third integral in (5.6). Let Q be a 
point of I. By Meusnier’s theorem, if p is the radius of curvature 
of T' and R, r are the radii of normal curvature of 2» and 2; in the 
direction of the tangent to T' at Q, we have 


(5.9) p = Reos& = r cosh} 


where 61, 6; are the angles between the outward normals es, ¢3 to 
Zo, 21 at Q and the vector —N opposite to the principal normal N 
of I at Q. Taking into account the identity 


sin 6; — sin 4 


= tant @ — 
(5.10) cos 6{ + cos 6; tan 5 (1 — 6), 
and putting 61 — 6, = 6, we deduce from (5.9) and (5.10) 
(5.11) sin 6; — sin, = »(E+5) tan 5 6. 


If 70, 7, denote the angles between the tangent to I at Q and 
the first principal direction of Zo, 21 at Q, by Euler’s theorem 
we have 
1 _ cos* 7 | sin? 79 

mary mies «> 
where Ff, R, are the principal radii of curvature of Zo, and ri, 72 
are those of 2, at Q. By (5.2), (5.11), and (3.33) we have 

= cos? 7 , sin? 7 , cos?7 , sin? 7 
(5.13) fr) aK = f (3 + Sy Oy =) 


rT Te 


cos? 7; ae sin? 7; 
els. Sead 
T1 Te 


(5.12) 


1 
3 -= 
r 


tan 46 sin? 6 dfo dro df, dr, dé, 
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where the limits of integration for the angles are 
0 S 7 S 2r, 087 S 2, OS¢@87. 
Computing the integral in (5.13), we get 


(5.14) 7 1(D) dK = 8n°(FoMy + FiM)). 


Adding (5.7), (5.8), and (5.14), and considering (5.6), we get the 
desired result (5.4). 

The formula (5.4) is the work of Blaschke (3). It has been gen- 
eralized to E, by Chern (8). For the generalization to spaces of 
constant curvature (noneuclidean geometry) see Wu (76) and 
(54), (57), and (58). For another kind of proof valid for more 
general domains than those considered here, see Hadwiger (23). 

Notice that if Do, D: are convex bodies, we have x(Do) = 
x(D1) = x(Do Ct) D;) =1if DND+ 0, and x(Do Cr) Dy) = 0, 
if Do (\ Di = 0. The formula (5.4) yields 


(5.15) f dK = 8n(Vo + Vi) + 2e(FoM1 + FiMo), 
Do ND1+0 


which gives the measure of the set of congruent convex bodies D 
having a common point with a fixed convex body Do. 

If D; isa sphere of radius r, we can take the origin of the moving 
frame at the center of D,; then we have / dK = 8x? / dP, and 


(5.15) gives 
/ dP = Vo+ For + Mor? + $ar°, 
the Steiner’s formula (4.7). 


6. INTEGRAL GEOMETRY IN COMPLEX SPACES 


6.1. The unitary group. The integral geometry of complex spaces 
has not been developed very much, and it deserves further study. 
We shall give a simple typical example. 

Let P, be the »-dimensional complex projective space with 
the homogeneous coordinates z,(i = 0,1,---,7), so that z= 
(Zo, 21, 22, °*°, x) and Az = (Azo, Azi, °° *, Aga), Where A is a nonzero 
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complex number; define the same point. Let 2; denote the complex 
conjugate of z; We assume the homogeneous coordinates z; are 
normalized so that 


(6.1) (2) = Bk: = 1, 
which determine z up to a factor of the form exp (7a). 


We consider the group U (unitary group) of linear transforma- 
tions 


(6.2) 2’ = Az 
which leaves the form (6.1) invariant. The matrices A satisfy 
(6.3) AAt = E, A = 4, A'A = E, 


where E is the unit matrix. These relations show that 11 depends 
upon (n + 1)? real parameters. If we interpret the elements 


au. (h = 0,1, ---,”) of the matrix A as the homogeneous co- 
ordinates of a point a, € P,, the conditions (6.3) give 
(6.4) (aj%) = di, 


which show that the points a, are normalized; they form the 
vertices of an autoconjugate n-simplex with respect to the quadric 
(22) = 0. Because a, and a, exp (ia) are the same geometric 
point, to determine an element u € Ul we must give the n + 1 
geometric points a; [with the conditions of (6.4)], as well as the 
n+ 1 real parameters a,. 

The invariant matrix of Maurer-Cartan is 


(6.5) w= A7dA = A'dA, 
which satisfies, in consequence of (6.3), 
(6.6) wo+at=0. 


The invariant pfaffian forms are 
(6.7) OR = 20 Gnj done = (G; dax), 


and (6.6) gives 
(6.8) wy + oe = 0. 
The kinematic density of U, up to a constant factor, is 
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(6.9) du = [IL wc I wna], j<h, OSj, khen, 
where the product is exterior. 

We have all necessary elements for the study of the integral 
geometry of the unitary group. We shall restrict ourselves to the 
case n = 2 (complex projective plane). 

6.2. Meromorphic curves. A complex analytic mapping £, > P, 
of the complex euclidean line Z, into the complex projective plane 
P, defines a meromorphic curve in the sense of J. Weyl, H. Weyl 
(75), and L. Ahlfors (1); it is defined by three analytic functions 
2; = z(t), (¢ = 0,1, 2). Every such curve I has an invariant 
integral with respect to U, which we shall call the order of I. 
When the homogeneous coordinates z; are normalized such that 
the condition (6.1) is satisfied, the order of I is defined by the 
following integral (up to the sign which depends upon the orienta- 
tion assumed for I), 


(6.10) Ps [8 


where i = V—1 and 
(6.11) 9 = [dz dz] = dz A d& + da A d% + dz A dh. 


If I’ is an algebraic curve, we shall see that J coincides with its 
ordinary order or grad. 

If the coordinates z; are not normalized, we set Z; = 2;/(22)'2, 
and an easy calculation gives 


(6.12) 9 = [az dZ] = Act dt \ di, 


where z A z’ denotes the vector with the components 2:22 — 2221, 
Zoo — 2024, aNd 2021 — 2120. 

For some purposes, it is convenient to write 2 in another form. 
Let c be a point on the tangent to I at the point z such that 


(6.13) (é) = 1, (Cz) = 0. 
We will have (since c is on the tangent to T at z), 
(6.14) dz=oz+ fc, d&= 22+ pe 
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where a, 8 are the pfaffian forms 


(6.15) a= (2 dz), B = (€ dz). 

From (6.13) and (6.14), we deduce 

(6.16) Q= [(dzd]=aANat+Bn 6, 

and because a = —&, we have a A & = 0. Therefore, 
(6.17) 2= BA B= (edz) A (cz), 


a formula which will be useful in the following discussion. 

As an application, we shall use (6.17) to obtain the order of a 
complex straight line. Since J is invariant by unitary transforma- 
tions and any line can be transformed into the axis 2: = 0, it 
suffices to compute the order in this case. We take, in order to 
satisfy (6.1) and (6.13), 


2 = (pe*(1 + p?)72, 0, (1+ p?)-H2), 
c= (—e(1 + p*)*?, 0, o(1 + p*)-*), 


and we get 
_ dp + tp de — ipdy 
(€dz) = Bien oe (c dz) = —%e — fede are 
and 
(6.18) 9 = (de) A (ede) = 7 eo sade A dp. 
The order of the segment a < p S$ b,0 S ¢ S 2r will be 


b? — a? 


2x 7 
an if G+ 2)? ; i deen = (I + a*)(1 + 6%) 
For a = 0, b = ~, we obtain J = 1, which is the order of a line. 


6.3. A generalization of the theorem of Bezout. Let T1, Tz be two 
meromorphic curves of P2 of orders J/1, J2, respectively. Let ul’; be 
the transform of T; by u € U. In the theory of meromorphic 
curves it is important to determine the difference between the 
product J1/2 and the number N(T1 () uF) of points of intersection 
of T; and uI2, each counted with its proper multiplicity [Ahlfors 
(1), Chern (9) and (10), and H. Weyl (75)]. 
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Our goal is more simple. We wish to obtain the mean value of 
N(1 1 ul) for all wu € U. First, we will compute the integral 


(6.19) i I, N(T1(\ ul2) du 


where the element of volume du is given by (6.9). In our case, 
n = 2, making use of (6.8), and considering only the absolute 
value, we have 


(6.20) du = (G& dai) A (Gi dag) A (Go daz) A (Ge dao) A (Gi: daz) 
A (Ge da) A (Go dao) A (G1 day) A (a da,). 


Inasmuch as we are only interested in the transformations u 
such that T; () ul: ¥ 0, we may choose the points ao, a1, and a2, 
which determine u, so that: ao = point of Ty () ul2; a1 = point on 


the tangent to uI, at ao; a, is then determined by the relations 
(6.4), which we now write 


(6.21) (aoéio) = (arti) = (Gao) = 1, (aot) = (ade) = (ait) = O. 


Let s be the point in which the line determined by ay, a2 intersects 
the tangent to T'; at a. We shall have 


(6,22) (ss) =1, (st) =0, (8a) = 0. 


According to (6.17), the differential form which gives the order of 
ul, is 


(6.23) OQ = (G dao) A (4 dy) => (G& day) A (i dao). 


Since we always take ao on Ti, we have day = ado + 8s, where 
@ = (Go dao), 8 = (§ dao). Consequently, we have 


(Gz dao) = B(G2s), (ag do) = B(a,8), 
and, by exterior multiplication, 
(6.24) (G, dao) A (a2 dio) = (daz) A (G: dao) 
= (6 A B)(Gas)(as8) = (G28) (a8), 


where {), is the differential form which gives the order of YT. 
From (6.20), (6.23), and (6.24), we have 


(6.25) du = Q A O1(G28)(a28) A (Gi daz) A (G2 dai) A (G& dap) 
A (G dax) A (G dae). 
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We first keep fixed the geometric points do, a1, and az. With the nor- 
malization (6.21), their homogeneous coordinates az; (h = 0, 1, 2) 
are determined up to an exponential factor exp (¢a,;); the param- 
eters a;(j = 0,1,2) are variables in (6.25). Putting a; = af 
exp (ia;), we have da; = ajida;, (G;da;) = ida;, and, conse- 
quently, i (a; da;) = 2ri (j = 0,1, 2). 

From the right side of (6.25) it remains to evaluate (a) being 
fixed) fl (das) (a:8)(@, daz) A (d day), where a;, a, describe the line 


(Gz) = 0 which contains the point s. We can assume, because of 
the invariance of the integrand by unitary transformations, that 
this line is the axis z; = 0. According to (6.18), we then have 


= 2 _ _ 2tp 
(626) ff ida.) A (da) = ao & de, 
where we have put a2 = (pe*(1 + p?)-"/?, 0, (1 + p?)-"?), a = 
(—ei(1 + p*)-¥?, 0, p(1 + p)-1). Taking s = (0, 0, 1), we obtain 


(6.27) (@s)(a28) = 


eles, 
1+ p* 
and, therefore, 


(6.28) / (2s) (a98)(@, daz) A (Ge day) 


_ o f2r Zip _ ‘ 
= LL” ipa ee oe = 
From (6.25) and (6.28), we obtain the integral of du extended 


over all uw such that Ti ( ul2 ¥ 0, each uw counted N(T1 () ul2) 
times. We get (up to the sign which is unessential), 


(6.29) i N(T1 A ul) du = 32nS iJ, 


where J; and J; are the orders of T'; and Ts, respectively. 
To obtain the mean value of N(Ti () uI2), we need the total 
measure of 1]. Taking for I, and I, two straight lines, we know 


that J: = Je = land N = 1; therefore (6.29) gives hi du = 32n°. 
Consequently, the mean value of N is 
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(6.30) N = Jw. 


For algebraic curves, N is constant and (6.30) gives the classical 
theorem of Bezout; therefore our result may be considered a 
generalization of this theorem to meromorphic curves. For the 
extension to analytic manifolds of P, see (56). 


7. INTEGRAL GEOMETRY IN 
RIEMANNIAN SPACES 


7.1. Geodesics which intersect a fixed surface. The methods of the 
integral geometry can be also applied to Riemannian spaces, 
mainly to spaces of constant curvature or other spaces which admit 
a group of transformations into themselves. The case of surfaces 
is simple and well known (55). Here, we want to consider the case 
of 3-dimensional spaces. 

Let R; be a 3-dimensional Riemannian space defined by ds? = 
gij dz; dxz;, where the summation convention is adopted; 2, j are 
summed from 1 to 3. Let us introduce the notations, 


(7.1) F = (gijaiz})'?, Pi = = 


where x; = dz,/dt. As we know, a geodesic of R; is determined by 
a point z; and a direction xj, which is equivalent to give z;, p; 
(«1 = 1, 2, 3). The density for sets of geodesics is defined by the 
following exterior differential form, taken always in absolute value: 


(7.2) dG = dps A dre A dps A dx; + dps A dz; A dp A dx 
+ dpi A dx: A dp2 A da. 
The measure of a set of geodesics is the integral of dG extended 
over the set. The density (7.2) is the second power of the differ- 
ential invariant ¥ dp. A dz;, which constitutes the invariant in- 


tegral of Poincaré of the dynamics (6, pp. 19 and 78), and it therefore 
possesses the following two properties of invariance: (1) it is in- 
variant with respect to a change of coordinates in the space; 
(2) it is invariant under displacements of the elements (z;, p;) on 
the respective geodesic. 
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To give a geometrical interpretation of dG, let us consider a fixed 
surface X and a set of geodesics which intersect 2. Let G be such 
a, geodesic and P its intersection point with Z. In a neighborhood 
of P we may assume that the equation of = is z; = 0 and that the 
coordinate system is orthogonal, that is, ds? = gu dx? + gx dx} + 
933 dx3, and thus p; = g.:(dz,/ds). If »; represents the cosine of the 
angle between G and the z,-coordinate curve at P, we have 


ee oe Von 
(7.38) v5 = V9 ate pi= Voi, Ips= Voudvit ous v; dap. 
ds Oxn 
To determine G according to the second property of invariance 
of dG, we may choose its intersection point P with 2. At this 
point we have z; = 0, dz; = 0, and, consequently, (7.2) takes the 
form 


(7.4) dG = dp, A dx, A dpz A dx, 
or, according to (7.3), 
(7.5) aG = V 911922 dy, AN dx A dy, A dz. 


On the other hand, to each set of direction cosines 11, v2, and v3 cor- 
responds a point of the unit euclidean sphere and the area element 
in it has the value (3.15) 


a dv, A dvg 


Vg 


(7.6) do 


Hence, we have, in absolute value, 

(7.7) dG = |cos g| do A df, 

where ¢ is the angle between the tangent to G and the normal to Z 

at P, and df = Vv 911922 dt, A azz is the element of area = at P. 
Integrating over all geodesics which intersect 2, on the left side 

each geodesic is counted a number of times equal to the number n 

of intersection points of G and 2; on the right, the integral of 

|cos y| do gives one-half the projection of the unit sphere upon a 

diametral plane (= x). Consequently. we get the integral formula 


(7.8) if ndG = =F, 
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where F is the area of 2. This formula generalizes (3.28) to Rie- 
mannian spaces. 


7.2. Sets of geodesic segments. Let ¢ be the arc length on the 
geodesic G. From (7.7) we deduce 


(7.9) dG A dt = |cos y| do A df A dt. 


The product |cos ¢| dt equals the projection of the arc element dt 
upon the normal to 2 at P; consequently, |cos ¢| df A dt equals 
the element of volume dP of the space at P, and (7.9) can be 
written in the form, 


(7.10) dG A dt = dP A do. 


An oriented segment S of geodesic is determined either by G, 
t (G = geodesic which contains S;¢ = abscissa on G of the origin 
of S) or by P (= origin of S) and the point of the unit euclidean 
sphere which gives the direction of S. The two equivalent forms 
(7.10) may therefore be taken as density for sets of segments of 
geodesic lines. 

For example, let us consider the set of oriented segments S with 
the origin inside a fixed domain D. The integral of the left of (7.10) 


gives 2 ij \ dG, where \ denotes the length of the are of G which 


lies inside D (the factor 2 appears as a consequence that dG means 
the density for non-oriented geodesic lines). The integral of the 
right is equal to 4rV, where V is the volume of D. Consequently, 
we have the following integral formula 


(7.11) / dG = 2nV, 


where the integral is extended over all geodesics which intersect D. 


7.3. Some integral formulas for convex bodies in spaces of constant 
curvature. Let 23 now be a 3-dimensional space of constant curva- 
ture k. With respect to a system of geodesic polar coordinates, 
it is known that the element of length can be written in the form 


(7.12) Mae svi ane dr. 


where p denotes the geodesic distance from a fixed point (origin 
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of coordinates) and dr represents the length element of the 
2-dimensional unit euclidean sphere. The volume element has the 
form 


in2 
= SEE ap A dey, 


(7.13) dP 
where do denotes the element of area on the unit sphere. 

Let P:, Pz be two points in R; such that there is only one 
geodesic G which unites them. Let p1, p: be the abscissas on G of 
P; and P2. With respect to a system of geodesic polar coordinates 
with the origin at P, the element of volume dP, has the form 


(7.14) ees 


By exterior multiplication by dP1, we have, in consequence of 
(7.10), 


pal dpi A dp. A aG. 


+ 9 i a 
(7.15) dP, A dP, = at 


This formula is the work of Haimovici (27). 

Let D be a convex domain of volume V (that is, it contains, 
with each pair of its points, the arc of geodesic, assumed unique, 
determined by them) and consider all the pairs P,, P, inside D. 
The integral of the left side of (7.15) is equal to V?. If \ denotes 
the length of the arc of G which lies inside D, then by calculating 
the integral of the right side we have 


a i sin? Vk |p2 — pil dp: dp, = At _ sin? Vin). 
Hence, we have the integral formula 
Lt fee Vs = 
(7.16) if Qa = Pas vin) dG = 2y?, 


where the integral is extended over all geodesics which intersect D. 
For the elliptic space (&k = 1), this formula reduces to 


(7.17) il (Q? — sin? 4) dG = 2V2, 
and for the hyperbolic space (k = —1), 
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(7.18) { (sinh?d — 0°) dG = 2V?. 


For the euclidean space (& = 0), passing to the limit for k — 0 
in (7.16) we get 


(7.19) if M dG = 6V?, 


which is a formula of Herglotz [Blaschke (3)]. 

Formulas of this kind referring to convex figures in the plane or 
to convex bodies in the euclidean space were first obtained by 
Crofton (7), considered the creator of the integral geometry. A 
great deal of them were given successively by several authors: 
Lebesgue (34), Blaschke (3), Massoti Biggiogero (38-42). Paper 
(38) contains an extensive bibliography. 

The generalization to spaces of constant curvature is less known. 
However for certain types of formulas, the treatment in elliptic 
space is more satisfactory than that in euclidean space, owing to 
the possibility of dualization. Let us consider the following ex- 
amples. 

In the elliptic 3-dimensional space, all geodesics are closed and 
have the finite length 7. The planes have finite area 27. Since any 
geodesic intersects a fixed plane in one and only one point, the 
formula (7.8) gives the measure of the set of all geodesics of the 
space: 


(7.20) f dG = 2n?. 


Let D be a convex body of area F and volume V and let us con- 
sider the set of geodesic segments of length x which intersect D. 
The integral on the left of (7.10) extended over this set making 
use of (7.8) for n = 2, has the value 


a 

(7.21) faeae = xf dG ==F 

and the integral on the right is 

(7.22) f dP \ do = 2nV + il 6 dP, 
PED 


where @ denotes the solid angle under which D is seen from P 
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(P exterior to D). From (7.21) and (7.22), we deduce the integral 
formula 
(7.23) rf dP = heF — 2nV. 
PED 

Let us now see which formula corresponds to (7.11) by duality. 
Let M, F be the integral of mean curvature and the area of the 
boundary of D. For the dual convex body D* it is known that we 
have 
(7.24) F* = 4 — F, M* = M, Vt=r-—-M—YV. 
By duality to each straight line (geodesic) G corresponds another 
straight line G* and, hence, if we use (7.24), formula (7.11) gives 

(x — g*) dG* = 2x(x? — M* — V*), 
G*ND*=0 
where ¢* denotes the angle between the two supporting planes of 
D* through G* and the integral is extended over all geodesics G* 
exterior to D*. Taking into account (7.20) and (7.8), and replacing 
G* by G, we get the integral formula 
(7.25) [ edG=20(M+V)—4nF, 
GND=0 

which has no analogue in the euclidean geometry. 

Similarly, as dual of the formula (7.17), we have 


(726) ff (@ — sin? @) dG = 2(M + V)* — 4eF, 

GnD=0 
where, as in (7.25), g denotes the angle between the two supporting 
planes of D through G and the integral is extended over all geo- 
desics which do not intersect D. For the integral geometry in 
spaces of constant curvature, see Petkantschin (48), and (53), 
(54), and (59). 


8. SUPPLEMENTARY REMARKS AND 
BIBLIOGRAPHICAL NOTES 


8.1. General integral geometry. The integral geometry has its 
origin in the theory of geometrical probabilities [Crofton (13), 
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Deltheil (14), and Herglotz (29), and it was widely developed by 
Blaschke and his school in a series of papers quoted in Reference 
(3). The inclusion of the methods and results of the integral 
geometry within the framework of the theory of homogeneous 
spaces (as we have done in Section 2) is the work of Weil (73) and 
(74), and Chern (7). After their work, the measure theory in 
groups and homogeneous spaces became of fundamental interest 
in integral geometry. Every new result in that direction can be 
applied and probably exploited with success to get integral geo- 
metric statements; at least, it is sure that the integral geometry 
constitutes the most abundant source of examples [Nachbin (44) 
and Helgason (28, Chap. X)]. 

The inverse problem of finding a general formulation of certain 
particular formulas of integral geometry (Crofton’s formulas) is 
also an interesting one [Hermann (30) Legrady (36)]. A very 
simple example follows. We have seen that the kinematic density 
for the group of motions Jt of the plane is dK = dP A da (1.11). 
From the point of view of the homogeneous spaces, dP is the 
density of the space IN/Nt, where Mt, denotes the group of rota- 
tions about a fixed point and da is the density of ti. If we write, 
symbolically, dK = dM, dP = d(M/Mt), da = dW, the formula 
(1.11) gives dt = d(M/N) A dM, which induces us to ask if it 
will hold for a general group © and its subgroup g. In this particu- 
lar example, it is well known that the formula d© = d(G/g) A dg, 
in fact, holds for any locally compact topological group © and any 
closed subgroup g of © [Weil (73, pp. 42-45) and Ambrose (2)]. 


8.2. Sets of manifolds. Some problems of integral geometry may 
also be presented under the following form. Let V denote a dif- 
ferentiable manifold and F a family of submanifolds in it. First 
we ask for the existence of a transformation group © of V onto 
itself which transforms the elements of F onto elements of F. 
Then, if such a group exists, we ask for a measure of sets of 
varieties of F invariant under @. We shall give two simple ex- 
amples. 


Examples 
1. Let V be the euclidean plane F, and F the family of all 
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circles of it. The group & is known to be the group of similitudes 
(8.1) 2x’ = p(xcosgy — ysing) +4, 
y = o(zsing + ycos¢) +b, 


which depends on the 4 parameters a, b, p, and y. This group can 
be represented by the group of matrices, 


pcosy —psing a 
=l[psing pcosg bd], 
0 0 1 


and by the method of Section (2.2), we find immediately that the 
forms of Maurer-Cartan are 


co; in 
—* da ae ? ob 


20) ie wo = dy, ws = db, 


sin ng 


ne da + 28" se ab. 
The similitudes which leave invariant a poe circle are ie 
terized by a, b, p = constants, and, consequently, the system (2.3) 
is w: = 0, ws = 0, w, = 0. The density for sets of circles (of center 
a, b and radius p) invariant under the group of similitudes results: 
dC = da A : A dp. 


2. Let V be the real projective plane and F the family of non- 
degenerate conics in it. Then the group G is the projective group 
and the density for conics is (61), 


_ dao A dan A dao A dan A day, 
dC = 3A? 


where A = det (a;;) and the equation of the conic is assumed to be 
AX} + 2Zanry + any? + 2dr + 2a2y +1=0. 


Other examples of this kind have been given by Stoka (63-68). 
For sets of degenerate conics, see Luccioni (37). 


8.3. Integral geometry of special groups. The metric (euclidean 
and noneuclidean) integral geometry is the best known; however, 
other cases have also been investigated. The integral geometry 
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of the unimodular affine group of the euclidean space onto itself 
leads to certain affine invariants for convex bodies (62). The in- 
tegral geometry of the projective group has been considered by 
Varga (70) and is pursued in (55); that of the symplectic group has 
been studied by Legrady (35). 

In the last years, Gelfand and his school have largely generalized 
the ideas of the integral geometry and used them in problems of 
group representation (21). 
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